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BBenenue

B npennaraemom yuyeOHOM MOCOOMM pacCMaTpPUBAIOTCA MaTeMaTHYe-
CKHE MOJENHU NMPUHATHS PENICHUN NPH HAIUYUHU HeomnpeaeneéHnocren. Ta-
KHE 3aJa4¥ BO3HUKAIOT TPU PACCMOTPEHUHM MHOTHX 3KOHOMHUYECKUX
U yIpaBJeHUeCKuX MpobiieM. B mocoOuu pa3douparoTcsi Tpu THUIa HEoIpe-
NENEHHOCTEN.

B cimydae maccuBHON HeEONpenenEéHHOCTH HM3BECTHA TOJBKO 00JIaCTh
BO3MOXHBIX €€ 3HaueHuu. J[JIst 3TOro paccMoTpeHsl Kputepuu Banpnaa,
CaBuka, Jlamnaca, «kpaiinero ontumusmay, I'ypeuia nu Xoaxa — Jlema-
Ha. [IpuMeHeHne 3THUX KPUTEPHUEB WILIKOCTPUPYETCSA MPU PELIEHUH KOH-
KPETHBIX 3a/1a4, M0 PE3yJIbTaTaM KOTOPBIX HAETCS CPABHUTEIbHBIN aHAJN3
IIPUMEHEHUS dTUX KpuTepues. [IpuBeneHpl npuMepsl, KOraa o BCEM KpH-
TEPUAM TOJIyHaeTCsl OJJMHAKOBOE PELICHHUE.

OpnHoil u3 npoOseM B 3a7a4ax MPUHATHUS PELICHUN SIBISIETCS YMEHb-
[IEHUE CTENEHHU pUCKa. B mocoOum paccCMOTpEeH METOJ MPUMEHEHUSI CMe-
IIAHHBIX CTPAaTeruil Kak crnoco0 yMeHblIeHus pucka. Ha KOHKpeTHbIX
IIPUMEPAX UIUIKOCTPUPYETCSA CMBICI CMEIIAHHBIX cTparerui. Jlaéresa cpas-
HEHHE MEPBI PUCKA MPU MPUMEHEHUH YACTBIX U CMEIIAHHBIX CTPATETHM.

PaccMOTpeHbl MHOTOKPUTEpPUANIBHBIE 3aJlaud MPUHATHS PELICHUS.
BHavane OHM pacUEHMBAIOTCSA KakK 3aJayd C IOMEXaMH, IJ€ B KA4ECTBE
NaCCUBHOM MMOMEXHU BBICTyHaeT HoMep 1eneBoil (pyHkuuu. [lokassiBaercs,
YTO PELIEHUE, MOJy4YaeMOe IIyTEM NMPUMEHEHUS U3JI0KEHHBIX BBIIIE KPU-
TEpUEB, SBJISIETCS ONTUMabHBIM 1o Crnelrtepy. B ganpHeimeM u3noxe-
HUAH B KQYECTBE OCHOBHBIX NPUHILUIOB ONTHUMAaJIbHOCTH PaCCMaTpPUBAIOT-
cs ontuManbHocTH 1o Cruedtepy u mo Ilapeto. B mocobuu He pazou-
paroTCsl MHOTOKPUTEPHUAJIbHBIE 33J]a4d MPU HATUYUU [MACCUBHBIX MOMEX.
Marepuain 1o HUM MOKHO HAalTH, HarpuMep, B MoHorpaduu [6].

Jns ciiydailHOM IOMEXM C U3BECTHBIMU IapaMeTpaMU paclpelesIeHus
3a7a4a NPUHATHS PEIICHUS PAacCMaTPUBAETCS B KAYECTBE JABYXKPUTEPH-
QIBHOM C MAKCHMM3ALMEN MATEMATUYECKOTO OKUIAHWS U MAHMMU3ALUEH
nucriepcud. PaccMarpuBaroTCss KpUTEpUHM MAaTEMaTHYECKOTO OXKHJIAHMS
Y KPUTEPUM MAaTeMaTU4YECKOTrO OXUIAHUS — aucnepcuu. PaccMoTpeHbl
KOHKPETHBIE TPUMEPBI TPUMEHEHUS STUX KPUTEPUEB.

JIist 3aa4 IPUHSATUS PEUIEHUS B YCIOBUAX KOH(JIMKTA MPUMEHSIOTCS
MaTeMaTHUYECKUE MOJENH Teopuu Urp. B mocoOum mnokasaHbl Kak aHTaro-
HUCTHUYECKHE WTIPHlI JBYX JHIL, TaK W UIPbl MHOTHUX JUI B HOPMAJIbHOMN
dopme. {111 aHTArOHUCTUYECKHUX BBIMYKJIO-BOTHYTBIX UIP JIOKA3bIBAETCS
TEOpEMa CYILECTBOBAHMS CEIJIOBOM TOYKH. B cirydae MaTpU4HBIX UTp JO-



Ka3bIBAETCS CYLIECTBOBAHUE CEMJIOBOM TOYKM B CMEIIAHHBIX CTPATETHSX.
M3naratorcst cnocoO0bl HAXO0XKACHUS CEAJIOBOM TOUKU B MATPUUYHBIX UTPAX.

JUIss urp MHOTHX JHI[ B HOPMaJIbHOM (pOpME B KaU€CTBE OCHOBHBIX
IIPUHLMIOB ONTUMAJIBHOCTH PACCMATPUBAIOTCS ONTUMAJIbHOCTH 10 [la-
pero u no Hamry. J/Ioka3zsiBaeTcs TeopeMa CylnieCTBOBaHUS TOUKM PaBHOBE-
cusi o Homy. UM3znaraercs apbutpaxknas cxema Homa. IlompoOno pac-
CMOTPEHBI OMMATPUYHbBIE UTPHI BTOPOTO MOPSIKA.

PaccMOTpeHBI MHOTOIIArOBBIE MO3WIMOHHBIE UTPBI C MOJHOW M HETIOJN-
Hoii nH(popManmen. [laéres peieHue coaepKareabHbIX IPUMEPOB.

B nmocoOun nmpuBeeHBI 3a/1a4d, CAMOCTOSATEIbHOE PEUIEHUE KOTOPBIX
IIO3BOJINT JIYYIIE YCBOUTH U3y4aeMbIi MaTEpHAIL.

Criucok nuTeparypbl, MaTepuail U3 KOTOpoil ObUT MCIOJIB30BAH IMPH Ha-
NMCAaHUU TocoOusl, IpUBEAEH B KOHIE. J1Ji1 3HAKOMCTBAa ¢ MaTeMaTUYECKOM
TEOPUEN UTP U €€ CEPHEZHOIO U3YYEHUS MOXKHO ITPEIIOKUTH CIIMCOK JIUTE-
patypsl, ipuBe€HHBIN B [3]. PekoMenayemoe yueOHoe mocoOue OyneT mo-
JIE€3HBIM Y TpU NOJOO0PKE 3a7ay, U JUIS PELICHUSI UX C LIEJbI0 YCBOEHUS TEO-
PETUYECKOIO MaTepurala.



1. IpuHuMOBI BLIOOpA cTpaTerui
B YCJIOBHMSIX BO3/1€iICTBUA CO CTOPOHBI
HeomnpeAeJEHHBIX MACCUBHBIX NIOMeEX

PaccmoTpuMm mpumep, WITIOCTPUPYIOIIMN CHUTYAIMIO, KOTjaa HEeo0Xo-
JIMMO MPUHUMATH PEIIEHUS] B YCIOBHUSIX BO3JCUCTBHUS CO CTOPOHBI HEKOH-
TPOJIUPYEMBIX (DAKTOPOB.

Ipumep 1 (3agaua o BKiIAAe 1O ABYM JAeno3uTam). Bkinaguuk, nmes
CyMMy JIeHEer, paBHyr0o N pyOliel, MOXET TMOJOXKHUTh €€ B OaHK
Ha pyOn€Bbiii Bkiaan moxar <100 % rTomoBBIX (cTpaTerus x = X)), WIH
Ha BamtoTHBIN Bkiag nod d-100 % rogoBbix (cTpaTterus x = x;). Uepes roja
Ha pyOsI€éBOM BKJIaie OKakeTcs cymma, paBHast R = (1 + r)N. Cymma, Ko-

N
TOpasd OKAXKCTCA HAa BAJIOTHOM BKJIaAC YCPEC3 I'OJ, paBHA (1 + d)F HJ0J11a-
0

pos. IlepeBens 3Ty cymmy B pyOnu mo kypcy K;, BKIaJUuK OyJeT UMETh
K
B pyOisix cymmy, paBuyto Dy, rtne D=(1 +d)Nu y = ?1
0
Taxum o6pa3om, cymma, KOTOPYIO MOJTYYUT BKJIATUUK MPU BEIOOpPE UM
CTpaTeruu x, paBHa

Ruopux=x, R/D npux=x,
f(x,y)= p 1 :D p 1

Dy npu x = x, Y IpU X = X,.
JlommycTrm, 4TO 3HAYEHUE YKCIIA Y U3BECTHO.
B sToMm cirydae onTrMalibHas CTpaTerys BKJIAIUMKA UIIETCS U3 YCIOBUS

max f(x,y)=max(R; Dy)= Dmax (%, y).

X=Xp,%)

CrnenoBaTeibHO,

xapua<y<R/D,
X =
" |x, mpu R/D<y<b.

Yucno R/D paBHO TakOMY OTHOIIIEHUIO KYPCOB J0J1apa, MpU KOTOPOM
CYMMBI OT pyOJIEBOTO U JOUIAPOBOTO BKJIAJ0B OJUHAKOBBHI.

B o0miem cnydae Oyaymumii Kypc goiuiapa K; u, CiIeI0BaTelIbHO, YUCIIO
y 3apaHee HEW3BECTHBI, TOITOMY UHUCIIO V SBISETCS HEOMPEICIEHHOCTHIO.
MokeT OBITh TOJIBKO M3BECTEH KOPHJIOP 3HAYCHHH 3TOM HeonpeaenEHHO-

ctu. Torma BO3MOKHBIE 3HAUCHUS BETUYUHEI ) € [a,b].

Ecnu R/D > b, To R > Dy tipu Bcex a < y < b. CnenoBarenbHO, BBIIOJ-
HEHO HepaBeHCTBO f(x1,)) = f(x,,y) npu m06oM y € [a,b]. ITO 3HAUUT, YTO
npu 1I0ooM y € [a,b] pyOn€Bbiii BKIaa Ha€T Mydmuid pe3ynbrar. Ecim
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R/D < a, 0 R < Dy nipu Bcex a < y < b. CnegoBaTeabHO, BHINOJIHEHO HEPa-
BEHCTBO f(x1,y) < f(x,,y) npu mo6om y € [a,b]. DTO 3HAUUT, YTO MPH JIIO-
ooMm y € [a,b] nmommapoBelii BKIa] Ma€T aydmuil pesyibrar. [lanee, pac-
cMarpuBaeM ciydail, koraa a < R/D < b. I'pabuku dyukuuii f(x;,)) n3o0-
paxkeHsl Ha puc. 1.1.

Sxi,y)

Db

Puc. 1.1

B o06mieit moctaHOBKE paccMaTpUBAeTCsl OJHOKpUTEpHANIbHAs 3ajiayua
MPUHATUSL PEUICHUI MPU HEONPEECTEHHOCTH, B KOTOPOM BBIOOP 3JE€MEHTa
(cTpaterum) x U3 MHOkKeCTBa X HAXOJIUTCS B paCHOPSKEHUU JIUIA, IPUHHU-
Marotiero pemienue (JIIIP). Ponp JITIP MokeT BBINOIHATH, HAIIPUMED, PY-
KOBOJUTEb MPeanpusiTus, GupMbl, OaHKa, a TAKKE MEHEHKEp, MPOIaBell.
CyuiecTByIOT enié HEKOHTpoIupyeMble (HakTophl } (OMHUOKH, TOMEXHU HIIN
JIpyrue HEeomnpeleaEHHOCTH), O KOTOPBIX HM3BECTHO, YTO OHMU COAEPKATCS
B 33JJaHHOM MHO>XECTBE Y, a KakoBa Oy/IeT X KOHKpETHas pean3alus Imo-
cie BwiOopa JIIP crpatrerum x € X HeusBecTHo. 3agaHa (YHKIHS
fi X x Y — R. lens JITIP 3akirouaercst B TOM, 4TOOBI ITyTEM BBIOOpa CTpa-
Teruu x € X cluenarb 3HaueHue kputepus f(x,y) kak MoxxHO Oosbiie. Bo3-
HUKAeT BOMPOC O MPaBHIIC BHIOOpA CTPATETHH X.

ITo mupoomymenuro JIIIP pacnomararorcst OT KpalHUX TMECCUMUCTOB
10 KpalHUX ONTUMHUCTOB. CyIIECTBYET TaKOE BBICKA3bIBAHUE: «ONTUMUCT
BUJINT BO3MOXHOCTh B KaXKJOM 3aTPyJHEHUH, a IECCUMHUCT — 3aTpyJIHE-



HUE B KQXKJI0H BO3MOXXHOCTH». DTO HAILUIO OTpakeHHE B Habope pa3pado-
TaHHBIX KPUTEPUEB MPUHSITHUS PEIICHUN B YCIOBUSIX HEOIPEICIEHHOCTH.

Kpurepuii Bajabaa (MpuHIMN HAWJIYYIIEro TApAHTHPOBAHHOIO pe-
3yJbTaTa WIH NPUHOMIN MakcuMHUHA). [Ipeanonaraercs, 4Tto s Kax-
noit crpareru x € X, BeiOpanHou JIIIP, peanusyercs nanbosee mioxoi
st JITIP nexonTponupyemsid paktop y € Y. Torna npu KOHKPETHOM BbI-
oope x € X peanusyercs cieayrollee 3HaYeHUEe KPUTEPUSL:

Fy(x) =min f(x,y). (1.1)
CornacHo kputepuio Banbjaa, peiienue x; BBIOUpAeTCst U3 YCIOBUS
Fo(xg)= max Fy(x). (1.2)

Takast oneHka BBIOpAHHON CTPAaTETUU HA3BIBAECTCS OYEHKOU KpAuHe2o
neccumuzma, oHa opueHtupyer JIIIP Ha peanuzanuio caMou IUIOXOU
JUISl HETO HEOMPENIENIEHHOCTH. JTa CTPATersl MOJHOCThIO HCKIIFOYAET
puck. 1o 3Ha4uT, 4yTo JIIIP HE MOXKET CTONKHYThCS C pe3yJIbTaTOM, KOTO-
PBI XYK€ TOr0, Ha UYTO OH OPHUEHTUPYETCHL.

3ameuanne 1. B razere «KomcoMonbckas npaBia» B CTaTbe « IKOHO-
MHUCTBI PacCTEpsUIMCh MEPE] JIMIOM Kpu3Kca» TeHIupekTop «PocHano»
A. UyO0aiic roBoput: «S He 3HaI0, YTO JIeJlaTh ¢ MUPOBOW SKOHOMHUKOM, HO
s 3Ha10, 4TO Jeyiath B Poccuu: nepecunrars 6roket Ha 2009 1., Bcxos u3
MaKCHUMAaJIbHO MECCUMUCTUYECKOTO BapraHTa MaKpOIKOHOMUYECKOTO MPO-
rHo3a. MHpIMU clOBaMHM, €ClIM 1IeHAa Ha HE(Th MPOTHO3UPYETCA B JUAara-
30He 25-50 monmapoB 3a Oappenb, TO TOTOBUTHCS HAI0 K 25 mosiapam.
Jlydilie MOTOM TMOJYYUTh JOMOJHHUTENBHBIE IOXOJbl, YEM HEAOCUHUTATh
npuobsuH B Ka3zuy» (http://www . kp.ru/daily/24239.3/438224).

Kputepuit Banbia MOXeT NPpUMEHATHCS TOT/1a, KOTJla CUTYyallusi, B KO-
TOPOM MPUHUMAETCS PEIICHUE, XapaKTEPU3YeTCsl CICAYIOIIUMU OOCTOsI-
TEJIbCTBAMU:

— 0 BEPOSITHOCTH TOSIBIICHUSI HEOTPENETEHHOCTH Y HUYETO HE U3BECTHO;

— C TIOSIBJIEHUEM HEOTPEACIEHHOCTH ¥ HEOOXOAMMO CUNUTATHCS;

— peanu3yeTcs JIUIIb MaJ0€ KOJIUYECTBO MPUHSITUS PELICHHUS;

— BCSIKMI PUCK HCKJIFOYAETCS.

UYtoObl 000CHOBAThH MOJXO0J BbIOOpA CTpaTeruu xg U3 ycioBus (1.2)
OyJileM CUMTaTh, YTO BBIMIOJHEHO CJICIYIOIIEee TPEATIOJIOKEHHUE.

Ipeanonoxenne 1. Kaxnoe n3 MHOXECTB X U Y sABIsSETCS KOMITAKTOM
B COOTBETCTBYIOIIIEM METPUYECKOM IMPOCTpaHCTBE, a PpyHkuusa fi X x ¥ —
— R — HENpEpHIBHOM.

Torna, cornmacHo Teopeme Beiipiracca, onpenenensl PyHKIIUH

F.(x)=min f(x.y), F'(»)=max f(x,) (13)

8



Teopema 1. Ilycte BbImoOdHEHO Tpeanonoxenue 1. Torma QyHkuuu
(1.3) sBAsIIOTCS. HEPEPHIBHBIMMU.

Joka3zareabcTBo. Paccmorpum dyHkiuoo Fi(x). Bo3sbMéM u3 MHOXeE-
cTBa X IOCIEAOBATEIBHOCTh TOYEK X, — X+. [lo Teopeme Belpiurpacca
JUISl KOKJI0ro HoMmepa n > 1 cyiiecTByeT Touka y, € Y Takas, uro Fi(x,) =
= f%n.n)-

[TokaxeM, uro Fi(x,) = Fi(x+). Jonyctum npotuBHoe. Torna Hau€T-
Csl MOJIOCIIEI0BATEIBHOCTD {xnk} ATOM IMOCJIENOBATEIBHOCTH, Y KOTOPOU

F, (xnk) —> A nA # Fi(x+). PaccMoTpuM MOAMOCIEI0BATEIILHOCTh {ynk}
TOYCK y, € Y, B KOTOPBIX BBIIONHCHBI pasenctsa I (x, ) = flx, .y, ).

[ToCKOIBKY MHOXKECTBO Y SIBIIETCA KOMIIAKTOM, TO MOKHO CUUTATh, YTO
Y, >V € Y (uHaue nepeiéM K CXOIMIIEH s MO IOCIEI0BATEIbHOCTH).

Jst ro6oro y € Y BbionHeHo HepaseHetBo F (x, ) =f(x, ., ) <f(x, ).

[leperi€M B 3TOM HEPABEHCTBE K IIPEIEIy U UCIOIb3YEM HENPEPBIBHOCTH
byukiuu f(x,y). [lomyuum HepaBeHCTBO f{x+,)+) < flx+,y). CienoBarenbHO,
F (xx) = fix«, y+). lanee,

A= lim F.(x,)= lm f(x,.5,)=/(x.0)=F ().

[Tosryunnu nmpoTuBOpEUHE.
Hanee, byHKIus
F(y)=—F"(y)==max f(x,y) = min(~f(¥,))

ABJIAETCSA HENpepBhIBHOM Ha MHOKecTBe Y. ITosTomy dyHKIms F(y) ABis-
€TCsl HEMPEPBIBHOM HA MHOXECTBE Y.

CormacHo JOKa3aHHOM TEOPEME, €CIIM BBIINOJHEHO MPEANOJIOKEeHUE 1,
To QyHkuus F(x) sBiasercs HenpepbiBHOHW. [lodToMy e€ MakcumaiabHOE
3HAYEHHUE HAa MHOXKECTBE X IOCTUTAETCA B HEKOTOPOU TOUKE Xp € X.

Ipumep 2. Haliném pemeHne 3a1a4u O BKJIAJE C TOMOIIBIO KPUTEPUS
Basnbga, TO €CTh € TO3UIIUM KPAMHETO TTIECCUMMCTA.

Nmeem

. |R mpux=x, |R mnpux=x,
F,(x) =min =
a<y<b | Dy Ipu X = X, Da npux = x,.
CraenoBaTeabHO,
R npux=x,
F,(xz) = max P 1 :Dmaxﬁﬂ;aj:R.
=x.% | Da mpux = x, D

[TockonbKy paccmaTpuBaem ciydait a < R/D < b, To xg = X, TO €CTh HYX-
HO BBIOHMpaTh pyOJEBBIN BKIIAI.



OO6bruno Hauxymamas ais JIITP neonpenenénHocts MasioBeposiTHa. [1o-
ATOMY aMEPUKAHCKUW MaTeMaTuK U cTaTUCTUK CaBuk B 1951 1. npemsio-
KIJI B KAYECTBE YCOBEPIICHCTBOBAHUSI MAKCUMUHHOTO KPUTEPHUSI TPUHIIUTI
MHHUMAaKCHOTO PUCKa. B mpeacTaBIeHHOM KPUTEPUU OTPAKEHO BO3MOXK-
Hoe coxkaienue JIIIP o npuHATOM MM permeHnu mociae Toro, Kak CTAaHOBUT-
Csl U3BECTHBIM KOHKpETHAs peaan3ains HEKOHTPOJIUpyemMoro dakTopa.

3ameuanne 2. Bor kak omuceiBaeT Takoe coxanenue A. II. Uexos
B CBOEM Tipou3BeieHuU «CTenb (MCTOPUS OJHOM MOE3/IKH )»:

«Ky3MH4YOB k€ HE Ka3aJICsl TOBOJIbHBIM. JIUIIO €ro mo-npexHeMy BbI-
paxaso JIeJIOBYIO CyXOCTh U 3a00Ty.

DX, KaObl 3HaTHE, YTO UepenaxuH AaET TaKyro 1IEHY, TOBOPUJI OH BMOJI-
rojioca, — TO 51 6 1oMa He npoaaBan MakapoBy Tex Tpéxcot myaoB! Takas
nocana! Ho KTo %e ero 3Hai, 4To TyT LEHY MOJHSIN!»

Kpurepuit CrBuaxa (IpUHIUI MUHMMAKCHOIO0 PUCKA WJIH MPHH-
Ul MUHUMAKCHOTO COKaJeHus ). lJis KaxKq0M HEONpeAENEHHOCTH Y € Y
JITIP ompenensier HauOOIbIIIEEe 3HAUCHUE KPUTEPUT — max f(z,y). Pas-

HOCTb
O(x, ) =max f(z,9)— f(x,¥) (1.4)
BbIpaxaeTr «coxanenue» JIIIP o ToMm, yto mnsg HeonpenenéHHoro dakropa
¥ € Y OH HUCTONB3YeT CTPATETHIO X, a HE 00JIEe XOPOIIYI0 CTPATETHUIO X+,
IU11 KOTOPOU
f(x., y) =max f(z,y).
zeX

3atem JIIIP ctpemutcs BbIOpaTh TaKyl CTpaTervio x € X, Mpu KOTOPOM
MaKCHUMaJIbHO BO3MOXKHOE COXajeHue OyaeT HauMeHbIIuM. [ 3Toro co-
cTaBisieTcss PyHKITUS

F(x) = max ¢(x, y). (1.5)
CornacHo kputepuro CaBUKA, CTPATETUs Xc BBIOUPAETCS U3 YCIOBUS
FC(XC)II}’EEIF;(X). (1.6)

OTMeTuM, 4TO U3 TeopeMbl | clieqyeT HenpepbIBHOCTh (QYHKIHUH (X))
nF C()C).

3ameuanmue 3. Oyuknus (1.4) xapakrepusyet puck JIIIP u Ha3zpiBaeTcs
¢yukyueti pucka JIIIP. Puck Bo3HUKAET B CBsI3u ¢ TeM, uTo JIIIP He 3HaeT
TOYHO, KaKasi HeONPeAeIEHHOCTh Oy IeT pealn30BaHa.

IIpumep 3. Haliném pemieHne 3a1a4u O BKJIAJE C TOMOIIBIO KPUTEPUS
Coasuka. opmyna (1.4) B paccMaTpuBaeMoM MpUMeEpPe MPUHUMAET BUJT

10



R mnpuz=x, |R mnpux=x,
(P(xay):max - -
z=x.x | Dy IpU Z = X, Dy npux=x,
R mnpux=x,
=max(R; Dy) -
Dy npux = x,.

Ortcroza cienyer, 4To
max(0; Dy —R) npux =x,,
o(x,y) = =
max(0; R —Dy) npux = x,
_p max(0; y—R /D) npux=x,,
- max(0;R/D—y) npux=x,.

I'padpuku pynkmit ¢(x;,y) nzoopaxensl Ha puc. 1.2. Oyuknus (1.5) paBHa

max(0; y—R/ D) npux = x, b—R/D npux=x,
F.(x) = Dmax =D
asy<b \|max(0; R/ D—y) npux = x, R/D—-a npux=x,.
O(x;.y)
Db—-R

Puc. 1.2

[ToaTomy u3 popmysl (1.6) Oyem UMEThH
F.(x;)=min F.(x)=Dmin(b—R/D;R/ D —a),

X=X1,Xy

11



-

1<R/D—a
x,eciu b—R/D<R/D-a, xl’eCHHQ_ b—a
X~ = =<

© |x,ecnu b-R/D>R/D-a 1 _R/D-a
X,,eClIN— = ——.

2 b-a

R/D-a , .
Bennuuna R 3a1a€T IO BO3MOXHBIX 3HAYEHHMH ), HAXOMs-
—a

IUXcsl JieBee unciia R/D, Wi, 9TO SKBUBAJICHTHO, JOJII0 T€X BO3MOKHBIX
3HAYCHHH Y, JUISI KOTOPBIX pyOJIEBBIN BKJIaa 1aéT OOJIbIIee HaKOILICHHE.
VYrBep:xaenue 1. Eciu max f(z,y) = f. =const, To Kaxigas ONTH-
zeX

MalibHas 1o C3IBUJIKY cTpaTerus OyJIeT sIBIATHCS ONTUMaIbHON 1o Bamib-
1y, 1 HAa000pOT.

Joka3zareabcTBo. B camom nene, 3 gpopmyn (1.1), (1.4) u (1.5) momny-
YUM, YTO

Fe(x)=f.—min f(x,y) = f. = Fp(x).

Orcroa ciemayer COBIAJEHUE MHOXECTB ONTHMAJIbHBIX CTPAaTErui
no Cauky u Banbpy.

3ameuanue 4. [Ipu m0060# u3BecTHOUN HeomnpeaenéHnoctu y € Y JIITP
MOXKET CJelaTh BEIUYNHY PUCKA, paBHOU HYJIIO. B camoMm aerne,

min (x, y) =min(max f(z,y) - f (x, y)) = max f(z, ) +
+min(—f(x, y)) = max f(z,y) —max f(z,y) =0.

Kpurepuii Jlamuiaca. 3ToT KpuTepuil OCHOBAH Ha CIEAYIOLIEM MPHUH-
LUIIE HEJOCTaTOYHOTO OOOCHOBAHMS: MOCKOJIBKY paclpeiesieHue BeposiT-
HOCTH Ha HEONpeAeNEéHHbIX (DaKTOpax 3apaHee HEM3BECTHO, TO MPUHHUMA-
€M, 4TO paclpejieiCHUe SIBIAETCS paBHOMEPHBIM. MHade Obl MBI MMENU
KaKy0-HUOY1b UHPOPMALIMIO O HEPAaBHOMEPHOM 3aKOHE paclpe/ieTICHUsI.

ITo xpurepuro Jlannaca crparerust x € X OUEHUBAETCS YUCIIOM

Fy(x) = [ £ (6, »)p()dy, (1.7)

rae p(y) — IUIOTHOCTh PAaBHOMEPHOTO pPacHpeieieHus Ha MHOXKECTBE Y.
Crparerus x; BbIOMpaeTCsl U3 yCIOBUS
Fn(xﬂ):rglea}(an(x). (1.8)

IIpumep 4. Haiiném perieHre B mpuMepe O BKIIAJIE, ONMUPAACh HA KPHU-
tepuid Jlannaca. [InotHOCTH p(y) paBHOMEPHOTO pacHpeAciCHUsI Ha OTPE3-
ke [a,b] paBHa (b —a) ' mpuy € [a,b]l up(y) =0, ecu y ¢ [a,b]. TlosToMy
u3 ¢popmyisl (1.7) nomyunm
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Fﬂ(x):b_a

a

1 %[R, ecux=x,, R/ D, ecnu x = x,,
| dy=D

Dy, ecmu x = x, (a+b)/2, ecnu x = x,.

Otcrona u u3 (1.8) umeem

1 R/D-a a+b
X, €CIN — < , | X, €ClM — 2 ,
B 2 b—a 2
Xy =1 =
l1_R/D-a R a+b
X,, €CIIK — 2 X,, €CIIN — < ,
| 2 b—a { 2

Crano ObITh, ONTHUMANBHOE pelieHue mo kputepuro Jlamiaca coBmana-
€T C ONTUMAIIBHBIM PEIICHUEM I10 KpuTeprto CaBUIKA.

Kputepuii «xpaiiHero omrumMuzMa». Kpurtepui «KpalHEro OITH-
MHU3Ma» UCXOJUT U3 TOTO, UYTO JJISl KAXKJA0U cTpareruu X € X, BEIOpaHHOM
JITIP, peanusyercss HauOoyiee XOPOIIMM [JIsi HETO HEKOHTPOJIUPYEMBIi
dakTop y € Y. Torna npu KOHKpPETHOM cTpaterun x € X peanu3yercs cie-
IOYIOIEE 3HAYEHUE KPUTEPHUS:

Fy (x) = max / (x,). (1.9)
Ctpaterus xo BEIOMpAETCS U3 yCIOBUS
Fo(xo):m%(xFo(x). (1.10)

IIpumep S. BeruuciuMm perieHre 3a1adyu O BKIAJAE, IPUMEHSAS KPUTE-
puit «xpaitnero ontuMuzmay. M3 hopmynsl (1.9) umeem

{R TIpH X = X, , {R TIpM X = X, ,

F (x) =max
O( ) asy<b

Dynpux=x, |Dbupux=x,.
[TockonbKy paccmaTpuBaeTcsi ciydat a < R/D < b, to, cornacuo (1.10),
Xo = X»p.

Kputepuii I'ypBuna. U3 opmyn (1.1) u (1.9) cnenyet, 4ro mpw Jito-
oot BeiOpanHoi JIIIP crparerun x € X u npu 1r000M peann30BaBIIEMCS
dakTope y € Y BhINOJNHEHO BKItoueHue f(x,y) € [Fp(x), Fo(x)]. [ToaTomy
BBIOOp cTpareruu x € X MOXHO MPOU3BOJIUTH C TOMOIIbIO CPABHEHUS OT-
pe3koB [Fg(x),Fo(x)].

B nauane paccMoTpuM 3agauy CpaBHEHUS BYX OTpPE3KOB [g;Gi], i =
= 1,2. C 3T0# 1eNBI0 pACCMOTPUM Ha IUIOCKOCTH (Z;2;) MHOXKECTBA

S1 = {(z1;22): z1 € [g1;G1], 22 € [€2:G2), 21 2 22}
S = {(z1;22): z1 € [81;G1], 22 € [82:G2), 21 < 22

13



Ha puc. 1.3 MHOXecTBO S| siBiIseTcss MHOTOYroJIbHUKOM KNCDA, a MHO-
KECTBO S, — TPEyTroJbHUKOM KBN.

Onpenenenue 1. byaem roBoputs, 4To OTpe30K [g1;G1] He Xyace OT-
peska [g,;G»], ecnu moniaae MHOKECTBA S| HE MEHBIIE THIOMAIA MHOXKE-
ctBa ).

DtuM ompeaeiaeHeM Mbl GopManuzyeM TOT (DaKT, YTO YHCIO Tap
(z1;22) uucen z; € [g1;G1] nz; € [22;G1], Y KOTOPBIX z; > Z,, Ooablie, YeM
YUCIIO Map, Yy KOTophIX z; < z;. [ToaTroMy oTpe3ok [g1;G] mpeanoyTuTenb-
Hel oTpeska [2;G].

YrBepxaenue 1. [Inomans MHOXKECTBa S; OOJIbIIIE WK paBHA TLIOIIA-

I MHOKECTBA S, TOr/ia v TOJILKO TOTJa, KOrjaa
1 1 1 1
—g,+=G, 2—g,+=G,.
2 2 2 2
HMoka3zareabcTtBo. Kak BugHo w3 puc. 1.3, miomaar MHOXeCTBa S
OOJIbIlIE WM PaBHA TUIONIAJM MHOXKECTBA S, TOT/a W TOJBKO TOTa, KOTraa

1 1 1 1
ToYka M ¢ KOOpAWHATaMU Z; = 5 g +§Gl , Zy= 5 g, + EGZ JIEXKUT HUKE

npsiMoit z; = z,. Ha puc. 1.3 310 npsiMasi, KoTopast IpOXOJIUT Yepe3 HAvyaJIo

1 1 1
KOOpAMHAT U TOUYKy N. [lanee, HepaBEeHCTBO Egl +§ |2 5 g, +§G2 BbI-

MOJIHEHO TOTJa ¥ TOJBKO TOTJA, KOr/ia TOUKa M JIEKUT HUKE MPSMOi z; = z5.
Ecnm Touka M JIeKUAT HUKE IPSIMOM z| = Zp, TO TTApaJUIeIbHas el npsamas [P,
NPOXOAIIasl yepe3 TouKy M, aemut npsmMoyroidbHUK ABCD Ha 1Be 4dacTu
C OJMHAKOBBIMU IIOAIIMU. B 3TOM ciydae, kak BUAHO U3 puc. 1.3, mio-
11a/1b MHOKECTBA 51 OO0JIbIIIE WM paBHA TUIOIIAAN MHOXECTBA ).

Zy 4
B N, P
G2 _________ \\ // C
K )(/ /
& [ o | | D
A F |
: : ;
g1 Gy z
Puc. 1.3
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B cooTBeTcTBUM ¢ M3JI0KEHHBIM noAXoJA0M IIpUXOIUM K 3agaydc

1 1
O HaAXOXXJEHUM MaKCUMAJIbHOTO 3HA4YeHUs (QyHKIIMU EFO (x)+ EFB (x)

nmpu x € X.
Kputepuit ['ypBuna o06o00maer 3Tor mnoaxoi. BsiOupaercss 4ucio
0 <v <1 ucrpoutcs QyHKIIUSA

F.(x)=VvF,(x)+(1—Vv)F;(x). (1.11)
Crtpaterus xr BEIOMpAETCS U3 yCIOBUS
Fr(xr)zma}(xFr(x). (1.12)

[Tapametp v Ha3wIBaeTcs nokazamenem onmumusma. llpu v = 1 nomy-
4aeM KpUTEPUU KpailHEro ONTUMHU3MA, a MpU V = () — KpUTEpUl KpailHEero
neccumusma. [1oCKOIbKYy B MPAKTUUECKUX MPWIOKEHUSX TPYIHO BHIOPATH
YUCJICHHbIC 3HAUYEHUSl MOKa3aTessi ONTHUMHU3MA, TO 4Yaile BCero OepyT
v=20,5.

IIpumep 6. Briuncium pemieHne 3afadul O BKJIAaAE, MPUMEHS KpUTE-
puii I'ypBunia. ®opmymna (1.11) npunumaet BuA

R tipu x = x,, R tipu x = x,,
F.(x)=v +(-v) =
Db npu x = x, Da nipu x = x,

R tipu x = x,,

D(vb+(1-v)a) npu x = x,.

[TosTomy, cornachuo (1.12),
Fi(xp)=Dmax(R/D;vb+(1-v)a),

0< <R/D—a
x, ecu vb+(1-v)a<R/D, App SO TSV = b—a
X~ = =
" \x, ecmvb+(1-Vv)a=R/D R/D-a
xz,ecm/lvzb—.
—a

Takum oOpa3om, ecnM TOKazaTeab ONTUMU3MA V  BKJIaJYUKa
HE IIPEBBIIIAET 10U BO3MOXKHBIX 3HAYEHUN Y, HAXOIALIUXCA JIEBEC YUCia
R/D, T0o oH BbIOMpaeT pyONEBBIN BKIaA. TO PAaBHOCUIBHO TOMY, YTO €CJIU
IIOKA3aTeyIb ONTMMHU3Ma V BKJIAJ4YMKa HE MPEBBIIIAET JOJIU BO3MOXKHBIX
3HAYEHUH y, A1 KOTOPbIX pyOnEBbIN BKIaa 1aéT OoJbliee HAKOIUIEHUE, TO
BKJIaJTUMK BbIOMpaeT pyOnEBbIil BKIaJ. B MpoTHBHOM citydae OH BbIOMpaeT
JOJUIAPOBBIN BKJIAL.

Kpurepuit I'ypBunia npeabsBiseT K CUTyallud, B KOTOPOW MPUHUMAET-
Csl pelIeHHe, CIeaAyoIue TpeOOBaHUS:

15



— 0 BEPOSITHOCTH TOSABJIIEHUS HEOINPENEIEHHOCTH ) HHUYETO HE W3-
BECTHO;

— C TIOSIBJIEHUEM HEONPEAEIEHHOCTU Y HEOOXOANUMO CUNUTATHCS;

— peanu3yeTcs JMIIb MaJO€ KOJIUYECTBO NPUHATHUS PELICHHUS;

— JIOIIyCKA€TCsl HEKOTOPBIN PUCK.

Kpurepuii Xoaxa — Jlemana. Beioupaercs uucio 0 < v < 1 u cTpo-
uTCcs QYHKIUSA

F (x)=nF(x)+(1-Vv)F;(x). (1.13)
Crpaterus xx.j BHIOUpaeTCs U3 yCIOBUS
F (g )= I?e%(XFX'H (x). (1.14)

IIpu v = 1 monywyaem kputepuil Jlamaca, a mpu v = 0 — KpuTepuii
KpanHero rneccuMmus3ma.
Ipumep 7. Haliném peuienre B mpuMepe O BKIIAJIE, UCIIOIB3YSI KpUTE-
puii Xomka — Jlemana. U3 popmyinsi (1.13) umeem, uto
R pu x = x|,

Fo,(x)=v +(1-v
xa () Da+b IpU X = X, d=v) Da npu x = x,.

R opux=x,

CrnenoBaTtesbHO,
R pu x = x|,

Fi(x)=
xr () D (1—%)a+%b IPH X = X,.

Otcrona u u3 (1.14) nomydum, 4to

R/D-
X,, €CIIN OSVSZH,
o = b—a
X-J1
X,, €CIH 2MSVSI;
\ b_a

R Y% Y%
Fy 1 (xy ;) = Dmax B;[l—;)a +§b .

Kpurepnit Xomxa — JlemaHa npenbsBiseT K CUTyallud, B KOTOPOWU
NPUHUMAETCS PEIICHUE, ClIeyIolue TPeOOBAHUS:

— O BEPOSITHOCTH TOSIBJIEHUSI HEONPEAEIEHHOCTH ) HUYETO HE U3BECTHO,
HO NPEIOI0KEHUE O PABHOMEPHOM PACTIPEICTICHUN UMEETCS;

— MIPUHSTOE PEIICHUE TEOPETUUYECKU JIOMYCKAET OECKOHEYHO OOJIBIIOE
KOJIMYECTBO pEATA3AINM;

— JIOITYCKAeTCSI HEKOTOPBIN PUCK ITPU MAJIbIX YHACIAX peaTnu3alvi.
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Boinuiiem pazoOpaHHbIE BBIIIE KPUTEPUH MPUHATHS PELIEHUS AJIS CIIy-
yast, koraa JIIIP Munumusupyer 3Hauenue f(x,)).
Kpurepuii Baabaa. Ctpaterus xg BBIOUpaeTcst U3 yCI0BUS

Fy(x) =min Fy (x), tre Fy (x) = max (%, ). (1.15)
xe ye
Kputepuiit CaBumpka. OyHKIUA COKaIECHUS UMEET CIACTYIONIUNA BU/L;
(P(xay):f(xay)_rzrg)?f(zay)' (116)
Ctparerus xc BbIOMpaeTCs U3 yCIOBUS
Fo(x) =min Fo(x), tae Fe(x)=maxo(x,y) (1.17)
xe yE

3ameuanue 5. Kak u B yrBepxaeHuu 1, eciau BGJII/IUII/IHami}(lf(Z,y) SIB-
ze

JSI€TCSl MOCTOSIHHOM, TO Kaxjasi onTuMalibHasi 1o CaBUKy cTparerus Oy-
JIET SBJISITHCA ONTUMAaIbHOM 10 Banibay, 1 Ha000pOT.
Kputepuii Jlannaca. Ctparerus x;; BHIOMpAeTCs U3 yCIOBUS

Fy(e) =min Fy (x), tre Fy (x) = [ £, 2)p(y)dy. (1.18)

3nech p(y) — IIIOTHOCTh PABHOMEPHOI'O pacpeIeICHUsI HA MHOXKECTBE Y.
Kputepuii «kpaiinero ontumusmay». Ctparerus xo BbIOMpaeTcs U3
yCIIOBUSA

F, (o) = min F, (x), rae F, (x)=min f(x, ). (1.19)

Kpwurepuii I'ypuna. BeiOupaercs uncno 0 < v < 1. Crparerus xr Bbl-
Oupaercs U3 yCIOBUS
F.(xp)= ml)? F.(x), rtoe Fr.(x) =Vl (x)+(1-Vv)F;(x). (1.20)

Kpurepuii Xomxa — Jlemana. Beioupaercs unciio 0 < v < 1. Crpare-
TUS Xx.;1 BBIOUPAETCS U3 YCIOBUS
F ()= r){gl F (%), toe F ;(x)=VvF,(x)+(1-Vv)F;(x). (1.21)
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2. PemieHue 3a1a4m 0 KOMMeEpPCaHTe

Ipumep 1. IlpencraBurens manoro OuzHeca OepET B OaHKE KpeauT
HAa CYMMY X JICHEKHBIX E€IWHHI] W OTHPABISETCS 3a TOBAPAMHU B JIPYTYIO
CTpaHy, IJie OH MOXET MPUOOPECTU TOBapa Ha CyMMYy y € [a,b] NeHEeXKHBIX
eAVHUL. 31ech uKcia a u b 3amanbl. Bo3Bpamasch Has3al, OH pean3yeT
Ha pbIHKE BECh KYIUICHHBIN TOBap Mo 00Jiee BEICOKUM IIEHAM.

IIpu 3TOM y KOMMEpPCaHTa BCETAa MPUCYTCTBYET pUCK. ECau OH BO3b-
MET B 0aHKE CYMMY C U3JIMIIIKOM, TO MOXET IPUOOPECTH TOBapa HE Ha BCIO
B3SATYI0O CyMMY JEHETr M, CIEJOBaTEIbHO, BBIIUIATUT MPOIEHTH OaHKY
32 HEUCNOJb3yeMble B3SThIe JeHbIU. Ecnu k€ OH BO3BMET MEHBIIYIO CyM-
My JIEHET, YeM Ty, Ha KOTOPYIO Obl OH CMOT MPUOOpPECTH TOBapa, TO PUCK
OIIpENENSAETC HEUCNOIb30BaHHON BO3MOXHOCTBIO. B KauecTBe QyHKINU
«tpada» BO3bMEM

f(xy)=

¢,(y—x)npuy2x.

3necb x 2 0, y € [a,b], c;> 0, c; > 0 — HekoTOpbie KOADPUIIUEHTHI,
onpenensieMble MPOIEHTHOW KPEAUTHOM CTaBKOM OaHKa W pa3HMIICH IICH
B CTpaHax Ha MpuoOpeTaemMbie TOBApbl. ECTECTBEHHO OXKHIATh, YTO KOM-
MEPCAHT CTPEMHUTCS B3SITh B OAHKE TaKyl0 CyMMY, YTOOBI 3HaUe€HHE (DYyHK-
nuu wrpada ObUI0 KaK MOKHO MEHBIIE. JTa 3a7a4a JIETKO PeIIaeTcsi, €Clu
U3BECTHO, HAa KaKyl0 CyMMY J€Her y € [a,b] OH MOXeT mpruoOpecTH ToBa-
pa. OHaKo 3Ta BeIMYMHA 3apaHee MOXKET ObITh Hen3BeCcTHOM. [Ipuxoaum
K 3a/1a4e 0 BbIOOpe uncia x > (0 mpu 3apaHee HEM3BECTHOM uucie y € [a,b].

Pemenne npumepa 1. [lycts npumensiercs kpumepuii Banvoa. Torna
u3 popmyinsl (1.1) u (1.15) u3 nepBoro naparpada noyrydum, 4to GyHKIHS
¢(x—y)npu 0< y<x,

¢(x—y)mpu 0< y<x, o1

Fy(x) =max
asy<h | ¢, (y—x) Ipuy 2 x

c,(b—x)mpn 0< x <a, (2.2)
= max(c,(x—a);c,(b—x)) npua <x<b,
¢,(x—a) mpu b < x.

I'padux byukuu F = F(x) npuBenéH Ha puc. 2.1.
N3 paBeHcTBA C(b—x) = ci(x—a) HAWAEM TOUKY

=S 4G p (2.3)

C +c, C, *+c,

U3 dopmyisr (2.3) BuaHO, uto F(x) = (b — x) mpu 0 < x < x u Fy(x) =
=ci(x —a) mpu x < x. CIIe0BATEIBHO, dbynkimsa Fp(x) yosmBaer mipu 0 < x < X,
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* .o
apu x < x oHa Bo3pactaer. Ctano ObITh, €€ MUHUMAJILHOE 3HAYCHHUE JI0-
*
CTUTAETCS B TOUKE X .
Takum 06pazom,

. ¢,c
Xg =X ; Fy(xy)=—"2-(b-a).

¢+,

co(b —a)

ci(b—a)

Puc. 2.1

[TycTh nmst mosydeHus pelieHusl UCTOob3yeTcs kpumepuii Crguodica.
N3 dopmynsr (2.1) cinemyer, 4to m>igl f(z,y)=0 npuaobdom y € [a,b].
zZ

CornacHo 3ameuanuto 5 u3 mepBoro mnaparpada, kputepuii CoBumKa
B JAHHOM IMpUMEpPE MEepeXOAuT B Kputrepuii Banpga u, clienoBaTenbHO,
Xc=x.

Paccmorpum kpumepuii Jlannaca. I1I0THOCTE paBHOMEPHOIO pacmpe-
NejeHust Ha otpeske [a,b] 3amaércs dhopmynoit p(y) = 1/(b — a) npuy €
€ [a,b] u p(y) = 0 B npoTuBHOM ciy4ae. [loaTtomy

Fy® = [ £ 0)dy

PaccmoTtpum Tpu ciyydas.
1. Ilycts x € [0,a). Torna

Fy(x)= b 1 J.Cz(y_x)dyzcz(a;b _x)

a

2. Ilyctb x € [a, b]. Torna

19



X

B B :cl(x—a)z c2(b—a)’
b_g!q(x Py 43— =Dy =T =

3. Ilyctb x > b. Torna

Fn(x):bl J‘Cl(x_y)dy:%(x_a;bj-

Fi(x)=

a

[Ipu x € [a,b] rpadukom dyHkuuu Fp(x) siBIgercs nmapadoiia, BETBU
KOTOpOU HampasieHbl BBEpX. Hanngém koopannatel €€ BepmnHbl. [Ipons-
BOJIHAS
aq(x—a)—c,(b—x)

(b—a)
oOpaiaercsi B HyJib B TOUKE x (2.3). TakuM 00pa3oM, xj = X . 3HAUCHHE
dbynkumun Fr(x) B 3TOM TOYKE PaBHO
l ¢c,

F.(x)=——"22_(b-0q).
2 (x) 2Q+%( )

Fn’(x) =

['paduk nonyuenno pyunkuuu F = Fj(x) n3oopaxen Ha puc. 2.2.

v

Puc. 2.2

[Ipu npuMeHeHUn Kpumepus Kpaine2o onmumuzma QyHKITUS
¢, (b—x) mpu b <x,

F,(x)=min

c(x—y)mpu 0< y<x,
1 =3¢, (a—x) mpux <a,
a<y<

c —X)IIpU Yy = X
(¥ =) mpiy O0mpua<x<b.

[ToaTomy m>i(1)1 F,(x)=0, aB Ka4ecTBe Xo MOXKHO OpaTh JIIOOYI0 TOUKY U3
X2

[a,b].
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Paccmotpum kpumepuu I'ypsuya. 3apukcupyem uncio 0 < v < 1. Ilo-
CKObKY (yHKUUM Fp(x) U Fo(X) AOCTUraloT HaWUMEHBIIETO 3HAYEHUS
B TOUKe X, To ¥ GyHKIMI Fr(x) = VFo(x) + (1 — V)FB(x) JIOCTUTAET
HAMMEHBIIIET0 3HAYCHHS B TOUKE X . CIICIOBATENBHO, X = X U F, (xp) =

=(1-v)———

Paccmotpum xpumeputi Xooowca — Jlemana. 3adukcupyem unciio 0 < v <

< 1. IMockonbky pynkimu Fi(x) u Fp(x) J0CTUral0OT MUHUMAJIBHOTO 3Haye-
* ~
HUSL BTOYKE X, TO BOTOM TOUKE JOCTHTa€T MHHHUMAJIBHOTO 3HAYCHUS

u hyHkuus Fx g(x) = vFu(x) + (1 — v)Fp(x). Takum o6pazom, xx. = X u
L Y% (hoays (1-v) 92 (h-a) =

Cl-I'C2 Cl-I-C2

A V) oce
{“5)(1‘5}0 v, 07

Hrak, mo BceM PACCMOTPEHHBIM KPUTEPUAM IOTYIAeTCsl OAHO U TO 3Ke
IIPAaBHJIO BBIOOPA PELICHUS X , OTPEACISIEMOE dbopmyioi (2.3).

9% (h-a).

¢ +C2

Fy (e )V
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3. Kpurepuu NpuHATUHSA PeLICHUN
B CJIy4yae KOHEYHOI0 YHCJIa CTpaTeruu

Paccmorpum citydait, korga MHOKECTBA X U Y COCTOAT U3 KOHEYHOI'O
YHCIia 3JIEMEHTOB, @ UMEHHO X = {X1,X2,....Xn}, ¥ = {V1.V25- -1 Vn}.
O0o3HauuM a;; = f(x;,y;) 1 BBEAEM B paCCMOTPEHHE MaTPUILY

a, dp a,; ayy

ay A4y a,; a,,
A=

a, a, a;, .. a,

T T O

MoxHo cuutath, uto JIIIP BeIOMpaeT CTPOUKY y 3TOW MaTPUIIbI, & HEKOHT-
ponupyembiii pakTop — cronben. Paccmorpum npumep, koraa JITIP mak-
CUMM3HUPYET 3HAYECHUE ;;, W 3aIUIIEM PACCMOTPEHHBIE BBIIIE KPUTEPHUU
B 3TOM cClIy4Jae.

Kpumepuii Banvoa:

F,(0)= mlna F,(iy) = maxF 5 (D).

lj’

Kpumepuu Caeudafca
¢, =maxa, —a,; F.(i)=max¢, =max(maxa,

y? kj
1<k<m 1<j<n 1<j<n  1<k<m

—a,);
F.(i.) = max F.(7).
Kpumepuu Jlannaca:

N
FH(Z):;ZCIU; Fy, (i) = max F (i).
j=1

1<i<m

Kpumepuii «kpatineco onmumuzmar:
Fy(i) = max a F, (i) = maxF (@).

1<j< i

Kpumeputi F ypeuya:
F.())=vF )+ (1-Vv)F,@); F.(i;)= max FL.(7).

Kpumepuii Xoosca — Jlemana:
F, ;@) =vF, )+ (A-v)I;0(); Fy ;(ix.;)=max F_ (7).

1<i<m
IHpumep 1 (cm. [S. C. 57-67]). Pepmep umeeT mone pasMepoMm S.
IIycTp y HETO MMeEETCsl TOJIBKO BO3MOYKHOCTB 3aCesiTh BCE IOJIE OJHOU U3
TpEX KynbTyp A, Az, A3. T'og MoxeT ObITh 3aCyLITUBBIM, HOPMaJIbHBIM
VI TOKJIUBBIM. DKCIIEPT COCTABUII CJIETYIOLTYIO TAOJIHILY.
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Tabnuya 3.1
3aBHCHUMOCTD YPOKAWHOCTH OT MOTO/bI

YPpoxkalHOCTh B LIEHTHEPAX
ITorona C OJTHOT'O TeKTapa
A1 A2 A3
Cyxas 20 7,5 0
HopmanbHas 5 12,5 7.5
JloxnuBas 15 5 10
I]ena 3a 00un yenmuep 20 40 80

B ostom cmyuae JIIIP sBnsercs depmep, u OH BbIOHMpaeT x; = A,
i=1,2,3. HeompenenéuubiM (akTOPOM SIBISIETCS TIOTOJA U, CIEA0BATEb-
HO, y| = {cyxas morojaa}, y, = {HOpMaJbHas ToOrojaa}, y; = {JOXKIJIUBAsT
norojia}.

[Inanupyemas BBIpydKa OT MPOJKH YpPOKas B 3aBUCHMOCTH OT IIPH-
HATOTO PEIICHUS U OT TOTO, KaKUM OYJIEeT JIeTO, MpUBe/ieHa B Ta0. 3.2.

Tabnuya 3.2
Iliianupyemasi BbIpy4Ka
Bripyuka
ITorona 4, 4, A,
Cyxas 400§ | 300 S 0
HopmasbHas 100 S | 5008 | 600 S
JloxnnuBas 3005 {2008 |800S

Paznenus Beipyuky Ha 100S, 3anmmem marpuny 4 = {f(x;,y;)}, koTOpas
3a7aéT KpuTepuil BeIOOpa pepmepa
4 1 3
35 2. (3.1)
0 6 8

Pemenue mpumepa 1. Haiiném crpaterunn depmepa B 3aBUCHMOCTHU
OT npuMeHsiemMoro kpurepusd. Ilycts npumensercs kpumepuii Banvoa. 13

Buma marpunpl (3.1) caemyer, uro QyHkums Fj (i) =mina; TpUHEMACT
1</<3

cienytonue 3Hauenusi: Fp(l) = 1, F(2) = 2, Fp(3) = 0. Iloatomy
max F, (i) =2 nig=2.

1<i<3

A=

[Mpumenum xpumepuii Crsuodaca. N3 (3.1) nomyuum, 4to QyHKIUS

PHUCKa (Pij = 11131?33( akj - al.j 3a1aCTCA MaTpULICHU
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055
@,0=1 1 6|
4.0 0

Orcrona noiyunM, uro (yHKus Fi.(i) = rlr<1ja<>3< ¢, TPUHUMACT CICHYIONHC

sHaueHus: F(1) =5, Fc(2) =6, Fc(3) = 4. Iloatomy max F.(i) =4 nic = 3.

1<i<3

1
Pacecmotpum kpumepuii Jlaniaca. Umeem F (i) = g(al.1 +a,+a,). Cne-

8 10 14 14

nosatensHo, F (1) = 3’ F,(2)= 3 F,(3)= 3 [ToaTomy max F,(i)= 3
u i)] =3,

[IprumenuM Kpumeputl KpauHezo ONMUMU3MA. OyHKIUA

F, (i) = Max a; NPUHUMAET CIIENYIOUIHE SHAYCHUS: Fo(l) =4, Fo(2) = 5,
<j<

Fo(3) = 8. Iloatomy max F, (i) =8 mip = 3.

1<i<3
3adpukcupyem uncno 0 < v < 1 u npumenuMm xkpumepuu I ypsuya. Nme-
M Fr(l) = VFo(l) + (1 — V)FB(Z)
[Moatomy Fr(l1)=4v+ (1 -v)=3v+1uFr2)=5v+2(1 —v)=3v+2,
Fr(3)=28v.
ITpu nmro6oMm yucie 0 < v < 1 BbIMOJHEHO HepaBeHCTBO F(2) > Fr(1).
[ToaTomy
max F.(i) = max{3v+2;8v} =

1<i<3

8v npu 0,4 <v<I.

CnenoBarenbHo, ir =20pu 0 <v<04uir=3npu04<v<1.
3adpuxcupyem uncio 0 < v < 1 u npumeHuM kpumepuu Xooxca — Jle-
mana. Umeem Fyx_ (i) = vF (i) + (1 — v)F(7). IloaTomy
14

F ()= §v+1, F ., (2)= §v+2, F ;3= ?v.

{3V+2HpI/IOSVSO,4,

[TokaxeM, uto Fx 71(2) > Fx.n(1) mpu mo6om 0 < v < 1. B camowm perne,
1 4
OSV£1:>1>§v:>§v+2>§v+1:>FX_H(2)>FX_H(l).
[ToaTomy
14
?v npu 0,6 <v <1,

max £ (i) = max {%v +2; %v} =<

1<i<3

§v+2 npu 0<v<0,6.

24



CnenoBatenbHO, ix.; =21pu 0 < v <0,6,ix =3 npun 0,6 <v <1,
PaccmorpuMm Bapuant, xorna JIIIP MuHuMuU3upyeT 3HaYeHue a; | 3a-
MUIIEM PACCMOTPEHHBIE BBIIIE KPUTEPUH B ITOM CIIydae.

Kpumepuii Banvoa:
Fy(i) = Illgjagn(ag; Fy(iy) = E}IS%FB(Z)

Kpurepuit Casuxka:
¢, =maxa, —a;; F.(i)=maxo, =max(maxa, —a,);

79
Y 1<k<m Y 1< j<n 1<j<n 1<k<m

F.(i.) =min F, (7).

1<i<m

Kpumepuu Jlannaca:
N RS . :
FH(Z):;Za[j; FH(ZH)ZEEEIEFH(Z).
j=1 o

Kpumepuii «kpatineco onmumuzmar:
Fy(i)=maxa,; F,(i,)=max I, (7).

1<j<n U 1<i<m
Kpumepuu ['ypsuya:
F.(i))=vF )+ (1-Vv)F;(i); F.(p)= max F.(7).

Kpumepuii Xoosca — Jlemana:
Fx-n (l) = VFJI (l) + (1 - V)FB (i);

Fy q(ix )= 1122,,),( Fy 1 ().
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4. IlpuMeHeHre CMEIIAHHBIX CTPATErMd —
MYyTh K YMEHBbIIICHUIO PUCKA

Bo3HukaeT BOnpoc, Kak yMEHbIINTh 3HAYEHUE BEIIMUYUHBI pUCKa?

JIOBOJIBHO YacTO MpH BHIOOpE TpaBujia TOBEACHUS, YMEHBIIAIOUIETO
BEJIIMYMHY PUCKA B 3aJa4axX NPUHATHUS PEUICHUS MPU HEONMPEACITEHHOCTH,
MOJIB3YKOTCS HMCTUHOM, KOTOpas COJEPKUTCS B aHTIIMKUCKON IOCIOBHUIIE
«He nepxwu Bce siia B OJHOW KOP3UHEY.

PaccMmoTpum Ba mpakTUYECKUX MPUMEpPA MPUHSITUS PEIICHUN B yCIO-
BUSIX HEONPENECIIEHHOCTH, OCHOBAHHBIX HA ATOM ITPaBUJIE.

Hpumep 1 (cMm. [9. C. 459]). [locrenennas yrtpara Mranuen ¢ koHIa
I B. H. 5. IPEUMYIIECTBEHHOTO0 3KOHOMHUYECKOI0 MOJIOKEHUS CKa3ajloCh
B OTJIUBE CPEJICTB U B 3aIlyCTEHUM 3€MENb. B KauecTBE OJHOr0O U3 CPEICTB
OOpBOBI C 3TUM sIBJICHUEM uUMnepaTop TpasH o00s3a1 KaXKJI0ro PUMCKOIO
CEHaTopa OJIHY TPETh CBOEr0 MMYLIECTBA BJIOKHUTh B UTATUNCKUE 3E€MIIH.
OgHuM #3 HMCTOYHUKOB, JAIONIUX TMPEACTaBICHHUE 00 HSKOHOMUYECKOU
)KU3HU Prma Toro BpemeHwu, sBIsitOTCA nucbma [lnuaua Mnanwmero, Bua-
HOTO ceHatopa, OJU3KOTo KO JIBOpYy TposiHa, ympaBisiolIero OJJHO BpeMs
npouHIuer Budunus. M3 ero mucema BumHo, uto cam [lnuamit Mnag-
WA TPEANIOYNUTA UMETh 3€MEJNIBHBIE BIAJCHUS B pa3HbIX MecTax Uranum.
[o ero cioBam, 3TUM OH CTpaxoBaJl ce0si OT HEOKUJAHHOCTEH.

Ipumep 2. A BOT cBexuM npumep. JJocTaBka KOCMOHABTOB U IPy30B
Ha MeXyHapOaHYI0 KOCMHYECKYIO CTAHIIMIO BO3MOXKHO OBLIO MPOBOJIUTH
100 C TOMOIIbIO pOCCUUCKUX Kopaosei «Coro3y», Tubo ¢ MOMOIIbI0 ame-
pukaHckux «IIlartnoB». Kak nmoka3anu nanpHeumme coObITus (KpylieHue
aMEPUKAHCKOTO KOCMUYECKOr0 KOpalJisi), MPUHATOE PEIICHUE O TOM, YTO
JOCTaBKa OyJET OCYIIECTBIATHCS U TEMHU U APYTUMHU KOpalisiMu, OKasa-
JIOCh MPABUIbHBIM.

Takum oOpa3zoM, 3T MpUMEPHI MOKA3bIBAIOT, YTO €CJIM HUMEETCS He-
CKOJIbKO BO3MO>KHOCTEW NMPUHSATUSA PEIICHUS, TO HY’KHO HCIOJIb30BaTh UX
BCE, WJIA HCIOJIb30BATh TaK HA3BIBAEMBIE CMEUAHHbLE CIMPAMecUl.

PaccmotpuM ciyuaid, korma MHOXKECTBO X = {xi,Xs,...,X,,} CTpaTerui
JITTIP xoneuno. CmemanHas crpaterus o3HavaeT, uto JI[IP BeiOmpaet
Ha0op uncen

1

A 20, i=Lm, YA =L
i=1

B sTOoM ciyuae neneBasi pyHKIHMS, HA 3HAYEHHUE KOTOPON OPUEHTUPYETCS
JITTP nipu BBIOOpE CMEUIAaHHOM CTpaTeruu, paBHa

F (ks ) = D 0 (3, 9).
i=1
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Ipumep 3. BerauciuM pelieHre 3agadu O BKIAJE MPU IPUMEHEHUN
CMEIIaHHBIX cTpareruii. B paccMarpruBaeMoM cilydae CMEIIaHHAs CTpaTte-
T'Usl O3HAYAET CIEAYIOlee MOBEACHHE BKJIAAUMKA: OH JIEIUT MUMEIOIIYIOCS
y HeTo cyMmy jeHer Ha aBe yactu AN u (1 —A)N, 0 < A < 1. [lepByto cym-
My OH KJanéT Ha pyOn€BbIN BKJIAJA, a BTOPYIO — Ha JI0JIapoBbiil. Yepes
TOJl y HETO OKa)xeTcs cymMma, paBHas F(A,y) = RA + D(1 — A)y.

Takum 06pazom, nMeeM CISAYIONIYIO 3a7a9y MPUHSATHS PEIICHUS:

F(A,y)=RA+D(-A)y——max, tne L €[0,1],y € [a,b]. (4.1)

Haiiném crparerun BKiIaguuka, Beiouparomiero uucio A € [0,1], B 3aBucu-
MOCTHU OT IPUMEHSIEMOT'0 KPUTEPHSI.

Bnauane paccMorpum 3anauy (4.1) ana cioydas, korna JIIIP uzsectHo
3HaYEHUE OTHOIICHUS KypcoB BamOThl y = K;/Ky. Torma, yduTsiBas 4To
byukiusa F(A,y) TMHEHMHO 3aBUCUT OT A, TIOJIyYHUM PaBEHCTBO

max F (A, y)=max(R;Dy). (4.2)
MakcumalibHOE 3HaU€HUE JOCTUTACTCS MPU
0 mpu R < Dy,
AMy)=1VA€e[0,1] mpu R = Dy, (4.3)
1 mpu R > Dy.

[Tyctb npumensercst kpumeputl Barvoa. Torna u3 (4.1) momnydum, 4To
F,(M) = ?gyig(RK +D(1—-L)y)=RA+D(1-1N)a.
MakcumanbHOE 3HaYeHUE ATOW PYHKIIUU JOCTUTAETCS B TOUKE
0 mpu R < Da,
hg =< VA €[0,1] mpu R = Da,
I mpu R > Da,

u paBHO Fp(Ag) = Da npu R < Da, Fg(Ag) = R ipu Da <R.
[Tpumenum k 3amaue (4.1) xpumepuui Creudosca. 3 dopmynsl (4.2)
cleayeT, uTo (PYHKIMS PUCKaA B CMEIIaHHBIX CTPATETUAX paBHA

O(A, y) =max(R;Dy)—RAL—D(-N\)y :Dmax[(l—k)(%—y];k(y—%)).

[TosTomy dyHkIusa CaBUIKA B CMEIIAHHBIX CTPATETUAX UMEET BU/T

F.(L) :Dﬁl}ﬁ)gmax((l—X)(%—yj;X(y—%D.

OTcroaa nojry4yuM, 4To
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Fc(x)=Dmax((l—x)(%—a);x(b—%n

['padux ol Pynkiuu npuseaéH Ha puc. 4.1. E€ MuanmanpHOe 3HaUECHHE
JIOCTUTAETCA B TOUKE
R/D—-a

A
b—a

(4.4)

Fc(M)

Ax 1 A
Puc. 4.1

Takum o6pasom, ontumanbpHas 1o C3BUIKY CMEUIaHHas CTpaTerus
COBHNAJAET C JI0JIE BO3MOXKHBIX 3HAUYECHHUM Y, HAXOJAILIMXCS JIEBEE YHCIIa
R/D. Ins Takux y pyOaEBbI BKIIa AaET OOJbIIee HAKOIUJICHUE.

BennurnHa MakcuManabHO BO3MOXHOTO PUCKa paBHA

F.(\) = bD (%—aj(b—%).
—a

OueBUIHO HEPABEHCTBO
D (R R
——a || b—— |<min(Db - R; R — Da). 4.5
2R a )t <min s
DTO 03HAYaeT, YTO MPUMEHEHUE CMEIIAHHOW CTpaTeruy yMEHbIIAET BEIU-
YUHY MaKCHMAaJIbHO BO3MOXKHOTO pucka. Hanpumep, npu R/D = (a + b)/2

D
JeBasg 4acTh HepaBeHcTBa (4.5) paBHa Z(b—a), a mpaBasi 4yacThb paBHa
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D
E(b —a). 3HauuT, MPUMEHCHHUE CMEIIAaHHOM CTPAaTeruy B IBa pa3a yMEHb-

1IAE€T BEJIMYMHY MAKCUMAIBHO BO3MOYKHOTO PUCKA.

OtmeTuM emi€ o HO CBOMCTBO cTpateruu (4.4). JlomycTum, 4To 3Haue-
HHUE OTHOLIECHUS KYyPCOB BaJIOTHI SIBJISETCS CIyYaliHOM BEJIWYHUHOM C pPaB-
HOMEPHBIM paclpeieiecHueM Ha oTpeske [a,b]. Torma cpeaHee 3HaueHUE
ctparteruu (4.3) paBHO

1 b
[1()ay =
)

1 1{1_R/D—a_
b-a* Y b—a

3ameuanme 1. [Ipu npussTHM perieHus no kputepuro Banpaa ucnomb-
3yeTCsl TOJIbKO HYDKHSISI TpaHuLa (YUCIIO @) OTPe3Ka BO3MOYKHBIX 3HAUEHU
HEeomnpeeIEHHOTO (JakTopa ), B TO BpeMs KakK MPHU UCIOJIb30BaHUN KPUTE-
pust CaBUIKa UCTIONB3YETCA TAKKEe M BEPXHSAS rpaHuua (4uciio b) 3Toro
OTpe3Ka.

PaccmoTtpum kpumepuu Jlannaca. Umeem

M.

b
F,(A)= %J‘(Rk +D(1—-A)y)dy =RA+ D(1-1) b;a :
—a
CremoBaTenbHO, TOYKA Aj, MAKCUMU3HPYIOMIAs 3Ty (PYHKIIHIO, PaBHA
OnpuR<D ath ,
2
a+b
A;=1VAe[0,1]]upu R=D S
hmnR>Da;b.

N
Crano ObITh, ONTUMAJBHAS TI0 Jlammacy cMemanHasi CTpaTerus MOJy-
yaetcss u3 Qopmynsl (4.3), B kotopoi JIIIP Gepér cpennee 3HaueHHE
y = (a + b)/2 Mexay HAaMXyIIIUM U HAWIYUIIUM JUIsl C€0sl OTHOIICHUSMHU
Kypca BaJioT.
3ameuanue 2. [Iycts HeonpeaenEHHbIN (DaKTOp y ABISETCS CIydyaliHOU
BEJTMYMHON U M3BECTHO €€ cpelHee 3HavYeHHEe (MaTeMaTHYeCKOe OXKHaa-
Hue): m = M(y) = M(K,/Ky). Torna cpennee 3HaueHuE 00IIE€H CyMMBI, TO-
Jy4YE€HHOM uepe3 ToJl BKIaTIMKoM, paBHsieTcss RA + D(1 — A)m. Makcumu-
3UpYS ATY BEJIMUUHY, HAXOJIUM
0 ipu R < Dm,

A(m)=<VAe[0,1] ipu R = Dm,
I mpu R > Dm.
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[Ipu npuMeHEeHUU Kpumepus KpatiHe2o onmumusma MMeeM QyHKIHIO
Fy(A)=max(RA+D(1-A)y)=RA+ D(1-1A)b.

aly<bh
[ToaTOMy MakcuMaabHOE 3HaYEHUE ATON (PYHKIUU TOCTUTAECTCS B TOUKE
0 mpu R < Db,
Ao =9 VA €[0,1] mpu R = Db,
1 ipu R > Db.
Crano ObITh, ONITUMAabHAS IO KpaHEMY ONTHUMHU3MY CMEIIIaHHAS CTpaTe-
rusi monydaercst u3 popmyinsl (4.3), B kotopoit JIITP Gepér camoe Hammyud-
1ee JuIs ce0sl OTHOIIEHUE Kypea y = b.
Paccmotpum kpumepuii I'ypeuya. 3aduxcupyem uncio 0 < v < 1 u pac-
CMOTPHUM (PYHKIIHIO
Fr()) = vFo(A) + (1 = v)Fg(A) = RA + D(1-A)(vb + (1 — v)a).
MakcumanbHO€ 3HaUeHUE ITOU (PYHKIIUU JOCTUTAETCA B TOUKE
0 pu R < D(vb+(1-V)a),
A =1VAe[0,1] mpu R = D(vb+(1-v)a),
lupu R > D(vb+(1-v)a).
Crano ObITh, OnTUMaIbHASI TI0 ['ypBHUILly cTpaTerus noiaydaercs u3 GopMyJibl
(4.3), B koTopoit JITIP Oepér mpomexkyTouHoe 3HaueHue y = vb + (1 — v)a
OTHOILIEHUS Kypca.

PaccmoTpum xpumepuii Xooowca — Jlemana. 3aduxcupyem uucio 0 <v <
<1 u paccMOTpUM PYHKIIHIO

F (W) =vE,0\)+(1-v)E,(\) :RK+D(IX)[(1—§}Z+§I)J.

MakcumanbHO€ 3HaYeHUE ITOU (PYHKIIUU JOCTUTAETCA B TOUKE

OnpuR< D [I—XJawzb ,
2 2

Ay =1 VA €[0,1] mpu R =D[(l—§ja+§ ),

lopu R>D (l—zjaﬁlb :
| 2 2

Crano ObITh, onTuManbHas 1Mo Xomky — Jlemana crparerusi mosydaercs
u3 Gopmydsl (4.3), B kotopoit JIIIP GepéT mpoMekyTouHOE 3HAUCHHUE OT-
HOLIEHUs Kypca:
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A% A%
={|1—— |la+—b|.
d 2 )47

\Y% \Y
3ameuanmne 3. ITockonsky (1—v)a+vb> 1—5 a+ Eb, TO IIPH MPH-

MeneHuu kpurtepus ['ypsuna JIIIP ucxoaut u3 ycinoBusi 6osiee Oyaronpu-
STHOTO JUIs cCeOsl OTHOIICHMsI Kypca, YeM IpH NPUMEHEHUU KPUTEPUS
Xomxa — Jlemana (mpu 0IMHAKOBOM 3HAYEHUU MApaMeTpa V).

PaccmoTpum caydait, korna X = {x1,X2,....Xu}, ¥ = {V1,V2,...,Vu}. O00-
3Ha4MM a; = f(x;,);). BBeném marpuiyy

O O A
a, dy a,; a,,
A=
all ai2 aij azn
A Gpy oo Ay e @,

Cuutaem, uto JIIIP BeiOMpaeT cMemaHHyto cTpaTteruto A € A,, rae 00o-
3HAYEHO

A, = k=i, A 20, i=1Lm, Y A, =1¢. (4.6)
i=1

HexonTponupyembiii gaktop BbIOUpaeT j-il ctosnber; marpuubl 4. JIITP
CTPEMUTCSI MAKCUMU3UPOBATH BEJTUUUHY

g,M)=Y a;\ =1,j=Ln (4.7)

i=1

OtMeTuM, 4TO paHee paccMoTpeHHble cTpareruu JIIIP, korma oH BbI-
6UpaeT i-10 CTPOKY, MOIYJAIOTCA U3 CMENIAHHBIX, €CIIH OpaTh HAOOPHI A,
B KOTOPBIX TOJBKO HA OJHOM MECTE€ CTOUT €AWHHUIA, & Ha BCEX OCTajb-
HbIX — HyJU. Takue CTpaTeruy Ha3bIBAKOTCA YUCBbIMU CMPAMESUAMU
JITIP.

3anuiineM sl CMEIIAHHBIX CTPAaTEruidi pacCMOTPEHHBIE PAHEE KPUTE-
puu BbiOOpa ctpateruil. [10CKoJIbKy MHOKECTBO CMEIIAHHBIX CTpaTErui
COJICPKUT B c€0€ MHOXKECTBO YHCTBIX CTPATeTHH, TO MPUMECHEHHE CMe-
IIAHHBIX CTPATErMi BEIET K YIYUIIEHUIO COOTBETCTBYIOIIMX MOKA3ATENEH
110 CPABHEHUIO C IPUMEHEHUEM CMELIAHHBIX CTPATETUM.

B nanpHelimeM norpedyercs cieayronias jemMma.
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Jlemma 1. [y mo0bIx uncen by, s = 1, p BBINOJHEHBI PABEHCTBA

1<s<p, 1<s<pq

p p
max » by =maxb, min ) by =minb,_, 4.8
: Z;, s ;i Z;, s : (4.8)
31ech HA0OPBI Y = (Y 15)2s- - -»)p) YAOBICTBOPSIIOT OTPAHUYCHHSM (s > 0

L )2
I BCeX s=1,p U sz =1

s=1

HoxkaszareabcTBo. Ilycte max b, = b, TIpU HEKOTOPOM ¢ =1, p. [Toka-

I<s<pg

p
’KEeM, 9To max stxs =b,. B camoM jerte, 1uist IF0O0T0 paccMaTpuBaeMoro

s=l1

P
HaOopa 7 BBIIIOJHEHO HEPABCHCTBO stxs <b,. C nopyroii CTOpOHEI,

s=1

P
JJIA Ha60pa Us = O npu s * qu Xq = 1 BBIIIOJIHCHO PABCHCTBO stXs = bq-
s=1

AHaJTOTMYHO JOKA3bIBAETCS M BTOPOE PABEHCTBO B (4.8).

Kputepuii Baabaa. Kak crnenyer u3 dbopmynsr (4.7), B ciydae cMme-
IIAHHBIX CTpPATEruy Kpurepui Banpaa npuHUMAaeT BU
E,(n) = min Y’ a,\,, E,(hy) = max E, (). (4.9)
<j<n - e,

CMmemanHas cTparerus A, SBIAOLIAsACS pemeHueM 3anadu (4.9),

HA3bIBACTCA CMEUAHHOU MAKCUMUHHOU cmpamezueti. J1Jis1 €€ HaXO0XICHUS
MO’KHO BOCITIOJIb30BAaThCS CIEAYIOLIEU TEOPEMOM.

Teopema 1. ITycts HaOOp umcna v U Ly, j = 1,71 yIOBIETBOPSIOT YCIIO-
BUSIM

Zlaljujﬁv,...,zlamjujSv, Zlujzl, w20, j=Ln. (4.10)
J= J= J=

~—(
Torma cmemanHas CTparerust A, yAOBIETBOPSIONIAS YCIOBUSAM

m m m

) ) M _ M P
Eailki >V,..., Eaimki >V, Eki =1, ;' 20, i=1,m, (4.11)
i=1 i=1 i=1

o 8 (1
sBIEeTCA MakcUMUHHOM. Uncno v = F,(A") |
Joka3zaTenbceTBo. V3 nepBoit hopmyiibl (4.9) u U3 BTOPOro paBeHCTBA

B (4.8) crnemyet, yTo s r000ro Habopa A € A,, BBIIIOJTHEHO HEPABEH-
CTBO
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Am=3(Tan

[lepecTaBnsis MecTamMu oOmepaliii CYMMHPOBAHHS U UCIOJIb3YS YCIOBUS
(4.10) u (4.11), momyuum

F, (k)<2£2al]u]jk <v<m1n2a A0 = F, ().

1I<j<n ©
CrnenoBatesbHO,
E, My =max £,(M) <v< E,(A™M).

AeA
m

Kputepuii CiBuaka. B cnydae cMemaHHbIX CTpaTeruid uist II0O0U
cTpaTeruu i € A =~ (QYHKIMS pUCKa paBHA

(Pj (X) = Igelilx(zaijxl'j Zay i*
oL i=l

m
Hcnonb3yst nmepBoe paBeHCTBO (4.8), a TakKe paBEHCTBO Z A, =1, momyyum
i=l

m
max Za maxda.. Z maxa.. |A..
( ljxj I<s<m Y ,1(1§sSm Sj) !
=

XEA,,
[ToaTomy
¢,(\)= Z(P,,%l ¢, =maxa, — (4.12)
i=l
Kpurepuii CaBuka B CMEIIAHHBIX CTPATETUSAX MPUHUMAET BUJ
F.(\) = max o, M), F(ho)= min E. (). (4.13)
<j<n €A,

JImd HaxOoXIEHUsT CMENIAHHOW CTPAaTeTuh Ac, MHUHUMHU3UPYIOLIYIO
byHkIU0 prcka (4.12), MOXHO BOCIIOJIB30BaTHCS CICAYIOIIEH TEOPEMO.

Teopema 2. ITycts HaOOp uncna y u Ly, j = Ln YIOBJIETBOPSIIOT YCJIO-
BHSIM

D oou; <y, Zcpm,u <y, Zu =1, p, 20, j=Ln (4.14)
=1

Torz[a CMCIIaHHasd CTpaTeI‘I/IH }\, , YAOBJICTBOPAOIIAsA yCIIOBUSAM

D0 21 300 2y, AN 2L AN 20, i=lm, @19
i=1 i=1

o (2
sBIIETCA ONTUMAaNIbHO 1o Cieitrepy. Uucno y = F.(A'?).
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Hoka3areabcTBo. M3 nepsoro paseHcTsa (4.8) ciuemyer, 4To Ui JIFO-
Ooro Habopa 4nces A € A, BBIIOJIHEHO HEPABEHCTBO

Fey=max| 2 0,0, 20 20,% |u,
i=1 j=1 \_i=1

UL JIOOBIX ymcen ;= 0, Zu ; =1. Mensist MecTamu onepannu CyMMHUpPO-
j=1
BaHUS U UCTIONB3Ys ycioBus (4.14) u (4.15), nonyyum

FM)2Y) D om 2y maXZ%M” =F ().
=1

i=1 \_ j=1 I<jsn
CrnenoBaTtesbHO,
(%)= min ) =y>FE.(0).

Kpurepuii Jlanuiaca. B ciryyae cCMEIIaHHBIX CTPATETUA HMEEM

F; (x)——z Za A, =iFﬂ(z’)xi. (4.16)

~ 1 .
3necy QyHKuuMs F (i) = ;Zay sapisieTcs: pynkiuen Jlammaca B 3amade
j=1
C YUCTBIMM CTparerusimMu. 13 paBeHCTBa (4.8) cnenyer, 4TO

F (k) = maxF (A) = maXZF (@A, maxF (@) =F,;(;).

Takum 00pa3om, NIpuMEHEHKE B KpuTepuu Jlamnaca cMenaHHbIX CTpa-
TETM{ HE MPUBOAUT K YJIYUILICHUIO pe3yJibTaTa II0 CPABHEHUIO C IIPUMEHE-
HUEM YHCTBIX CTPATETUN.

Kpurepuii «kpaiiHero onrumusMa». [Ipu ucnosnp3oBaHnu cMelIaH-
HBIX CTPATETHI B KPUTEPHUU «KPAWHETO ONTUMU3Ma» UMEEM
m
Fo(A)=max ) a.,. (4.17)
0<j<n “
i=1
CrnenoBaTteibHO,
m
Fy(M)=max ) a\, < maxa,.j)x,. =ZFO(z)xl..

0</<n - 0<j<n

3neck GyHKUWS F, (i) = max a, SBISIETCS cpyHKLU/IeI/I B KPUTEPHUU «KpaiiHe-

0<j<n
ro ONTUMHU3M»A B YHCTBIX cTparerusx. CiemoBaTeabHO, MPUMEHSS PaBeH-
cTBO (4.8), moyuum
max F, (i) = maxF (k)<maxZF (I)A, = max F (i).

1<i<m n1 ol 1<i<m
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Takum 00pa3oMm, NMPUMEHEHUE B KPUTEPUH «KPAMHETO ONTHUMHU3Ma»
CMEILIAHHBIX CTPATErMd HE MPUBOJUT K YJIYULICHUIO PE3yJIbTaTra IO CPaB-
HEHHIO C IPUMEHEHNEM YHUCTBIX CTPATETUH.

Kpurepuii I'ypBuna. 3adukcupyem uucio 0 < v < 1. B cimydyae cme-
IIAaHHBIX CTPATeTHH HMEEM ﬁr ) = Vﬁo ) +(1- v)ﬁB (A). Topcrasmss
croj1a 3HaueHus GyHKIui (4. 9) u(4.17), HOJIqu/IM 4TO

F(k) VmaXZa A +(1- V)mm a;\, =

O< <n <j<l’l N
i=

= max vZa A +(1- V)mm a;\,

0<k<n I<j<n Py

Takum 00pazom,

F-(X) = max min b“)x " =va, +(1-v)a,.

0<k<n 1<j<n =

[ToaTomy

k . k
E ~(A;) = max| max min b( '\, |=max| max min b( "\,
re A 0<k<n 1<j<n P 0<k<n XeA 1<j<n

Takum o0pa3zoM, JJis KaxJI0r0 HOMEpa k =1,n UIIETCd MAaKCUMUHHAs

CTpaTerus X(k) = (K(k)l, . /I(k)m) B 3a/1a4e

min bﬁ )k — max, keA

I<j<n %

3aTem Cpe€an 3TUX CMCIIAHHbIX CTpaTeFI/Iﬁ I/IH_IGTC}I Ta, KOTOpasa JOCTAaBJIACT

MaKCHUMaJbHOE 3HAYCHUE BBIPAKCHUIO min b(k )k(" )

1<j<n <

Kpurepuss Xomka — JlemaHna. 3a(bm<cnpyeM gucimo 0 < v < 1.
B cnydae cMemraHHBIX CTpaTeTHid UMeeM ﬁx_ﬂ (L) =VF, ) +(1- v)I:“B Q).
[Toacrasmnss crona 3HaueHUs GyHKwii (4.9) u (4.16), momyuum

F (M) =v— Z(Zak)+(l v)lr51i<n2ak

j=l1
V n m m
=mi — 7\, + l—V 7\, i 7\‘
min nZ(Za J A-V)2 a2, lrgg;ch

V n
3nmeck 0003HaUCHO ¢ = —Z a; +(1=v)a,.

[Tpumensist BTopyto Gopmyiy (4.8), MokeM 3amucarthb

35



E (N = mm[ n (ch] lj uj].

3nech 0003HaueHO M, :{Hz (Hp5es )i 20, j=1,n, Zu‘j =1}.

J=1

Taxum obpasom, Fy_ (hy ;) = rkrel/a\lxirelﬁllnLZ(ZcU ljuj].

PaccmoTpum 3amauy o gpepmepe u 1auM enié OJHy WHTEPIPETALUIO
CMEIIAHHBIX CTPATETHM.

Ipumep 4. Ilpenmonoxkum, d9ro depMep MOXKET pa3ACIauTh TOJIC
Ha TPU YAaCTHU U BBLACIUTH MO KAXIYI0 U3 KYJIbTYp A; y4aCTOK, pa3MepOM
S; rektapoB, mpuuéMm S; + S, + 83 = S. Torna, kak cienyer u3 Tabdm. 3.1 ma-
parpada 3, muaHupyemasi BbIpydKa OT NMPOJAXKH YpoxkKas B 3aBUCUMOCTHU
OT TOT0, KaKuM OyJIEeT JIETO, NpeACcTaBicHa B Ta0I. 4.1.

Tabnuya 4.1
I[Inanupyemasi BLIpy4Ka B 3aBUCHMOCTH
OT BbIOpaHHOM hepMepoOM CTpaTeruu

ITorona Bripyuka
Cyxas 0,=400 S; +300 S,
HopMmanbHas 0,=100 §,+500 S, + 600 S;
JloxmmBast 0;=300 §; + 200 S, +800 S5
ITepeiiném k 6e3pa3MepHBIM BEIUINHAM
S S S
A=—, A, =—2, A, =—. 4.6
1 S 2 S 3 S ( )
Torma A, >0, .,>0, 23> 0; A; + A, + A3 = 1. B kauecTBe nmoka3areiicii BbI-
PYYKH PAaCCMOTPUM BEJIUYUHBI ¢; = QO Torna u3 ta6n. 4.1 noaydum

Tabmn. 4.2.
Tabnuya 4.2
OTHocuTe/IbHAs BHIPYYKa (pepMepa
B 0e3pa3MepHbIX BeJIHYMHAX

[Torona Bripyuka
Cyxas q1=4M + 3%,
Hopmanbhas ¢r= A+ 5k, + 63
JloxanmBast g3 =3k + 2% + 85

C MoMoIIbI0 MAaTPHUIIBI
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a, a, a; 4 1 3
A=|a, a, ay|=|3 5 2
a,, ay, Qs 0 6 8

BO3MOJKHYIO BBIPYUKY (pepMepa MOXKHO 3aMHUCATh B CJICTYIONIEM BHJIC:

3 3 3
= Zan;‘w q, = Zaiz}\‘i’ q; = ZaB}\’i'
i=1 i=1 i=1

Haiiném cMemaHHyto cTpaTeruro gpepmepa ucxons U3z kpurepus Banb-
na. 3anuieM cootHomieHus (4.10) u (4.11) B Bujie paBeHCTB

47\,1“’ 37\.2“’ 07\.3: V, 7\,1“’ 57\.2“’ 67\.3: V, 37\.1“‘ 27\,2“‘ 87\,3: V, 7\,1“’ 7\,2“’ 7\,3: 1,
Apy+ o+ 3u3=v, 3+ Spp+ 2= v, Oy + 6 + 8= v, i+ o+ = 1.

Pemast oty cucremy ypaBHeHUN MeTOoA0M [ aycca, Haxoaum
22 7»(1) 18 20 _ 5 25 9 11 142

45 Ty B Ty M Ty BT BTy Y s
HaiinenHoe penieHre uMeeT CIEAYIOIUNA CMBICHT: ecliid epMep pa3AeiauT
nosne B nponopuuu 22 : 18 : 5 Mexny kynsrypamu A,, Ay, Az, TO
pH JIFOOOW TMOT0/Ie OH TMOJYYHUT IMPHUOBLIL, HE MeHbIe 142/45. OtmeTnm,
YTO B CJIy4a€ YHMCTBIX CTpPATEruid MaKCUMallbHasi rapaHTHUPOBAaHHAs MpHU-
ObLTH hepmepa paBHa 2.

Haiiném cmemannyto crpateruto depmepa ucxons u3 kpurepus Cau-
mxa. M3 popmyiiel (4.12) BEIMUCIUM YHCIA (7, KOTOPBIE 3AMUIIEM MATPULIEH

1 _
}\’1

9

0 5 5
1 1 6]
4 0 0

Jns HaX0XKAEHUS MUHUMAJIbHOW IO PUCKY CMEIIAHHOW CTPATEeruu 3a-
nuiieM cootTHomeHnus (4.14) u (4.15) B Buze paBeHCTB

07\4"‘7\,2"‘47\,3 'Y,57\,14‘7\,2"‘07\,3—%57\,14‘67\,2‘{‘07\,3—%7\,1"‘7\,2"‘7\,3—1
Opy+ Spp+ Sps =y, i+ o+ 6p3 =1, 4y + Opp + Ops =y, py + pa+ 3= 1.

Pemas 3Ty cucremMy ypaBHEHUM, HAXOAUM, UTO W = 25/45, n,= 9/45, p3=
11/45, v =100/45; A= 20/45, .,= 0, A3= 25/45. HalineHHoe periecHue nMeeT
CIICIYIOIINN CMBICI: (hepMep HE 3aCEUBACT KYJIbTYpY A, @ MEXKIY OCTaBIIU-
MUCS KylbTypamMmu A; U A; genut mnoje B uponopuuu 20 ;0 25,
Torga mpu m000# Toroae 3HaYyeHME MHUHUMAKCHOTO pHUCKa HE OOJbIIe
100/45 = 2,(2). OTmMeTuM, 4TO B YUCTHIX cTpaterusx ig = 3 u Fg(ig) = 4.

Taxum oOpa3om, MpUMEHEHNE CMEIIAHHON CTPaTeruu MOYTH B JIBa pa-
32 YMCHBIIIACT 3HAUCHUE BETUINHBI MUHIMAKCHOTO PUCKA.
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S. IlpyHUMNBI BHIOOPA cTpaTerui
B MHOTOKPHUTEPHAJIBbHBIX 3a/1a4ax
IPU OTCYTCTBUU HEONPEAeJIEHHOCTH

PaccmoTpuM Bompoc 0 BEIOOpE CTpaTeruu, Korjga MMEETCsl HECKOJIbKO
KPUTEPHEB.

HMpumep 1 [10. C. 33-34]. [{ng AByX OJUHAKOBBIX IO pa3Mepy ropo-
1n0B A u B (cMm. puc. 5.1) BeIOUpaeTcs MeCTOpPacroi0XeHUEe COBMECTHOTO
npennpusatus P chepsl o0cmyxuBaHus. 'opoga coequHEHbI TBYMs TOPO-
ramu ADEB u ACB. llpotsxk€énHocTs noporu ADEB coctaBisieT 5 KM,
a nuHa noporu ACB paBHa 3 kM. Ha yuyactke BC npeanpuarie He MOXKET
ObITh PACIOIOKEHO IO MPUPOAHBIM yciioBusiM. Paccrosinue ot 4 mo C
paBHO 1 kM. Takum 00pa3om, NPEANPUATUE MOKET OBITh MMOCTPOEHO JINOO
Ha JJIMHHOU Jopore ADEB, nubo Ha ydactke AC xopotkoil noporu ACB.
Kaxxnomy ropoay xouercs, 4ToObl mpennpusitue M ObLIO pacnoioKeHO
noOJIKE K HEMY.

O603nauuM uepes x anuny aomanoit CADP. Torga 0 < x < 6. O603Ha-
4UM 4yepe3 p4(x) Kparyaiiliee pacCTOSTHUE OT TOUKHU A J10 TOUKHU P, a uepes
pp(x) — oT Touku B 1o Touku P. Tornaa (cm. puc. 5.1)

psx)=1-xmpu0<x<1;psx)=x—1mpul <x<5;
Psx)=9 —xnpuS5S<x<6;pp(x)=2+xnpu0<x<2;
pp(x) =6 —x npu 2 < x <6.

-5 —4 -3 -2 -1 /2
A D
C —+
P
B E + -5
Puc. 5.1 Puc. 5.2
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Boznukaer Bompoc o Beibope uncia x € [0,6], 9TOOBI yAOBIETBOPUTH
WHTEPEChl TOPOJIOB B MUHUMM3ALMH P4(X) U Pp(X).

@paHIy3CKU UCTOPHUK, COILMOJIOT W MOJUTHYECKUM aesitenb A. Tok-
BWIb mucai: «CTpemyeHue JIIoJeH K paBEHCTBY SIBISICTCS CTPACTHBIM,
HEHACBITHBIM, BeuHbIM, Henobeaumbim» [10. C. 33]. PaBHOe pacmpeperne-
HUE JI0XO0Ja OT KOOMEeparuu — MNPOCTON U (PyHIaMEHTAIbHBIA MPUHIIHI
CITPABEIMBOCTH. DTO TaK HA3bIBAEMbBIN NPUHYUN PABECHCMEA.

Ha mmockoctu (f1,f>) HapucyeM KpUBYIO f1 = —p4(x), o= —pp(x), 0 <x < 6.
Dtoit kpuBol siBisieTcs JomaHasi FLKNM (cwm. puc. 5.2). Iloab3ysick npuH-
IIUTIOM PABEHCTBA, HAMIEM Ha ATOM JIOMAaHOU TOUYKY, B KOTOpOu f; = f,. Takoit
TOYKOM sBisieTcss U — cepeauna orpeska NV. Eil COOTBETCTBYET 3HAUECHUE
x = 3,5. Crano ObITh, Cemysl ITOMY NPUHIUITY PaBEHCTBA, MpeanpusTie P
HY>KHO CTPOUTH B TOUKE (J, SBIAIOUIEHCA cepeauHon orpe3ka DE. Torna
P4(3,5) = ps(3,5) =2,5.

OueBuHO, YTO paccTOsAHUS OT TOUKU C 10 TOpoaoB A U B MEHbIIE,
yem 2,5. KaxxnoMy u3 ropoJioB BBITOJIHEE, €CIU MpeAnpusITHE OyIeT pac-
MOJIOKEHO B ToUuKe C, 4eM B TOUKE, KOTOpAsl MOJIyYaeTCss U3 MPUHIUIA pa-
BEHCTBA.

Wranbsackuii s3koHoMHCT U cotnonor B. Tlapeto copmynmpoBan npun-
UM eauHornacusi. [IpuMEHUTENBHO K paccMaTpuBaeMoOMy NIPUMEpPY OH
O3HAYaeT CJEAYIOIIEee: €CIu /il 000MX ropo/oB 3HaueHue x € [0,6] myure
3HaueHus x+ € [0,6], TO 3HAYCHHE X+ HE TOJHKHO PUHUMATBCS.

B dectp [lapero mpuHUMI €AWHOTIIACUS HA3BIBACTCS HPUHYUNOM ON-
mumanvhocmu no llapemo. B paccmaTpuBaeMOM MPUMEPE ONTUMAIBHBIM
no [lapeto pemeHreM Ha3bIBaeTCsl TAKOE YUCIO Xy € [0,6], uTo mms ar000-
ro apyroro uucia x€[0,6], ecnu st OAHOTO U3 TOPOJIOB OH JIYYIIE, YEM
X0, TO JIJIA IPYTOr0 rOPOAa OH XYXKE, YEM X,.

[lepeiinémM K pacCMOTPEHUIO MHOTOKPUTEPUATIBHOW 3aa4d MPUHITHUS
pelIeHHH, TTOCTAaBIICHHON B 00IIeM BHjie. BBIOOp cTpaTeruu x M3 MHOXKE-
ctBa X Haxonutcs B pacnopsbkenuu JIIP. 3agansr ynkuuu fi: X — R,
i = 1,...,n Uens JIIIP 3akmtogaeTcs B TOM, 4TOOBI MyTEM BhIOOpa X € X
cAenaTh 3HaUeHUE KaXKJA0ro KpUtepus fi(x) Kak MOxHO OoJibiiie. Bo3Hukaer
BOIIPOC O TIpaBuUJI€ BHIOOpA PEIICHUS X B 3a71a4e

fi(x) &> max,..., f,(x) > max, xeX. (5.1)

Ipeanosioxenne 1. MHOXkeCTBO X ABISIETCS KOMIAKTOM B COOTBET-
CTBYIOIIIEM METPUYECKOM MPOCTPAHCTBE, a Bce QyHKIMU f: X — R ABs-
IOTCSI HETIPEPBIBHBIMH.

[TocMOTpYM Ha 3Ty MHOTOKPUTEPHUAIIBHYIO 33]1a4y C TOYKH 3PEHHUS BbI-
Oopa cTpareruu B yCIOBHUAX HEONPEICIEHHBIX MACCUBHBIX MOMEX, KOTO-
pBIMU OyJIeM cUuTaTh UHAECKC I = 1,...,n.
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B coorBercTBUM ¢ KpuTepruem Baibaa Hy)KHO pacCMOTPETH 3aJa4y
F(x)=min f,(x) > max, x € X. (5.2)

I<i<n
B cinyuae kputepuss CoBuaka ONTUMHU3AIMOHHAS 3a/ladya MPUHUMAET
CIEYIOIINN BUL:
F,(x)=max(max f,(z) — f,(x)) > min, x € X. (5.3)

1<i<n
Kpurepuii Jlamnaca paccmorpum B 6osiee o0mem Buae. 3adukcupyem
gyucna A; > 0,i=1,...,n, A+ ... + A,= 1 u pazdepém 3anauy

Fy(x)=) A f,(x) >max, xe X. (5.4)
i=1
ITo kpuTeprro KpaHEro ONTUMHU3MA IOJYYUM CIEAYIOIIYH) ONTUMMU-
3dlIMOHHYIO 3a/a4y:

F4(x)=r1naxfl.(x)—>max, xe X. (5.5)
3aduxcupyem yucio v € (0,1). Torma no kpurepuro ['ypBuiia
Fs(x) = vF4x) + (1 — v)Fi(x)) > max, xeX, (5.6)
a o xpurepuro Xomka — Jlemana
Fos(x) = vF53(x) + (1 — v)Fi(x)) > max, xeX, (5.7)

Ipumep 2. PaccmoTpum 3amady u3 npumepa 1. Umeem
fi(x) > max, f(x) > max; fi(x)=-1+xmpu0<x<1;
fik)=—x+1Topul <x<5;, fix)=-9+xnpus5<x<6;
Hx)=-"2-xmpu0<x<2; fHx)=—6+xmpu2 <x<6.
Ha puc. 5.3 rpaduxkom dyakuun fi(x) sBasercs maomanas ABCD,
a joMaHas abc 3anaér rpaduk QyHKIHH fH(x).

v

N3 storo pucynka BuAHO, 9To F(x) = min(fi(x);/2(x)) = fo(x) mpu 0 < x <
< 3,5, a Fi(x) = fi(x) mpu 3,5 < x < 6. Otcrona caeayet, uro x; = 0. [Tomy-
yuiau Touky C.
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Janee, max f,(x)=0,i=1,2. lloatomy u3 popmyi (5.2) u (5.3) nony-

quM F(x) = —F(x). CnenoBatenbHoO, X; = Xi.

3adukcupyem uncna A, =€, A, =1 — ¢, 0 < e < 1 u paccmorpum GyHK-

o Fi(x) = gfi(x) + (1 — €)fa(x) mpu x € [0,6]. Umeem
F(x)=e-2+Qe—-1)x npux e [0,1];
F5(x)=3¢-2—-x 1npuxe[l,2];
F3(x)=-6+T7¢+ (1 -2¢e)x npux e [2,5];
F3(x)=—-6-3e+x npux € [5,6].

B Tabn. 5.1 B3aBUCMMOCTH OT 3HAYeHHsI MapaMmeTpa € NPUBEIECHBI
MakcUMallbHble 3HaueHusi GyHkumu F3(x) Ha orpe3ke [1,6], a Takxke TOU-
KHA X3, B KOTOPBIX 3TOT MakcuMyM pgocturaercsi. Ctano Obith, mipu € = 0,5
Ha puc. 5.1 nonyyarorcs Bce Touku oTpe3ka AC 1 Touka B.

Tabnuya 5.1
MakcumaiabHble 3HauYeHnsi pynkuuu F;(x) Ha orpeske [1,6]
3HaueHue 3navueHue maxFi(x) 3HaueHUE
€ 0<x<1|1<x<2|25x<5|55x56]0Lx<6 X3
0<e<0,5 e—2 3¢ -3 3e—1 -3¢ -3¢ 6
€=0,5 -1,5 -1,5 -2,5 -1,5 -1,5 [0,1]U{6}
0,5<e<1| 3¢-3 3¢ -3 3¢—4 -3¢ 3e-3 1

[To xputepuro «kpaitHero ontuMusMa» Fy(x) = max(fi(x); f2(x)) = fi(x)
mpu 0 <x < 3,5 u Fi(x) = fo(x) mpu 3,5 < x < 6. Otcroza ciaeayer, 4To X =
= {1;6}. CornacHo 3TOMy MOJXOIy, MPEANPHUATHE CICITYET CTPOUTH JINOO
B ropoje A, 1ubo B ropoje B.

Paccmotpum kputepuii ['ypBuia. 3adukcupyem uncio v € (0,1). Torma
Fs(x) = vF4(x) + (1 — v)F(x). Iloactanss crona 3HadeHue QyHKIUNA Fy(x)
u F(x), mory4um, 4To
v=2+2v-Dxmpu 0<x<1;
3v—-2—-xmpul<x<2;

F,(x){7v—=6+(-2v+1)x mpu 2<x<3,5;.
—7v+1+2v—-1)x opu 3,5<x<5;
3v-9+xmpu 0<x<I.

MakcumanbHOE 3HaUeHUE KYCOUHO-TUHEMHON yHKIUU F5(X) mocTUraeTcs
B OJIHOM M3 €€ BepuuH. [loaTomy
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maxFS(x):max(v—Z; 3v-3; 3v—-4;-2,5; 3v—4; 3v-3) =

0<x<6
v—=2mpu 0<v<0,5;
3v—3mpu 0,5<v<I.

CnenoBarenbHo, xs = 0 ipu 0 < v < 0,5, xs=[0;1] npuv = 0,5 nxs =1
npu 0,5 <v <.

[Ipu puxcupoannom 3Hauenun unciio v € (0,1). [Ipumerum kpwure-
puii Xomxa — Jlemana. Torma Fg(x) = vF3(x) + (1 — v)Fi(x). [Toacrapnss
crojia 3HaueHue GyHku F3(x) u F(x), moydum, 4To

(v(e—=2+QRe-Dx)+(1-v)(2—x) mpu 0 < x<1;
v@Be—-2—-x)+(1-Vv)(-2—x) mpu 1 < x < 2;
F(x)=qv(-6+T7e¢+(1-2&)x)+(1-v)(=6+x) mpu 2<x<3,5;
v(-6+T7e+(1-2e)x)+(1—-Vv)(—x+1) mpu 3,5< x < 5;
V(=6+3e+x)+(1-v)(-9+x) mpu 0<x<I.

=max(v—-2; 3v—-3;-2,5)= {

MakcumanbHOE 3HaueHNEe KyCOUHO-TMHEHHON (DyHKIMU F(x) qOCTHTAaeTCs
B OJTHOM U3 €€ BepwuH. [loaTomy

max F,(x) =max(ve—2; 3ve-3; 3ve—4;-2,5; 3v—-3ve—4; 3v-3ve-3) =

0<x<6
ve—2npu 0<v<0,5;
3ve-3npu 0,5<v <.

CnenoBarenbHo, x¢ = 0 ipu 0 < ve < 0,5, moboe x5 € [0;1] mpu ve = 0,5
uxs=1mnpu0,5<ie<1.

=max(ve—2; 3ve—-3)= {

Teopema 1. [IycTe cTparerus xs € X siBisieTCs pEUICHUEM OJIHOU U3 3a-

nad (5.2)—(5.7). Torna ans 000 cTpaTeruu x € X cucremMa HepaBeHCTB
Si(xs) <Si(X),... fulxs) < fu(x) (5.8)
SIBJISIETCSI HECOBMECTHOM.

Joxka3zaresnbcrBo. [Ipennonoxum, 4to CymecTByer crparerus x € X,
JUTsl KOTOpPOW cuctemMa HepaBeHCTB (5.8) BoinonHeHa. [lokaxkeM, uro Fi(xs) <
< Fi(x) npu Bcex i = 1,3,4,5,6 u F1(xs) > F>(x).

N3 nepaBeHcTs (5.8) crnemxyert, 4To

Fi(xg) :minfi(xs)gfj(xs)<fj(x)

1<i<n

s Vjeln :>Fl(xS)<{ninfi(x) = F(x).
<j<n

YMHOKUM Ka)X710€ HEpaBEHCTBO (5.8) Ha HEHYJIEBOW Ha0Op HEOTpHUIIa-
TEJbHBIX YUCEN A; U CIOXUM uX. [Tomyuum F3(xs) < F3(x).
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Ilanee,

F,(x) :Iln;gffz(x) ij(xs) >fj(xs)
amn V) € Ln= Fy(x) > max /() = F, (xy)

3aduxcupyem npousBonbHOe ncio 0 <v < 1. Torma
F5()CS) = VF4(XS) + (1 — V)Fl(xS) < VF4(X) + (1 — V)Fl(X) = F5(X),
F6(.XS) = VF3(XS) + (1 — V)Fl(xS) < VF3()C) + (1 — V)Fl(.X) = F6(X).
PaccmoTpum tenieps byHKIM0 F(x). 13 HepaBeHCTB (5.8) crieayer, 4to
max f,(2) ~ f,(x;) > max f(z) - f,(x) s Vie 1,n.

[ToaTomy
F(xg)= Illgax(ma}(xfi(z) —fj(xs)) > me}(xfj(z) = f;(x) ms Vj e 1,n.

<i<n
CnenosarenbHo, F,(xg) > max max (max fi (@) -1, (x)) =F,(x).
<j<n 1<j<n zeX

Omnpenenenne 1. Crparerust xs € X Ha3bIBACTCS MAKCUMATLHOU NO
Cnetimepy B 3anade (5.1), ecnu njisg mo0oi crpareru x € X cucTeMa He-
paBeHCTB (5.8) ABISETCS HECOBMECTHOM.

3ameuanue 1. Takoe onpeneneHne 03Ha4aeT, 4YTO HE CYLIECTBYET APY-
roi crpareruu x € X, BeiOpaB kotopyto JIIIP yiyuiumno O 3HaueHus cpa-
3y Bcex KkputepueB. JI. ['ypBull mpemyioxkuna Ha3blBaTh TAKUE CTPATErHMU
MakcuMaiibHbIMU 110 Crielitepy [13. C. 35].

Teopema 2. Crparerus xg € X siBisiercst ontumaibHou 1o Cnenrepy
B 3a7a4e (5.1) Torma u ToapKO TOTAa, KOTraa

xmei)I}F(x,xS) >0,

rae F(x,x, ) =max(f,(xy) = f,(x);...; f, (xg) = £, (x)).

Joxa3zareabeTBo. [Iycth BbimoHeHO HepaBeHCTBO (5.9). Torma F(x,x,) >
> (0 npnsa mo6oit crparerun x € X. ClieioBaTenbHO, CUCTEMA HEPABEHCTB
(5.8) sBNIsSIETCSE HECOBMECTHOM JJis JitoOo cTpateruu x € X. Ecnu ke cu-
cTeMa HepaBeHCTB (5.8) sBIIETCS HECOBMECTHOM Jyisl JIFOOOW CTpareruu
x € X, 10, kak cunexnyet u3 (5.9), F(x,x,) > 0 aus moboii cTpareruu x € X.
CrnenoBaTenbHO, HEPABEHCTBO (5.9) BBITIOIHEHO.

CaenctBue 1. [lycts cTpaTerus xs € X siBisieTcst TOUKOW aOCOIIOTHOTO

(5.9)

MaKkCUMyMa HeKoTopoi gyHkuuu f;: X — R, j=1,n. Torna oHa sBusercs
ontumanbHoi 1o Crelirepy crpareruen B 3aaaue (5.1).

Ipumep 3. B npumepe 2 yucio x = 1 saBiseTcs TOYKONH aOCOIFOTHOTO
MakcuMmyma GyHkmHa fi(x) Ha otpeske [0,6], a pyHKIms fH(x) mocTHraeT aod-
COJIFOTHOTO MakcuMyMa Ha otpeske [0,6] B Touke x = 6. [loaTroMy crpateruun
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x1 =1 ux, = 6 aBusarorca ontuMmanbHbiMu 110 Cnenrepy. Ilokaxkem, 4to
Kaxaoe uncio x, € [0,1] sBisierca ontumansHoi no CielTepy cTpaTeru-
eu. B camom jiede,
x,—x1pu 0<x <1,
Ji(xg) = fi(x)=12+x,+xmpu 1<x<5,
8+Xx, —xIpH 5<x <6,

—Xg+x10pu 0<x<2,

J(xs) = fo(x) =

Otcroza ciieayeT, 4To

4—x;—x1pu 2<x<6.

X, —x1pu 0< x < xg,
—Xg +X IPH Xy S x <2,
F(x,x)=4—-x,—xnpu 2<x<3-x,

24X, +xTpU 3—x; Sx <5,

8+x; —x pu 5< x <6.

['paduk 10 PyHKIIMM TIPH X; =  N300paKEH HA pucC. 5.4.

F(x,f)
3+t
2+t
2t
t
—t x=
—1
-2
-2t

Puc. 5.4

Orcroaa BuaHO, yTo min F'(x,x,)=0.

0<x<6
[IpuBeaEM reoMeTpUYECKYI0 HHTEPIIPETALINIO0 ONTUMANIbHBIX 110 Criei-
Tepy crpareruii. B mpocTpanctBe R' paccCMOTPHM BBINYKJIBIA OTKPHITHIHA
KOHYC
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K,={e=(¢,....6,)eR": €, >0 nna Viel,n}.
Torna onpenenenne MakcumainbHOM 1o CnelTepy crpareruud xs € X
MO>KHO 3aIIMCaTh B CIAEAYIOIIEM BUE:

f) e flxg)+Kg, VxeX; f(x)=(f(x),.... f,(x)) (5.10)
MHuoxecTBO onTuMalbHbIX 10 Cneltepy crpateruit B 3agaue (5.1) Oy-
1eM 0003Ha4vaTh Xs.
IMpunanum ycmoBuro (5.10) crneayronryro uHTEprperaiuio. B mpo-
crpanctBe R" paccMOTpuM 00pa3 MHOXECTBa X IPH OTOOpakKeHHH
f: X >R

fX)={f(x)eR":xeX}. (5.11)
Torna ycnoBue (5.10) PaBHOCHIILHO TOMY, 4TO
(fa)+K)NF(X)=2. (5.12)

Ipumep 4. B npumepe 2 muoxectBoM (5.11) saBmsieTcss nmomaHas
MNVLF (cM. puc. 5.5), a TOUkamu f(xs) ABJIAIOTCA TOYKAa M ¥ BCE TOUKHU

orpeska FL. [Ipoobpazom Touku M siBisieTCs 4yuciio x = 6, a mpooOpazamMu

To4ek oTpeska FL apusitorcs uucna x € [0,1]. Takum o6pazoM, MHOKECTBO
Xs=1[0,1] U {6}.

K
54 3|00 2 1 P

Puc. 5.5

B pa3zo0OpanHOM mnpumepe MHOXKECTBO MaKCHUMalbHbIX M0 Cleiltepy
TOYEK SIBJISIETCSI HEIYCThIM, 3aMKHYTBIM W OrpaHu4yeHHbIM. [IpuBeném no-
CTATOYHBIE YCIIOBHS, IPU BBIITOJTHEHUH KOTOPBIX 3TO UMEET MECTO BCET/IA.
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Teopema 3. IIpu BbITIOJHEHNM NMPEANON0KEHNS | MHOX)ECTBO Xy = X
MaKCUMAaJIbHBIX 10 CIENTEPY CTPATETHIA SIBIAETCS HEMMYCTHIM KOMITAKTOM.

Joxka3zareabcTBo. OyHkus F5(x) sBiaseTcs HenpepbiBHOU. [1o Teope-
Mme BeiiepiTpacca, pemienue B 3aaade (5.4) cymectByer. OHO Oynetr Mak-
cumanbHOU mo Creiitepy crpareruei. OcCTanoch JI0Ka3aTh 3aMKHYTOCTh
MHOXXecTBa X.

< k
HYCTB MOCJaACA0OBATCIIBHOCTL CTPATCTUHN )Cé ) eX CXOOUTCA K CTPATCIun

Xo. [lokaxkem, 4o xy € Xi. Jlormyctum npotuBHoe. Toraa CymecTByeT cTpare-
Tust X € X, IJIs KOTOPOM CHUCTEMa HEPABEHCTB f1(X) < fi(X),....[a(x0) < fu(x)
oyner coBMecTHOU. [TocKobKY BCe YHKITMH SBJISFOTCS HEMIPEPHIBHBIMU, TO
3TH HEPABEHCTBA OyIyT BBIMOIHITHCS MPU JOCTATOYHO OOJIBIIUX HOMEpax k

k
TpH 3aMeHe X Ha X . TToy4unu mpoTuBopeyHe.

Kak ObL10 mOKa3aHoO, Kaja0€e pelieHue 3aaaun (5.4) sSBISETCS MaKCH-
ManbHOU T0 Crnieiitepy crtparterued B 3aaade (5.1). Bosnukaer Bompoc:
MIPU KaKUX JIOTIOJTHUTEIBHBIX YCIOBUSIX KaXKIYI0 MaKCUMalIbHYIO 1o Crieil-
Tepy cTpaTeruio B 3aaade (5.1) MOXKHO MOTYUYUTh, peras 3aaaqy (5.4)?

PaccMOTpHM B IIPOCTPAaHCTBE R’ MHOXKECTBO

Y={y=0,V--»Y,) | IxeX: f,(x)>y, nna Vi=Ln}.(5.13)
DTO MHOXKECTBO HE SIBIsIETCA MyCThIM. B camoM nene, [ist 1r000i Tou-
k1 x € X Habop y; = fi(x) — 1, i =1,n IpUHAAJIEKUT MHOKECTBY Y.

Teopema 4. ITycts MHOXECTBO (5.13) sBisieTcs BBITYKIJIBIM. Tormaa, ec-
JIU CTpaTerus Xs sIBIsETCS onTUMalibHOUM 1o Creiitepy B 3amaue (5.1), cy-
IIECTBYET TaKOW HEHYJIEBOW HA0OP HEOTPHUIATEIBHBIX YUCEN A;, UTO

max >0, /()= D0, f,(x): (5.14)

I[OKaf}aTeJII)CTBO. HOKa)KeM, 9YTO MHOXCCTBO

L=0=0Yse ¥ ) XX fi(X)> fi(xg)+y, mm Vi=Ln}. (5.15)
SBJISIETCS] HEMTYCTHIM M BBIMYKJIBIM. [I0CKONBKY fi(xs) > fi(xs) + y; mpu y; < 0,
TO nro0as Touka y = (V1,)2,...,Vn), Y KOTOpoi Bce y; < 0, mpUHAIICKUT
MHOXKECTBY Y.

[Tycts TOukH ¥, U Z, U3 R' MpuHAIECKAT MHOKECTBY Y+, Torma TOUYKH
f(xs)+ﬂ u f(x,)+Z, NpUHAIIEKAT BHITyKIOMY MHOMecTBY (5.13). Ilo-
ITOMY

M) +7.)+A=0)(f(x) +Z )= [ (x) +27. +(1-R)Z. € ¥
npu Jgrooom uucie A € [0,1]. Orcrona u u3 onpenenenus MHOxecTBa (5.13)
MOJTyYUM, YTO CYIIIECTBYET CTparerus x € X Takas, 4to fix) > fixs) + Ay; +
+(1 — A)z; st moGoro Homepa i = 1,n . Ctaso 6bITh, Touka AJ, + (1—A)Z. € Y,
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ITokaxeM, uto Touka 0 ¢ Y+ Jlonmyctum npotuBHoe. Torma u3z (5.15)
CJIelyeT, YTO HaWETcsa cTpaTerust x € X Takas, 4TO BBINOJHEHbI HEpaBEH-
ctBa (5.8). [lomy4yunu nmpoTuBOpEUHE.

Jns Touku O ¥ MHOKECTBA Y+ MPUMEHUM TEOpeMy 00 OTACIMMOCTH
TOYKH OT BBIMYKJIOTrO MHOXkecTBa. COrjiacHO 3TOW TeopeMe, CYIIECTBYET

TaKOU HEHYJIEBOM HAOOp YMCeN A;, [ = I,_n , UTO
ZkiyiSO uist BCeX (Y1, V2. +vy V) € Ye. (5.16)
i=l

Bo3zpméMm mo0yro ctpareruto x € X ummoboe uucino € > 0. Torma

DV1V2,---5Yn) € Y+ mpuy; = fix) — fixs) — €. llomcraBum »TH umcia
B HepaBeHCTBO (5.16). [Tomyunm

Y i) 2D S () -

Ycrpemum B 3TOM HepaBeHCTBE € — 0. byem umers

Zkiﬁ (x5) 2 Zkiﬁ ().
i=1 i=1
Craiio ObITh, paBeHCTBO (5.14) BBINMOJIHEHO.
IIpu ar060m uucne € > 0 touka (—€,—¢,...,—1,..., —€) € Y (B onpenene-

HUU MHOXecTBa Y+ (5.15) HYXHO B34Th X = Xj5). [logcTaBum 3TH 4ymcia
B HepaBeHCTBO (5.16). [Tomyunm, uto

—& > A, —A, <0
k=1,k#1
YcerpemuM B 3T0oM HepaBeHcTBe € — 0. byaem umets A; > 0.

CaencrBue 2. [Iyctb MHOXKECTBO X COACPKUTCS B BEIIECTBEHHOM JIU-
HEHHOM IMPOCTPAHCTBE U ABJISIETCS BBIMYKIIBIM, a Bce QyHKIMH f: X — R
SIBJISIFOTCSL BOTHYThIMU. Torma MHOXKECTBO (5.13) sIBIISIETCS BHITYKJIBIM.

JlokazareabcTBO. [IycTh TOUKH V ¥ Z W3 R" MpHUHAICHKAT MHOMKE-
ctBy Y. Torga HaugyTcs cTpareruu x= € X u x € X Takue, 91O [filxx) > y;
u fi(x ) > z; ws mo6oro HoMepa i = 1,n. Bo3sméM uncio A € (0,1). Torga
U3 NPEAbIIyIIUX HEPABEHCTB CIEAYET, UTO

Ai(es) + (1 = Afi(x) > A+ (1 — L)z; st mo6oro i = 1.
[TockonbKy (DYHKIUU f;(X) SBIASIOTCS BOTHYTBIMU, TO
i+ (1 = )x) = M) + (1 = Afi(x). *
Otcrofia ¥ U3 NpeApIIyIUX HEPABEHCTB MOIy4YUM, 4TO f{Ax:+ (1 — A)x ) >
> Wi+ (1 — A)z; st mo6oro Homepa i = 1,n . CreoBatensHo, Ay +(1-A)zZ, €Y.
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Yupa:kuenne 1. [Tokaxure, uto eciu MHOxectBo f(X) (5.11) sBis-

€TCS BBIITYKJIBIM, TO BBIMTYKJIBIM SIBJISIETCSI U MHOKECTBO (5.13).

MakcumanbHas 1o Ciiertepy CTpaTerusi He MO3BOJISIET CTPOrO YiIyd-
IIUTh PEIICHUE Cpa3y IO BCEM KpUTEpUsM. PaccMOoTpuM MakcUMalbHbIE
o ITapero cTpareruu.

Onpenenenune 2. Ctpareruss xp € X Ha3bIBACTCd MaKCHUMAaJIbHOU
no [lapero B 3amaue (5.1), ecaum myst 110001 cTpaTeruu x € X cuctema He-
PaBEHCTB

N(xp) L fi(X),..., fulxp) < ful(X), (5.17)
U3 KOTOPBIX, IO KpakHEH Mepe, OJHO HEPABEHCTBO CTPOTOE€, SBISACTCS
HECOBMECTHOM.

MHuoxecTBO onTuMabHBIX 110 [lapeto cTparernii 0603HauuM Xp.

CaencrBue 3. Eciau crpareruss xp € X sBIsieTCs MaKCHUMaJbHOMU
no ITapero B 3aymaue (5.1), To OHa sABIISIETCS U MakcUMajbHOU o CielTepy
115 TOM ke 3amaun. Ctano 0Tk, Xp C Xs. {15 Kaka0M cTpaTteruu xp € Xp
CIipaBeyinBa Teopema 4.

Teopema 5. Ilycts mms Hekotoporo Habopa uucen A; > 0, i=1ln u
JUISI HEKOTOPOM CTpaTeruu Xp € X BBIIOJHECHO HEPABEHCTBO

I)Elea}?v{z?\’if; (x) = inf; (xp). (5.18)

Tornma crparerus xp ABjisieTcs ontuMaibHou 1o [lapero B 3agaue (5.1).
Joka3zareabcTBo. M3 paBeHcTBa (5.18) cieayer, uto s 000 cTpa-
TEruu X € X BBINOJHEHO HEPABEHCTBO

inﬁ.(x)stl.fi(xP).

OTtcroia u U3 TOrO, 4TO BCe umcia A; > 0, ciemyeT, 4To cucTemMa Hepa-
BEeHCTB (5.17), U3 KOTOpBIX, IO KpakHEN Mepe, OJJHO HEPABEHCTBO CTPOrOE,
ABJIsIETCS HecoBMecTHOM. CreaoBaTeNbHO, CTpaTerus Xxp OyJeT MaKCH-
MaibHOM 110 [Tapero.

Teopema 6. [Ipu BeIOTHEHNUH TTPEANONOKEHUA 1 MHOXKECTBO Xp = X
MaKCUMaJIbHBIX MO [lapeTo cTparernii SBII€TCA HEMYCTHIM.

Joka3aTeabeTBo. Bo3pMém uncna A; > 0, i =1,n 1 paccMOTpuM 3aja-
gy (5.4). E€ pemenue xp yI0BICTBOPSET yCIOBHIO TeopeMbl 5. Ciemona-
TeJIbHO, OHO OyJIeT MaKkcuMaibHOM 110 Ilapero cTpaTeruei.

ITpuBenémM reoMeTpUYECKY0 UHTEPIIPETAMIO ONTUMaIbHbBIX 110 [Tape-
TO crpareruii. B mpoctpancTBe R’ pacCMOTPUM BBIMYKIIBIA OTKPBITHIM
KOHYC
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_ n
K,={e=(¢g,....,6,)eR":e, 20 nna Viel,n, Zsi > 0}.
i=1
Toraa onpenenenue MmakcuMaibHou 110 [lapeTo crpareruu xp € X MOXKHO
3aIucarh B CJICAYIOLIEM BUJE:

f()e f(x,)+K,, Vxe X & (f(x,)+K,)Nf(X)=@. (5.19)
IIpumep 5. B mpumepe 2 (cm. puc. 5.3) muoxkectBo Xp =[0,1]7U{6}.
Crnenyroumii mpuMep Moka3bIBaeT, 4YTo, BO0oOIIe roBops, Xp # X.
Ipumep 6. Myx MoxeT 3apabaTbiBaTh CyMMY JIEHET, PaBHYIO X, €
€[0,1], u3 xoTOpOH >keHa 3a0MpaeT Ha JOMAIIIHUE HYKIbl CYMMY, PaBHYIO
x1 € [0,1]. OcraBuryrocs cyMMy X, — X; My’K TPaTUT Ha CBOM HY»XIbl. Ecin
X1 > X, TO MYX 3aHMMaeT HEIOCTAIOIIYI0 CYMMY X; — X; Y 3HAKOMBIX.
B pe3ynprare yero, u3-3a J0Jira UMEKOIIAsICS Y HETO CyMMa X, — X| MOXKET
OKa3aThCs OTpUlaTeNbHON. U My, M %KeHa XOTAT, 4TOObl CyMMBI JICHET,

KOTOpbIE Y HUX UMEIOTCS, OB KaKk MOXHO Oosbine. [Tpuuém onu xoore-
PUPYIOTCS IPU BBIOOPE CTPATETHUH.

O603HauMM X = (x1,X;). Torma kputepun 3aAar0Tcst GYHKIUAMH f1(X1,X,) =
= X1, [o(X1,X2) = —x1 + X2
MmuoxectBoMm X sBisiercs kBaapaT 0 <x;<1,0<x, < 1.

Ha puc. 5.6 n306paxeHs MHOXeECTBO X 1 ero obpas f(X). U3 puc. 5.6
BUJTHO, 4TO yCJIOBHIO (]T(xs) +K ) N f(X) = ynoBIeTBOPSIOT BCE TOUKH

nomaHor ABC. CnenoBatenbHO, UX TPpooOpasbl (TOUYKW JIOMaHOU abc) 3a1a-
FOT MHOKeCTBO X.

A A
X2 f2
a b
! /_\
X
c >
> 1
1 X1 K /i
1 oD C
Puc. 5.6
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VY c10BHIO (f(x D) +K, ) Nf(X)=Q ynOBIETBOPAIOT TOYKH OTpe3Ka
AB. IToaToMy MHOECTBOM Xp SIBJISIIOTCSI TOUKH OTpe3Ka ab.
3amauya 2. Ilycte MHOXecTBO f(X)C R? n300pakeHo Ha puc. 5.7.

VYKaXUTE TOYKH, KOTOPBIC YIOBJIICTBOPSIOT YCJIOBUSM ONTUMAIbLHOCTH
no Crneitrepy (5.12) u o Ilapero (5.19).

A

P

D N
Puc. 5.7

Cy1iecTByIOT U apyrue crocoObl BbiOOpa cTpaTteruu B 3amade (5.1),
Cpenu KOTOPBIX OTMETUM JeKcukorpaduueckuii. CauTaeTcsi, 9TO BCE KpH-
TEPUU YIOPSAIOYEHBI IO BAXKXHOCTH. CaMblM Ba)KHBIM SIBIISIETCS MEPBBII
KpuTepul, 3agaBaeMblii GyHkimen fi(x). Caeayronmm no BaXXHOCTH SBJISI-
€TCsl BTOpOM Kputepuii ¢ hyHKImen f>(x) u T. 1. BHauane pemaercs 3aaaya

fi(x) > max, x € X.
O603HaunM yepe3 X| MHOXKECTBO PEIICHUH 3TOM 3a1a4n. Eciu MHOXECTBO
X| COCTOHUT M3 OJHOW TOYKH, TO OHO IMPUHUMAECTCS 3a PEUICHUE 3a]1a4u
(5.1). B npoTuBHOM ciiydae paccMaTpuBaeTcCs 3a1avya

f(x) > max, x € X,
MHOYKECTBO PEIICHUN KOTOpoi 0003HauuM depe3 X,. Eciu MmHOkecTBO X
COCTOUT U3 OJHOM TOYKH, TO OHO NMPUHUMAETCA 3a perieHue 3aaauu (5.1).
B npoTuBHOM cityyae paccMaTpuBaeTcs 3ajada

f3(x) > max, x € X,
U T. A. B pe3ynbrare onpenensiercs MHOXKECTBO TOUEK Xj; C X, KOTOpbIE
SBJISIFOTCS MAaKCUMAJIbHBIMU B JIEKCUKOTPa(UUECKOM CMBICIIE PEUICHUSIMHU
3amgauu (5.1).

IIpumep 7. PaccMoTpum 3amauy u3 npumepa 6 u HAMAEM MaKCUMAaJlb-

HBIC B JICKCUKOTPa(UIECKOM CMBICIIE CTpaTeruu. PemenueM 3anauu
filx;,x)=x;—> max, 0<x,<1,0<x,<1
sBisieTcs mobas Touka (1;x;), 0 <x, < 1. Pemas 3agauy
ﬁ(XI,XZ) =X tTXx;—>max, x;= 1, 0< X, < 1,
HaXOJWM MaKCUMaJIbHYIO B JIEKCUKOTpaduaeckoM cMbicie crpareruio (1;1).
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B paccmoTrpeHHOM mpmMepe MaKcHUMaibHas B JICKCHKOTpPahUIECKOM
CMBICJIC CTpATETHs TaKXKe SBIIIETCS MaKCUMalIbHOM 110 [lapeTo.

3agaua 3. Cnemgyer qoKa3aTh WK OMPOBEPTHYTH, YTO U B OOIIEM CITy-
yae Kaxzaas cTrparerus x; € Xj ABIAETCA MakcuMmainbHOU 110 Ilapero
(mo Caetitepy).

Monudukanueit sekcukorpaguyeckoro cmnocoda BbIOOpa CTpaTeruu
SIBJSICTCS. METOJ TIOCJICIOBATEIBHBIX YCTYIOK. AJTOPUTM NPHUMCHECHHS
BBIOOpA CTPATETUH 110 AITOMY METOY CIIEYFOITHIA:

1) kpuTepun HyMEPYIOTCS B IOPSAKE YOBIBAaHUS BaXKHOCTH;

2) OmpeensieTcs ONTUMAIBHOE 3HAYCHHE f; ImepBoro kpurepuss JIIIP
YCTaHABIIMBACT BEIMUMHY YCTYNOK 0 < & < f] .

3) pemaercst 3aga4a f4(x) — max, fi(x) > fi — €1, x € X.

Janee, myHKTHI 2 ¥ 3 TOBTOPSIFOTCA JJIs1 KPUTEPHEB fr, . .., fn.

UtoObl moKa3aTh MATBHEUIINNA MyTh OOOOIIECHUS TMOHATHUS PEIICHUS
B MHOTOKPHUTEPUAIILHOM 3a/1aue, BBEIEM C MOMOIIBIO 3aJaHHOM MAaTpPHUIIbI

a,, .. a

1n

A=| ... .. .,

a a

nl oo nn

y KOTOPOH BCe KOOpAUHATHI a;;> 0, KOHYC
n —
_ . :
K,={e=(g,....,,)eR": Za[jsj g Viel, ny.
i=1
HazoBém crpareruro x4 € X MakCuMaabHOM 110 KOHYCY K4, €CJIn
fX) e f(x)+K,, VxeX < (f(x)+K,)Nf(X)=2.
MHO0EeCTBO MaKCUMAaJIbHBIX TI0 KOHYCY K4 TOueKk 0003HauuM uyepes3 Xj.
W3 HepaBeHcTB ;> 0 cnenyer Brimtouenue Kp < K. Orcrona, B 4aCTHOCTH,
caenyet, 4to Xy < Xp.
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6. [IpuHsATHE pellieHUs B YCJIOBHAX PUCKA

PaccmoTtpum citydaid, Korja HEKOHTpOJIUpyeMblid pakTop y € Y sBisercs
CIIy4allHOM BEJIMYMHOM C 3aJIaHHBIM 3aKOHOM pacnpeneiieHus. B cinydae He-
IIPEPBIBHOM CIIyYallHOM BEJIMYMHBI }y € Y 3aJaHa IUIOTHOCTh BEPOSTHOCTH
p(y). Ecti MHOXeCTBO Y COCTOMT M3 KOHEYHOI'O YHCia TOYEK )i,...,Vm, TO
U3BECTHBI BeposiTHOCTH P{y = y;} = p;. Takum 00pa3om, B 3TOM ciiy4ae 3a-
JaHA TUCKPETHAs CIIy4yalHasl BEJIMYMHA

Y [y | »m v | W
P | p| p cee | P

[Tpu mo6oMm Be1OOpe JIIIP crpaTeruun x € X ero BeIMTPHINI f(X,)) ABIS-
eTcs ciydaiiHou BenmuuHoW. EE€ maTremarndeckoe oxunganue M(x) u nuc-
2
nepcust G (x) BBIYUCISIOTCS 10 (hopMyiam

M) =[ £ pWdy, o*(x)=](f(x,) =M @) p(y)dy
B CJIy4ae HEIMPEPHIBHOW CIyYaWHON BEJIWYMHBI, & TAKXKE
M) =2 [ (xy)pis o () =2 (f(x1) M) p;

€CJIM MHOKECTBO Y COCTOMT M3 KOHEYHOT'O YUCJIa TOYEK.

IMpumep 1 (3agaua o ¢pepmepe). [lycTs 3a moroo0it Benocy HabIOIE-
HUE B T€YEHUE MJIUTEIHHOrO BpeMeHH. B pesynbrare yCTaHOBJIEHO, YTO
y1 = {cyxas norojia} HacTymaer ¢ BepoATHOCThIO p; = 0,3; y, = {HOpMab-
Has 1oroja} HacTyHaeT C BEPOSATHOCTHIO p, = 0,5; y3 = {moxayiuBas noro-
Jla} HACTYHaeT C BEpOSATHOCThIO p; = 0,2. MaTpuua Beiurpsiiia gepmepa
UMeEET BH/]I

S W b
AN D =
oo N W

depmep BBIOUpAET i-I0 CTPOKY ATOM MaTpuilbl. [l MaTeMaTHU4eCcKOro
oxunanns M(i) u mis guctepenu o-(i), i = 1,2,3, uMeeM:
M(1)=4-0,3+1-0,5+3-0,2=23;
M(2)=13-0,3+50,5+2:0,2=3.8;
M@3)=0-0,3+ 60,5+ 80,2 =4.6;
oi(1)=(4-23703+(1-23)7-0,5+(3-23)"-02=
= 1,81 = o(1) = 1,345;
c*2)=(3-3.8)-03+(5-3,8°-0,5+(2-3,8)°-0,2=
= 1,56 = o(2) = 1,249;
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6’ (3)=(0-4,6)" - 0,3+ (6—-4,6)"- 0,5+ (8—4,6)*- 0,2 =
=9,64 = c(3) =3,105.

OTMeTUM, YTO CpPEIHEKBAJAPATUYHOE OTKIOHEHHE G(X) UMEET Ty XKe
Pa3MEpPHOCTh, YTO U ClydaiiHas BEJIWYUHA U, CI€A0BATEIbHO, MaTEMATHYE-
CKO€ OXHUJIaHHE.

Ipumep 2. Paccmotpum 3amady o auBepcuUKaliy BKIaga B CMEIIaH-
HbIX crpaterusix. Crparerueit JIIIP (Bknamunka) sBisiercs uncno 0 < x < 1.
Ero Bemrpseim 3agaéres pynkiueit f(x,y) = Rx + D(1 —x)y, 0 <x < 1.

[lycTh OTHOIIEHME BEIMYMH KYPCOB BAIIOTHI ) B HAYAJIE U B KOHIIE TO-
Ja sBJIETCS cily4daiiHOM BennunHoM. CunrtaeM, uTo e€ pyHKIus pacrpese-
neHust p(y) HEU3BECTHA, HO U3BECTHBIMU SIBIISIIOTCSI MATEMATHUYECKOE OXKH-
JAHUE M W CPEIHEKBAIPATUYHOE OTKIOHEHHUE G. Clle10BaTENbHO, MPH JIIO-
o6om BeIOOpE, caemanHoMm JIITP, marematmueckoe oxumanue M(x) u awc-
nepcust 6-(x) paBHbI

M (x) = [ (Rx+ D(1- X)) p(y)dy = Rx+ D(1 - x)m,

o’ (x) = [ (D= x)(y—m))’ p(y)dy = D*(1-x)’c".
Y
Nmeet mecto HepaBeHcTBO YeoOnimena [16. C. 58]

Plf ) -M@|>e)< 29 veso, ©.1)
e

Ha ocHOBaHMM 3TOr0 HEPABEHCTBA MOYHO CJEJaTh BBIBOJ, UYTO YEM MEHbB-
1€ CPEJIHEKBAAPATUYHOE OTKIIOHEHHE G(X), TEM MEHBIIE IO CIIyYalHbIX
BBIMTPHIIIEH f(X,)), JUIS KOKIOTO W3 KOTOPBIX pa3HUIA MEXKIAY HHUM
U CPEIHUM BBIMTPBIIIIEM M(x) OoJbIlIe IO MOIYJIIO0 3aJaHHOro 4ucia. Ilo-
ATOMY BEJIMYMHA CPEAHEKBAJAPATUYHOIO OTKJIOHEHHUS MOXKET CIY>XKUTb Me-
POl pucka.

JITIP umeer 1enb caenarh Kak MOXHO OOJIBIIIE CPEIHUIN BBIUTPHIII
U B TO K€ BpeMs MUHUMHU3HPOBATh PUCK. B pe3ynbTaTe nmmeeM clienyro-
I[YI0 JBYXKPUTCPHUAIBHYIO 3a7a4y:

fi(x) = M(x) —> max, f5(x) = —c(x) > max, x € X. (6.2)

Pemenue 3amauu (6.2) onpeaenser MakcumaiabHbie 1o [lapeto cTparteruu
XPCX

IMpumep 3. Paccmorpum 3amady o pepmepe. Hanecém Ha miockoctu
(fi,2) Toukn K; = (M(1); —o(1)) = (2,3;-1,345), K, = (M(2); —o(2)) =
= (3,8;-1,249); K;5= (M(Q3); —c(3)) = (4,6; —3,105). U3 puc. 6.1 BugHo,
yTo onTuMalbHbiMU TI0 [lapero Oymytr touku K, = (3,8;—-1,249), K5 =
= (4,6; —3,105). CnenoBarenbHO, MakCUMaldbHbIMU 1O [lapeto sBISIIOTCS
ctpareruu Xp= {2;3}.
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e

v

fi

K;
Puc. 6.1

IIpumep 4. PaccmoTpum 3a1ady o auBepcudukaruu Briaga. imeem

fix)=Rx+D( —x)m, fr(x)=-D( —x)5,0<x<1.
Ha puc. 6.2 u 6.3 Ha muiockocTu (fi, f,) n3o0paxkennl Touku (M(x),—o(x)),
0 < x < 1. Kak BUAHO U3 3TUX PUCYHKOB, IIpu R > Dm MakCHUMaJbHOMN
no ITapero siBisiercst Touka (R,0), KoTOpasi COOTBETCTBYET cTpareruu x = 1.
[Ipu R < Dm makcumanbsHo#l 1o [lapeto sBisieTcs aro0asi ToUka OTpe3Ka,
nzo0paxxéuHoro Ha puc. 6.4. CiaemoBarenbHo, 000k BeiOOp 0 < x < 1,
caenanubiid JITIP, sBiaserca makcuManbHbiM 110 [lapero.

1 4 Dm

S

v

Puc. 6.2
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f2A

=R
fi
-Do
Puc. 6.3
A
)2
-Do

Puc. 6.4

OcHoBHas mpobyieMa Bcerga ObIBaeT B BHIOOPE KOHKPETHOM CTpaTeruu
U3 MakcuMalbHbIX 1O [lapero crparermii. PaccMoTpum MakcHManbHYRO
B JIEKCUKOTpa(hUueCKOM CMBICII€ CTPATEruio, MPUUYEM CaMbIM Ba)KHBIM SIB-
JS€TCSl TEPBBIM KPUTEPHUM, 3aJaBAEMbI MaTEMATHUYECKUM OXUJAHUEM
M(x). DTOT KpUTEPUIl HA3BIBACTCA KPUTEPUEM OXKHIAEMOTO 3HAUCHUS

M(x) > max, x € Xp. (6.3)

IIpumep 5. Paccmorpum npumep 3. Ilo kpureputo oxkumaaeMoro 3Ha-
yeHusl Hawnyuiieil s pepmepa Oyaet crpaterus i = 3. OJHaKo B ciaydae
BbIOOpA 3TOM CTpaTeruu ¢ BeposITHOCTHhIO 0,3 MOXKET ObITh HYJIEBOW BBHIUT-
phoill. B To BpeMs kak mpu BbIOOpE, HapuMep, CTpaTteruu i = 1 ¢ 3ToM xke
BEPOSITHOCTHIO BBIUTPBIII MOXKET PABHATHCA 4.

IIpumep 6. PaccMoTpum 3amady o auBepcuUKaAIMU BKIIala U BbIOE-
pPEM cpeau CTpaTeruyi MakCUMallbHBIX 1O [lapeTo Te, KOTophie ABIAIOTCA
MAaKCUMAJIbHBIMU 110 KPUTEPHUIO OKUIAEMOTO 3HAYECHHUS.

B ciydae R > Dm umeeM OJIHY CTparteruto x = 1, MaKCUMIbHYIO
no [lapero. Ona OyeT U MaKCUMAJIBHOW MO KPUTEPUIO 0KUIAEMOTr0 3Ha-
yeHus. [Ipu R < Dm MakCUMaJIbHOU 10 KPUTEPUIO 0KUIAEMOTO 3HAYCHUS
oyner crparerust x = 0.

Br16op cTpaTeruu mo KpUTepHUro OKHIAEMOr0 3HAYEHHS CBSI3aH C 0OJIb-
UM pUCKOM. UTOOBI YMEHBIIUTH PUCK OOJBIIETO OTKJIOHEHUS CIIyYaitHOM
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BEJIMYMUHBI BBIUTPHIIIA OT MATEMaTUYECKOTO OXXHUIAAHUS MPUMEHSIIOT KpH-
TEPUNA MATEMATUUECKOTO OXKHUJAHUSI — JUCIICPCUMU:

g(x) = M(x) — Ao(x) > max, x € X. (6.4)
3neck uucio A > 0 3agaHo. BeiOop crpareruu x € X 1o kpurepuio (6.4)
O3HAyaeT, YTO MPOU3BOJUTCS KaK YBEIMUYECHUE OKHUIAEMOTO CPEHErO BbI-
urpbiima M(x), Tak ¥ yMEHbIIEHHE pUcKa G(x). Yncmo A xapakTtepusyer
cyobekTuBHOE oTHOIIeHue JIIIP k pucky: yem Oouibliie A, TEM MEHBIIE OH
CKJIOHEH K PUCKY. TakuMm 00pa3om, 4ucio A SBISIETCS CyObEKTUBHBIM IIO-
Ka3aTejieM OCTOPOKHOCTH. Pemienue, nomyyaemoe no kpureputo (6.4), sB-
asieTcss MakcuManbHbIM 110 [laperto (cMm. TeopeMy 5 u3 naparpada 3).

Ipumep 7. Paccmorpum 3anauy o depmepe. Mmeem g = 2,3 — 1,345A,
2, =3,8—1,249), g;=4,6 — 3,105\. O4eBuaHO, 4TO TIpH JIF0OOM dmcie A > 0
BBITIOJTHEHO HEPABEHCTBO g < g». Jlanee, g3> g, npu 0 <A <0431, g3< g,
npu A > 0,431. Takum obpazoM, onTuMajbHas 1o kputeputo (6.4) ctpare-
rust caenyromas: i =3npu 0 <A <0431 ui=2npu > 0,431.

IIpumep 8. Paccmorpum 3amauy o nuBepcudukanuu Bkiaga. Mmeem
gx)=Rx + D(1 —x)m — AD(1 — x)c = (R — Dm + ADc)x + Dm — ADg,
0<x<1.

B caywyae R = Dm nmeeM ogHy MakcumalbHyr0 1o Ilapero crpareruro
x = 1. Ona OyJieT 1 MaKCUMaJIbHON MO KPUTEPUIO MATEMATUYECKOTO OXKH-
JAHUSI — JUCTIEPCHM.

ITycte R < Dm. Torga makcumasnbHasi IO KPUTEPUIO MATEMATUYECKOTO
OKUJIaHUSI — JIUCTIEPCUM CTPATETUsl UMEET BU]L

x =0 opu K<M; x =1 npu k>M.
Do Do

OueHuM BEpOATHOCTh TOTO, YTO IPHU BbIOpaHHOW cTpaTeruu x € X
3HauY€HHE BbIMTPbIIA f(X,)) OyleT HEe MEHbIlIe HAWJEHHOTO 3HAYCHUS Z(X).
Nmeem

P{flxy) 2 g(x)} = 1-P{flx,y) <gx)} =1 - P{flx,y) < M(x) - Ao(x)} =
=1 - P{ho(x) < M(x) ~ fix)} 2 1 - P{Jfixy) - M(x)| > ho(x)} 2

1

> | mo HepaBeHCTBY YeOblmena | > I—F.

Takum 006pa3om, 107s CllydallHbIX BBIMTPBIIIEH f(X,)), BETUYMHA KOTOPBIX
HE MEHbIIIE HaijeHHoro unciia M(x) — Ac(x), ¢ yBEIIMUCHUEM IMOKA3aTeNs
OCTOPOXKHOCTU CTPEMUTCS K €IUHUIIE.

Hpumep 9. PaccmorpuMm 3amady u3 npuMepa 7 ¢ IMOKas3aTesieM OCTO-

poxkHocTH A = 3. Torga onTUMAJIbHOM CTpaTeruen sBISETCS [ = 2 U 3Ha-
yeHue g, = 3,8 — 1,249-3 = 0,053. CnenoBaresibHO, BEPOSITHOCTh TOTO (haK-
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Ta, 4TO BBIUTPHI Gepmepa Oyaer He Huke 0,053 (mpu ycrnoBuu, 4To OH

1
BBIOMPAET CTPATETHIO [ = 2) HE MEHBIIIE, YeM 1—5 ~0,9.

BoisicHuM Temnepp, Kak B 00IIEM cllydyae yCTaHABIMBAET MPEANIOUTEHUE
KPUTEpUHM MATEMATUYECKOIO0 OXHUIAaHUA — aucnepcuu. Bo3bMéEéM 1Be
cTpaTeruu x; € X, KOTOPbIM Ha IUIOCKOCTH (f;f2) COOTBETCTBYIOT JBE pa3-
HBIE TOYKHU.

ITycte mapel (M(x));—c(x1)) u (M(x;);—c(x,2)) cpaBHumBbl 10 [TaperTo.
[lycTh, Hampumep, mepBas napa jydmie BTopou 1o Ilapero. Jto 3HAUMT,
YTO BBINOJIHEHBI HepaBeHcTBa M(x;) = M(x,), —6(x;) = —o(x,), TpU4IEM
B OJJTHOM M3 HUX CTOMUT CTPOTO€ HEPABEHCTBO. Torma JJis JJI0OOro 4mcliia
A > 0 BBINOJHEHO HEPABEHCTBO

M(x1) — Ao(x;) > M(xy) — Ao(x,).

B 3TOoM ciiyuae HE3aBHUCHMO OT CYOBEKTHBHOTO TMOKA3aTeNsl OCTOPOXK-
HOCTU A TiepBasi cTparerusi 0ojiee MPeANOoUYTUTENIbHA 0 KPUTEPUIO MaTe-
MaTHYECKOTO OXKUJIAHUSI — JIUCTIEPCUU, YEM BTOpasi CTPATETHs.

Ilycte passwble mapsl (M(x;);—oc(x;)) u (M(x;);—c(x;)) HeCpaBHUMBI
no ITapero. Torma M(x,) # M(x,). B camom nene, mycts M(x;) = M(x;). To-
raa, Harpumep, o(x;) < o(x;). CnenoBarenbHo, cTparerus x; Jyuue 1o Ila-
pPETO CTpPaTEruu X,.

[lyctb, Hanmpumep, M(x;) > M(x;). Torna —o(x;) < —o(x;). 9TO 03HaUa-
€T, YTO B JIAHHOW CUTyallMK OOJIBIIININ OXKUJIAEMbIM CPETHUN BBIUTPHIII CO-
MPOBOXKAAETCA O0IBIITUM PUCKOM. BHUIHO, 4TO

M(x)—Ao(x,) >M(x,)—Ao(x,) <A< M(xl)—M(xz); (6.5)
G(x1)_0(x2)
M(x,)-Ao(x,) <M(x,)—ro(x,) < L > M(x)=M(x,) (6.6)

o(x,)—o(x,)

Paccmorpum nBe makcuMainibHble 110 [lapero crparerun x; € X. Torna
napel (M(x;);—c(x;)) u (M(x,);—o(x,)) HecpaBHuMbI 1o [lapeTto. TlosaTomy
NPEANOYTEHUE MEXAY HUMHU IO KPUTEPUIO MATEMATHYECKOTO OXKHUIa-
HUS — JUCIIEPCUU 3aBUCHUT OT TOT'0, Kakoe M3 HepaBeHCTB (6.5) wim (6.6)
BBINIOJIHEHO. [1omoxum

i MOD=ME) o M) M)
G('xi)_c('xk)

G('xi)_G(xk) ,
3nech HWXKHAS W BEPXHSS TpaHULBI OepyTcs IO BCEM MaKCHUMAaJIbHBIM
no ITapero mapam. Torma, eciau y JIIIP ero cyObeKTHBHBIN IMOKa3aTeNb
OCTOPOXKHOCTH A < A9, TO s Hero panxkupoBanue Ilapero-makcu-
MaJIbHBIX CTPATETUM MO KPUTEPHUIO 0KUIAEMOro 3HaueHus (6.3) coBmamgaeT
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C pPaH)KUPOBAHUEM I10 KPUTEPUIO MATEMaTUUYECKOTO OXKUJIAHUSI — JIUCTIEP-
cuu (6.4). Eciiu xe y JITIP ero cyObeKTUBHBIN MOKA3aTelIb OCTOPOKHOCTH
A > A", To mnstHero pamkmpoBaHue IlapeTo-MaKCUMANIBbHBIX CTpPATErHil
M0 KPUTEPUIO MATEMATUUECKOTO OKUAaHusI — aucnepeuu (6.4) coBnaaaer
C paH>XMPOBAHUEM I10 MOKa3aTeNllo pucka c(x). bosee mpeanouyruTenbHee
Ta CTPaTErus, y KOTOPOl MEHBIIIE MOKa3aTelb pUCKA G(X).

Uucno A, Ha3bIBAaCTCAd HWKHEW TpaHUIIE HECKIOHHOCTH K PHUCKY,
a upcao A’ — BEPXHEH IPAHULIEH HECKIIOHHOCTH K PUCKY.

Ipumep 10. Paccmorpum 3amady ¢ hepMepoM U BRIUUCIUM HUKHIOIO
Y BEPXHIOI0 TPaHUIbl HECKJIIOHHOCTH K PUCKY. B 3TOM mpumepe makcu-
ManbHBIMH TI0 [lapeTo sBnsroTcs npe Touku (3,8; —1,249) u (4,6; —3,105).
[ToaTomy

Ay =A"= %0738 o431,
3,105-1,249

Ipumep 11. PaccMoTpum 3anauy o quBepcudukannu Briaaga. [lpu R >
> Dm numeeTcs TOJbKO 0JIHa MakcumaibHas 1o [lapero Touka (R,0).

ITycte R < Dm. Toraa Bce TOUKH SIBJISIFOTCS MakCUMaibHbIMHU 110 [Tape-

T0. IMeem
M(x,)-M(x,) Rx,+D(l-x,)m—Rx, —D(1-x,)m _Dm—R
o(x)-o(x,) D(1-x,)o— D(1-x,)o Do
Dm—R
Do

N3yunm Bompoc 00 yMEHBIIICHUN PHUCKA IMTyTEM MPUMEHEHHS CMEIIaH-
HOU cTpareruu. byjem cuutarh, 4TO MHOKECTBO CTpaTerud X = {xi,...,X,}.
O603Haunm M; = M(x;), 6; = o(x;). PaccMOoTpuM CMEIIaHHYIO CTPaTEruio

Crnenoarensro, A, =" =

- n

v=1{v,,...,v, },v, 20, i=1,n, ZVI.:I. (6.7)
i=l
[Ipu nmpumeHeHuM cMmemaHHoON cTtpareruu (6.7) BBIMTpHINIEM OyAeT sB-

n
JAThCA ClydaiiHas BeauduHa ¢(v,y) = va f(x;,y). E€ maremaTnueckoe
i=1
OKUJaHUE U TUCTIEPCUSI PABHBI
2

M(v):ivl,M,.,...,&(v):M Zn:vi(f(xl.,y)—Ml.) :ivivjl/;j.(6.8)

i=1 i,j=1

3neck obo3naueHo V; = M((f(x;,y) — M))(f(x;,y) — M,)). OTu 4ncna Ha3bIBa-
I0TCSl noKasamenamu Kosapuayuu CIIyH4alHbIX BeIMYUH f(X;)) W fX;,)).
Beeném B paccmorpenue Kod(pPUITMEHTHI KOPPEISIIIUN MEXKIY dTHMH CITy-
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Gicj

YaliHBIMHU BEJIMUMHAMHU v, =

; . Ormetnm, uto |7y | < 1, ry=r;mr; = 1.

Nwmeem paBeHctBa Vj; = r;6,6;. Toraa u3 Bropoit (popMyiisl (6.8) mosryunm,
YTO CPEIHEKBAAPATUIHOE OTKJIOHEHUE CIIyYaliHOM BEJIMUMHBI O(V,)) PaBHO

o(v)= Zn:rl.j(vl.csi)(vjcsj). (6.9)

i,j=1
HcnonbszyeM mosiydeHHbIe (HOPMYIIbI IJIs BHIICHEHHS 11€J1IeCO00pa3Ho-
CTH NIPUMEHEHHUS CMEIIaHHBIX cTpaTeruil. PaccMoTpum kpurepuit oxuaa-

emoro 3HaueHus. Ilyctes, Hanpumep, M, > M; nia Becex i = 2,n. Torna us
nepBoi popmynel (6.8) ciemyer, 4To s I0OO0H CMEIIAHHOW CTpaTeruu

n

M(v)< Z:\/I‘M1 =M,. Crano ObITb, IPUMEHEHUE CMEUIAHHON CTpaTeruu
i=l

HE Aa€T yaydllleHHe M0 KPUTEPHUIO 05KUIAEMOT0 3HAYEHUS.

OueHuM Tenepp BEIMYHMHY pUCKA G(V) MPU NPUMEHEHHH CMEIIaHHOW
cTpareruu. PaccMoTpuM Tpu ciryvasi.

Caywyaii 1. ITycts caydaiinele BenmuuuHsl f(x;,)) U f(X;,)) ABISAIOTCS HO-
apHO HEKOPPEIUPOBAHHBIMU, TO €CTh KOIPOUIIMEHTHI KOPPEISIIUU MEX-
Iy 5TUMU CIy4alHBIMHU BeauduHamu r; = 0 pu Beex i #j. B aTOM ciyyae
u3 popmysl (6.9) momydnm, 94TO

n
2 2

c’(v)=> (v,0,). (6.10)

i=1

[Iycth 61 > 0 1 o, > 0. Bo3pMEM CMEIIaHHYIO CTPATETHIO
2 2
* (0] * (0] * ~
__ 9 __ % —0 i—
vV, =— , V,=———>, v, =0, i=3,n (6.11)
G, +0, G, +0,

Torna u3 gpopmynsl (6.10) noxyuum, 4To
o (V) :%<Gf, i=1,2.
o, +0,

[TosTomy, eciiu M| = M,, To cmemanHas crparerus (6.11) gaét meHblIyIO
BEJIMYMHY PHUCKA, YEM Ka)Jasi U3 YHCTBIX CTPATETH x| U X,. [Ipu 3TOM Be-
JIMYMHA 0’KUJIAEMOTr0 3HAUYCHUS M(v*) = M,.

OtmeTnM em€ OJHO CBOWMCTBO CMEIIAHHBIX CTpPaTEruyd B paccMmaTpH-
BaeMoM citydae. [IycTb Bce cpeTHEKBaipaTUYHbIE OTKIIOHEHUSI G; OTPaHU4e-
HbI CBEPXY OJIHUM U TEM KE YUCIIOM c > 0. Bo3sMéMm PaBHOMEPHO pacrmpe-

(n) _

JEJIEHHYIO CMEIIAHHYIO CTPATETHIo V; 1/n, i = 1,n. Torga u3 GopMyIbl
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(6.10) momyunm, 4TO c(v("))SG—. Crano ObITh, MPUMEHEHUE pPAaBHOMEP-
n

HO Pacnpencii€eHHOW CMENIAaHHOM CTPaTeruu IPUBOAUT K TOMY, YTO MPH
n —> o0 BEJIMYMHA PHUCKAa CTpEeMUTCS K HyI0. OXHIaeMoe 3HAaYEHUE
¢ :
M ™)==>"M, . 3amenm, uto ecm M; - M ipn i — o, TO MV™) > M
nio
IIPU 71 —> 0.
B camom pene, u3 ycmoBus M; — M npu i — o0 ciaegyer, 4To

Juist Jroooro yucna € > 0 Haitnércs Homep N Takoi, uto | M; — M | < & and
BCeX HOMEpOB i > N. Otcroa cieayer, 4To

185 n—N 1
‘M(v(”))—M‘S—Z|M,~ —M|+ € < 2¢ IJIsl BCEX n >—Z|Ml. —M|.
nio n € =1
Cuayuait 2. PaccMoTpuM cityyail IOJTHOM KOPPEIALIMU CIy4alHbIX Be-
mnuuH f(x;,y) n f(x;,y). Torna Bce kK03(p(UIUEHTBI KOPPEISLMHA MEKIY dTH-
MM CIIyd4allHbIMHM BelW4YMHamu r; = 1. B atom cimyuae u3 ¢opmyiel (6.9)
MOJIYYUM, YTO

n

. 2
o(v)= Z(vici)(vjcj) = Zvici
i,j=1 i=1

Otcrofga BHAHO, YTO YHCTasl CTPATErHsi, HA KOTOPOM OCTUTAETCS MUHH-
MaJbHOE 3HAUYEHHE CPEAHEKBAJAPATUYHOTO OTKJIOHEHUS G;, JAET MEHBIIYIO
BEJIMYMHY PUCKA, YEM CMEIIIaHHAs CTPATETHUsl.

Cuayuaii 3. PaccmoTpum ciiydyail OJTHOM OOpaTHOW KOPPEJISIIIUU CITy-
YalHBIX BeNIUYMH f(x;,)) U f(x;,y). Torna Bce KO3(GULIUEHTHI KOPPEISLUU

= Zn:(vici)-

i=1

MEXy 3TUMH CIIy4alHbIMM BeJIMYMHAMU 7; = —1 npu Bcex i # j. Ilycts
1 > 0 u 6, > 0. Bo3pMEM clieAyIOIIyI0 CMENIAHHYIO CTPATETHUIO:
c c —
__ 9 _ 1 0 =
vy=—"—, Vv,=——, vi=0, i=3,n

G, +0, ’ G, +0,

JInst 3TOM CMelIaHHOW CTpaTeruu MOJKOPEHHOE BBIpAXKEHHUE B (hopMyIie
(6.9) paBHO (Vi61)° + (v26,)" — 2(v161)(V20,) = 0. Crano GbITh, B paccMar-
pUBAEMOM CJIydae PHUCK MOXKET OBITh MOJTHOCTHIO MCKIIOUEH C MOMOIIBIO
IIPUMEHEHUS CMEIIAHHOM CTPATETHUM.

PaccmoTpum cnyuait, korna JITIP BeIOMpaeT CBOIO CTpATETUIO UCXOS
U3 Kpumepus MaKCUMAIbHOU 8€POSIMHOCIU OOCIMUNCEHUS 3HAYEHUSL 8blUe-
pbluia He MeHbule 3a0aHHOU 8elTUYUHDL.

Ilycts JIIIP ycTpanBaeT BenM4YMHA BBIMTPHINIA HE MEHBIIE 3aJaHHOU
BenuuuHbl F. Ctparerus x Beioupaercs JIIIP ucxons u3 ycioBus Makcu-
MU3aIuu BeposiTHocT ol(x) = P{f(x,y) > F'}.
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PaccmoTpum ciywait, koraa f(x,y) = @(x) + yy(x). 3necs @(x) u y(x) —
3aJlaHHbIe (DYHKINH, a y — clydaiHas BeauduHa. CautaeM, 9to y(x) > 0.

Breraucium BeposiTHOCTD ou(x) = P{p(x) + yy(x) > F}. IIpu y(x) = 0 oTa
BEPOSTHOCTH paBHA

1, ecmu @(x) > F,
o(x)=
0, ecu (x) < F.
Eciu y(x) > 0, To

y(x)
[TosToMy 3ajaya O MakCHUMH3AIIMU BEPOSITHOCTU O(X) CBOJMTCS K pelle-
HUIO JIBYX CJICIYIOIMX 3a]1ay:

o(x) :P{y ZF_—(P(X)}

y(x) =0 npu ¢(x) > F, (6.12)
nJIn
F200) ) hin mpu w(x) > 0. (6.13)
W(x)

Ipumep 12. PaccmoTpum 3amauy o nuBepcudukanuu Bkiaaga. Mmeem
y(x) = D(1 - x), p(x) = Rx.

3adukcupyem uncio F. Ilycts R > F. Toraa ctparerus x = 1 siBisieTcs
pemieHueM 3anauu (6.12), u oHa oOecrieunBaeT paBeHCTBO ox) = 1.

[Tycte R < F. B aToM ciyuae 3anada (6.12) He umeer penieHus. 3agayda
(6.13) npuHUMAET CIIEIYIOMMN BU/I;

B(x):ﬂ—)min npu 0 <x<1.
D(1—-x)
(F-R)D

[TpousBognas P'(x) = > 0. [IoaTOMy MUHUMAJIBHOE 3HAYEHUE 10-

DZ (_ X)2
cturaercs npu x = 0.

Ipumep 13. Ilycts Pupma 3akymnaer Chpb€ B KOJIUYECTBE X €IUHUIL
110 [IeHE ¢ JICHEKHbBIX SAHHMUI] 33 SAHHMUIYY ChIPbS, IIPOU3BOLHUT U3 HEro bx*
€JUHUI] TOTOBOM MPOAYKIIUM, KOTOPYIO 3aT€M OHa peajlu3yeT Ha PhIHKE
MO IIEHE ¢ JICHEXKHBIX €IWHUIL 3a €IMHUI]y TOTOBOM mpoaykuuu. Hucras
npubbLIb huUpMsI paBrsiercs chx’ — ax. ByneM CYHTaTh, 9TO LEHA HA PBIHKE
Ha T'OTOBYKO IPOAYKIIMIO HOCUT CIIy4alHbIM Xapaktep. [loatomy ciayuan-
HOM BeNWYUHOMN sABisieTcst y = cb. Torna uucras npuObLUIL PUPMBI HOCUT
CJIy4allHbIN XapakTep U paBHAETCS

fxy) = —ax + yx*. (6.14)

Cuuraem, uto crernenb 0 < k < 1. 3amaua (6.12) umeeT TOJbKO OAHO pellie-
Hue x = 0 u Toapko nipu F = 0.
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[Tycts F' > 0. 3anumiem 3anauy (6.13)
F+ax
B(x) =

k
X
[TpousBognas pyHkimu B(x) paBHa
ax" —(F+ax)kx*™ _ax—(F+ax)k _ax(1-k)-Fk

— min 1pu x > 0.

! x) =
p'(x) - N e
OTcrozia BUIHO, 4TO ITpou3BoHas 3'(x) oOpamiaeTcs B HyJb IpU
v, =Lk (6.16)
(1-k)a

Hanee, B'(x) < 0 mpu x < x+ u B'(x) > 0 mpu x > x-. CiegoBarenbHo, perie-
HueM 3a1auu (6.15) seisercs yucino (6.16).

3amauya 1. Jlonmyctum, 4to B npumepe 13 U3BECTHBI MAaTEMAaTHYECKOE
OKUJIaHUE U CPEIHEKBAJIPATUYHOE OTKJIOHEHHE CIy4YalHOW BEIUYHHBI
y = cb. Haiinure makcumanbhblie 10 [lapeTo pemieHus: B IByXKpUTEPH-
anbHOM 3amaue (6.2) u pemure 3anauy (6.4).

62



7. IlpuHsiTHE pelIeHUs B YCJIOBUAX KOHPJIUKTA

HNmeroTcst 3a1a4n, B KOTOPBIX 3HAY€HUE ) € Y BblOMpaeT apyras CTo-
pOHa, UMeroIas 1enb, TpoTUBONoIOKHY0 1enu JIIIP. IIpumepom Takoun
3alayl  MOXET CIY)KUTh KOHKYpPEHIUS ABYX (UPM, TOCTaBISIOUINX
Ha PBIHOK OJIMHAKOBBIE TOBAphl. T€OPETUUYECKYIO OCHOBY PEIICHUS TaKUX
3a/1a4 Ja€T MaTeEMaTHYECKas TEOPUSI AHTATOHUCTUYECKUX UTP.

[lepBasi mompITKa CO3AaHUSI MaTEeMAaTHUYECKOW TEOpUU UTp ObLiIa Mpe-
npuHara OmuiieM bopenem B 1921 r. B 1928 1. [Ixxon ¢on Heliman noka-
3aJ1 OCHOBHYIO TEOpPEMY MATEMATUYECKOM TEOPUH aAHTAarOHUCTUYECKUX
Urp — TeopeMy o MuHUMakce. OHaKo 3Ta Teopus MpPUBJIEKIA K cede pu-
CTaJIbHOE€ BHMMAaHUE JIMIb Tocsie onyOnukoBanus B 1944 r. tpyna Jlxona
¢on Hetimana u Ockapa MoprenmrepHa « Teopust UTp 1 5JKOHOMHOE TTOBE-
JEHUE.

OcHOBHbBIE TOHATHS TEOPUM AHTATOHUCTHYECKUX MIP ABYX JIMII.
3amanbl 1Ba MHOXeCTBa X W Y MPOU3BOJBHON CTPYKTYpbl U QPYHKIUA
f: XxY — R. IlepBblii UTPOK BBIOMPAET CTpaTeruto x € X, BTopoi — y € Y.
Hu onuH 13 UTPOKOB HE 3HAET O BHIOOpE MpOoTUBHUKA. [IepBbIit UTPOK TTO-
Jy4YaeT B KAYECTBE BBIMTPHIIIA YHUCIIO f(x,y). BeIUrpbIIEM BTOPOTO ABIISIET-
cs ancno (—f(x,y)). CnemoBarenbHO, IPOUTPHIIIIEM TIEPBOTO UTPOKA SIBIIS-
etcst uncio (—f(x,y)), a mpourpseiimeM BTOporo — 4ucio f(x,y). Kaxmasiii u3
UTPOKOB CTPEMUTCS ClIeJaTh CBOW BBIMTPHIII KaK MOXXHO OOJbIIE U, Cie-
JOBaTEIbHO, MUHUMHU3UPOBATH CBOM mpourpsiil. Ctano ObITh, LI MEPBO-
ro UrpokKa 3aKJIF0YaeTCsd B MAKCUMHU3AIlMW 3HaueHus (QyHKuuu fx,y),
a 11eJib BTOPOr0 UI'POKa — B MUHUMH3AIMU 3TOro 3HadeHus. [lomyuaem
AHTAarOHUCTUYECKYIO UTPY, KOTOpPAasl 3allMCHIBAECTCS CIEAYIOIIUM O00pa3oM:
['=1{XY, fixy)}.

BoznukaeT Bompoc 00 omnpeneneHuH MpUEeMIIEMbIX [JIsl ITPOKOB Ipa-
BWJI IPUHSTUS PELICHUMN.

Omnpeneaenne 1. [Tapa cTpareruii (xo,)y) € XxY Ha3biBaeTcs cedno60ii
moukou GyHKIMH f(x,)) Ha MHOXeCTBe XX Y, ecnu

fe,v0) < fixoo) S flxoy), Vxe X, Vyel. (7.1)

[TosicHuM 3TO ompesesieHne C TOYKU 3pEHUs MOBEICHHs UTPOKOB. Eciu
NEPBBIN UTPOK CleNaeT 00 BBHIOOP X # X, a BTOPOU JIeJaeT BBIOOP Vo,
TO BBIMTPBILI [IEPBOTO UTPOKA MOXKET TOJBKO YMEHBIIUTHCA. AHATOTHYHO
JUTs1 JIF0OOT0 BBIOOpA Y # Yy BTOPOTO UTPOKa €ro MpOUrpbIl (IIpU yCIOBHH,
YTO MEPBBIA UTPOK BBIOUPAET X)) MOKET TOJBKO YBEIUYUTHCA. Takum 00-
pa3om, epBoMy (BTOPOMY) UTPOKY HE BBITOJIHO J€JIaTh BHIOOP, OTIIMYHBIHI
OT X (OTJIMYHBIN OT )y).
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Hpuwmep 1. ITycts X =Y =R, afix,y) =—x" + y". Torma fix,0) =—x" <0 =
= {0,0) < y* = f{0,y). CnemoBareinbHo, Touka (0,0) sSBISETCS CEIIOBOI TOU-
KOM /17151 ATON (DYHKIIHH.

Mpumep 2. Iycts X = Y =R, af{x,y) = x* + ). JIONyCTHM, 4TO TOYKa
(X0,)0) sIBIISIETCS ceIOBOM TOUKOM. Torja HepaBeHCTBO (7.1) mpuHUMAET BUJT
o+ y02 < x02 + y02 < x02 + y2 1t mo0bIX V x € R, V y € R. Otcroaa noiayuum
3aBEIOMO HEBBINOJIHUMOE HEPABEHCTBO x> < x> st mobbix V x € R. Craio
OBbITh, B paCCMaTPUBAEMOM MPUMEPE HET CEJIOBOM TOUKH.

Omnpenenenne 2. A"raronuctuyeckas urpa I' = {X,V,f(x,y)} umeer
pemenue, ecinu GyHKOUS f(x,)) UMEET CEUIOBYIO TOUYKY Ha MHOXKECTBE
XxY.

Teopema 1. Eciu pynkuus f(x,y) umeeT 1Be ceIOBbIe TOUKH (Xo,Vo) U
(x’") Ha mHOX)ecTBe XXY, TO

ﬂxO,yO) :f(xoayo)' (72)
Jloka3aTeabcTBO. 3amuuieM HepaBeHcTBo (7.1) mmst Touku (x°,)°). By-
JIEM UMETh
Foe) <)) < fix’y), Vxe X, VyeY.
N3 3Tux cooTHOlIEHU 1 U3 HepaBeHcTBa (7.1) moyyum, 4To
f(xoayo) Sf(xo,yo) Sf(X(),y()) Sﬂx()ayo) Sf(xoayo)'
Otcroaa cieayet TpedyeMoe paBeHCTBO (7.2).

Omnpenenenne 3. Ilycts antaronuctuueckas urpa I' = {X Y f(x,y)}
UMEET pelieHue, a (xop,)9) — cemioBas Touka (GyHKIUH f(x,)) HA MHOXe-
ctBe XX Y. Torma uncio v = f{(xy,o) Ha3bIBACTCS 3HAUEHUEM USDbL.

IIpumep 3. B npumepe 1 3HaueHneM urpsl asisercs yuciio v = 0.

[Ipu paccMOTpeHUN aHTAarOHUCTUYECKUX UTP ABYX JUI[ BOZHUKAIOT BO-
MPOCHI O CYIIECTBOBAHWU PEILICHUSI UTPHl U, €CIU PEIICHUE CYIIECTBYET,
00 OTBICKAHUH CEUIOBOU TOUKH.

Paccmorpum wrpy I' ¢ Toukum 3peHus mnepBOro (BTOpPOro) Hrpoka
U IPUMEHUM KPUTEPHUIl rapaHTUPOBAHHOTO pe3yibTaTa. Cuutaem, 4To BbI-
MOJIHEHO TipeAnonoxenue 1 u3 naparpada 1. Toraa onpenenens! GyHKIUU

F (x) =r§1€i;1f (x,), F7(y)=max f(x, ). (7.3)

Cornacao teopeme 1 u3 maparpada 1 3T GyHKUUU SBISIIOTCS HEMpe-
peiBHBIMU. [103TOMY onpeneneHsl yncna

max F_(x)=v,, mi;1F+(y)=v+. (7.4)
ye

xeX
IIpumeHsisi KpUTEpU TapaHTUPOBAHHOTO PE3yJbTaTa, MEPBBIA HUTPOK

BBEIOMPAET CTPATETHIO X+ € X TaKylO, 4YTO
ma}(XF+(x) =F (x,)=v,. (7.5)
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AHAaJOTHYHO BTOPOIi UTPOK BBIONPAET CTPATETHIO ¥ € Y TaKylo, YTOOBI
min F7(y) = F"(y")=V". (7.6)

Onpenenenne 4. CTpareruu x, € X nepBoro Urpoka 1y € Y BTOpOro
UTPOKa HAa3bIBAIOTCS, COOTBETCTBEHHO, MAKCUMUHHOU W MUHUMAKCHOU
cmpameeusmu. Yucna v, uv', onpesnensiemsle pasenctsamu (7.5) u (7.6),
Ha3bIBAKOTCS, COOTBETCTBEHHO, HUNCHUM Y 8EPXHUM 3HAYeHUsAMU uepol 1.

Teopema 2. B anTtaronnctrueckor urpe [' BBIOJIHEHO HEPABEHCTBO

vi<vh (7.7)
Joka3aTeabeTBo. J{7s 106X GUKCUPOBAHHBIX X1 € X, ¥ € Y BBINOJ-
HEHbI HEPaBEHCTBA
min f(x;,y) < f(x,,y) < max(x,, y).
[ToaTomy

min £ (x, ) < min max £(x,,) = v*

CrnenoBaTtesbHO,

= <
v, =mavmin/(x.0) <"

Teopema 3. [[ns1 Toro 4roObl B aHTaroHUCTHYECKOM urpe ' cyiiecTBo-
BaJIO pemeHI/Ie HEO0OXOAMMO U JOCTATOYHO, YTOOBI BBHINOJIHSJIOCH PABEH-
CTBO V=V, TO €CTh

max min f(x,y) = mm max f(x,p). (7.8)

xeX yeY
JHoxka3zareabcTBo. [IycTh cymeCTByeT cemioBas Touka. Torma u3 He-
paBeHcTBa (7.1) noyyum, 4To

max f(x,5,) < f (%, o) < min £ (x,, ). (7.9)
Orcroza cieyer, 4ro
v' =minmax f(x,y) < f(x,,y,) <maxmin f(x,y)=V,.
yel  xeX xeX yeY

N3 3TuX cooTHOIIEHHUI 1 U3 HepaBeHCTBa (7.7) cinenayeT paBeHCTBO (7.8).

[Tycts BbImoHEHO paBeHCTBO (7.8). [Tokaxkem, 4TO MaKCUMUHHAS U MU-
HUMAaKCHast CTpaTemH (x:,y") ABIAIOTCS ceUIOBOM Toukoil. O603HAUYMM 00-
mee 3HaueHue v, = v = v. Toraa u3 popmyi (7.3)~(7.6) momyunm, uto

min f(x,,y) =v=max f(x,y").
yeY xeX

CrenoBartensHo, f{x,)) < v < fix;,y) mnsi mobsix x € X ny € Y. Ionaras
+ +

B ATOM HEPABEHCTBE X = X, Y =y, MOJy4uM, 4To Vv = f(x,,y" ). CTaso ObITb,

uMeeM

f(xay+) Sf(X+,y+) Sﬂxﬂy)) VxelXnu \V/y €Y.
Takum 06p€130M, CTparerus;d (X+,y+) ABJIACTCSA CC,HHOBOﬁ TOYKOM.
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3ameuanue 1. O603HauMM yepe3 X, MHOKECTBO MAaKCUMHUHHBIX CTpa-
Teruil MepBOTO UTPOKa, a yepe3 Y — MHOKECTBO MUHHMAKCHBIX CTpaTe-
Ui BTOpOTro Mrpoka. Torma, eciid BBIIIOJHEHO paBeHCTBO (7.8), MHOXe-
CTBO CEIJIOBBIX Touek (yHkiuu f(x,)) Ha MHOXKecTBe X x Y coBmamaer
¢ MEHOXecTBoM X, X ¥ . B caMOM niernie, KaK TOJBKO YTO OBLIO JIOKa3aHo,
Kaxnas Touka (x.,y') € XixY' spasercs cemnosoil. HyxkHo moKa3aTk, uTO
ecim Touka (Xo,)o) ABISETCS CEIOBOH, TO (Xo,00) € X; x Y. U3 HepaBeH-
ctBa (7.9) umeeM, 4To

V= V+ < F+(_)/o) Sf()(fo,yo) < F+(.XQ) Svi=w.
CremoBaTenbHO, Fi(xo) = Vv = vy u F'(yy) = v = v'. DTO 3HAYHT, 4TO TOUKA
Xo SBJISICTCS MAaKCUMUHHOM CTpaTerveil MepBOro Urpoka, a Touka ), —
MUHHUMAKCHON cTparerueid BToporo wurpoka. Crano ObITh, (Xo,)0) €
e X xY".

[IpuBenéM nOCTATOYHBIE YCHOBHUS CYILIECTBOBAHUS CEIJIOBOM TOYKHU
dbyHKIMH IBYX IepeMeHHbIX. HaMm moTpedyercs cieayromias jemMma.

Jlemma 1. IlycTe kaxmoe n3 MHOXKECTB X U Y SBIAETCA KOMIIAKTOM
METPUYECKOTr0 MPOCTpaHCcTBa, a GyHKIUS f: XxY — R — HenpepbIBHOM.
[lycts mpu kaxkmom x € X wmHOX)ectBo Y(x) = {y € Y. fixy) =
= F.(x)} coctouT u3 equHCTBEHHOU TOYKH )(x). Torma sta GpyHKIHS )(X)
SABJISIETCS HEIPEPBIBHOM.

Joka3areinbcTBOo. Bo3pMéM H3 MHOXecTBa X MOCIE€A0BATEILHOCTD
TOYEK X, — X+. [lokaxkem, uTo eciu y(x,) —> Vx, TO == (x+).

[lepexonst B paBeHcTBE F.(X,) = f(x,,)(X,)) K Ipeneny M y4uTbiBas He-
npepbIBHOCTh PyHKIMN F(x) u f(x,y), momyanm F.(x+) = f{x+y+). Ctano
ObITh, y+ € Y(x+). Ucnonp3ys yciioBre €IMHCTBEHHOCTH, TIOJIyYUM Tpedye-
MO€ PaBEHCTBO.

Teopema 4 [4. C. 15-16]. IIyctb MHOXkecTBa X U Y SABJISIOTCSA BBIMYK-
JIIMA KOMIIAKTaMH B JIMHEWHBIX HOPMUPOBAHHBIX IIPOCTPAHCTBAX Ly U Ey.
[Tycte HEnpeprIiBHAS QyHKIMSA f; XX Y — R mipu 1IF000M y € Y BOTHYTa 1O X
u 1pu 100oM x € X Beinykia no y. IlycTh cyliecTByeT HenpepbhIBHAS
cTporo Beinykias pyHkius g: ¥ — R. Torna pynkuuu f(x,y) umeer cemnso-
BYIO TOUKY Ha MHOXKeCTBE XxY.

Joka3zareabcTB0o. PaccmoTpuM BHauase cirydai, korjaa GyHkuus f(x,))
SIBJIIETCSA CTPOTO BBIMYKJIOW IO Y MPHU KAXAOM X € X. DTO 3HAYMUT, YTO
JUIs1 TFOOBIX TOYEK ;| # ), U3 MHOXKecTBa Y u Jiyist mroboro uncna A € (0,1)
BBITIOJTHEHO HEPABEHCTBO

SO+ (1 = A)a) < Mxy) + (1 = Rfx,ps).

[Toxaxkem, 4TO HJis CTPOTO BBIMYKJIOW (PYHKIIMM MHOXECTBO Y(x) co-

CTOUT U3 €IUHCTBEHHOM TOUKH )(x). B camom pene, mycThb [iJ1sl mapbl TOUYEK
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Y1 # ¥ U3 MHOXECTBa Y MMeeT MeCTO paBeHCTBO f(x,)1) = flx,)2) = F(x).
Tornma B Touke y+ = 0,5y, + 0,5y, BBINOJHEHO MPOTUBOPEYMBOE HEPABEH-
CTBO
F+(X) Sf(xay*) < Oasf(xoyl) + O,Sf(x,yz) = F+(X).
Oyukuuu Fi(x) uy(x) SABIAIOTCS HENPEPHIBHBIMU HA MHOXECTBE X.
ITycte B TOYKE X+ € X BBINOJIHEHO PAaBEHCTBO F, (x.) = max F (x). Iloka-

KEM, 9TO TOYKa (x=)(x+)) SIBISETCA CENJIOBOM Toukol (PyHKuMU f(x,)).
Bo3bmém m100y10 Touky x € X u moboe uucio A € (0,1). Torma Fi(x«) >
> Fi(Ax + (1 — LA)x»). 3 onpenenennii pynkiuii F(x) u y(x) ciuemyer, 9To
Fi(Ax + (1 = A)xx) = fOx + (1 = Axxy(hx + (1 — A)xx)).
CrnenoBaTenbHO, UCTOIB3Ys BOTHYTOCTh MO X (PyHKIUHU f(x,)), MOIyUUM,
qTO
Fi(x+) > Mx,y(Ax + (1 = L)xx)) + (1 = A)fxsy(Ax + (1 = L)x=).
Hanee, f(x«y(Ax + (1 — A)x+) = Fi(x+). [TooTomy
F.(ee) > Mx,y(Ax + (1 = M)xx) + (1 — A)F(x+).
CnenoBatenbHo, F.(x+) > flx,y(Ax + (1 — A)x+)). Ycrpemum uucio A — +0.
[Tonyunm HepaBeHCTBO Fi(x+) > flx,y(x+)), V x € X. VI3 3TOr0 HepaBeHCTBa
CJIEIyeT yCIOBUE CEAJIOBOMN TOUKHU
Sy () < Fi(xe) = floeey(xe)) S flxwy), VX e X, Vy e Y.

PaccmoTpum Teneppr oOmmii ciydaid. J{ns moboro yucina n = 1,2,...

paccMOTpUM (PYHKIHUIO

fn(x,y)=f(x,y)+%g(y)-

Ota (yHKIMS ABIsETCS CTPOro BeIMykion 1o y. [loaTtomy oHa umeer cea-
JIOBYIO TOUKY (X,,)n):
Joxyn) < funyn) < fulxny), Vx € X,V y € Y.
MoxHO cuuTaTh, 4To (X)) —> (X0,)0) € X X Y ipu n — oo (MHA4YE MOXKHO
NEPEenTH K CXOJsIIecs moanocaeaoBaTeNibHocTr). Toraa, nepexonas B npe-
JBITYIIEM HEPABEHCTBE K MPEAeITy, TIOTyduM
fx,0) < flxoo) S flxoy), VxeX,Vyel.

CrnenoBaTenbHO, TOUKA (Xo,V0) SIBIASETCS CEIOBOM TOUKON GyHKIMH f(x,)).

3ameuanue 2. B cayuae, korma npoctpancTBo Ey= R’, hyHkius g(y) =
')+ )+ ... + () sBistercst cTporo BHIMYKIIOH. 31ech 0603HAYCHO
y=0"92,.. )% e R

Marpuunslie urpbl. PaccMoTpum Tenepp cityuyai, KOrJa KaXIaplil U3 Wr-
POKOB MMEET KOHEYHOE Yucio crpareruil. Torma mHoxectBa X = {X1,...,X;,}
uY={y,....y,y. O003HauNM aq; = f(x;;). B 3TOM ciydae urpa onpenensercs
MaTpULIEH
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a, 4, a,; a,
dy Ay a,; ayy
A= ) (7.10)
ay Ay e G .. 4
A Gpy oo Ay e @,

[TepBbIif UTPOK BHIOKPAET i-F0 CTPOKY, @ BTOPOM UTPOK BBIOUpAET j-il CTOJ-
Oewl. Beiurpeimem nepBoro Urpoka sBIS€TCS YUCIO @;. JTO KE YUCIIO SIB-
JII€TCSI IPOUTPBILIIEM BTOPOTO UTPOKA.

IIpumep 4. PaccmoTpum urpy, MaTpuia KOTOPOW UMEET CIEAYIOIUN

BUJI:
2 0 -1
A=|-2 -2 2
1 0 3
[lepBBIii UTPOK BBIOMpAET CTPOKY, a BToporl — cronben. Haiiném makcu-

. —+
MUHHYIO i. 1 MUHUMAKCHYIO j CTpaTeruy UrpoKoB. V3 MaTpuIlel Urpbl BUII-
HO, 4T0 QyHKIMH F, (i) =mina, ¥ F'(j)=maxa, NPUHAMAIOT CIEIy0-

1</<3 1<i<3
nme 3Havenns: Fi(1) = -1, F.(2) = 2, F.3) =0; F' (1) =2, F(2) =0,
F'(3)= 3. CnenosarenbHo, v, =maxF (i)=0 wui, = 3. Jlanee, v’ =

1<i<3

= ¥mr31F+ (j)=0wu ;" = 2. Takum 06pa3om, paBeHCTBO (7.8) BHIOTHEHO H CEJl-
<j<

JoBasi TouKa umeet Buj (3,2).

Ipumep 5 [5. C. 78-79]. IlepBas dbupma IpoOU3BOJIUT CE30HHBINA TO-
BAp, KOTOPBIM MUMEET CHPOC B TEUCHUU 7 AHEU. DTOT TOBAP IMOCTYMNAECT
Ha PBIHOK B i-W JIeHb, i = 1,n. JI7s1 KOHKypeHTHOU OOpbOBI BTOpas Gupma,
He 3a00TSCh O COOCTBEHHBIX J0XOJaX W MMesl Ie€Jb TOJIBKO Pa30pUTh
nepByo GupMy, IPOU3BOAUT ITOT K€ TOBAP U MOCTABJISIET €r0 Ha PHIHOK

B j-U IeHb, j =1,n.

Cuuraem, 4TO Ka4eCTBO KOHKYPHUPYIOIIMX TOBApPOB 3aBUCUT OT BpEeMe-
HU TIOCTYIUICHHSI WX Ha PRIHOK — 4YeM II03)Ke BBICTABIIACTCS TOBap
Ha PHIHOK, TEM BBIIIIE €r0 KayecTBO. PeanusyeTcs ToBap 0oJiee BHICOKOTO
kKadecTBa. Torma, ecau mepBas (upMa BBICTABHUT CBOM TOBAap B MOMEHT
BpPEMEHH i, a BTOpas jupmMa — B MOMEHT BPEMEHH j > i, TO TiepBas Gpupma,
HE MMeEs Ha PhIHKE KOHKYPEHTA B TCUCHUH j — I JHEH, TIOJIYYHUT 3a 3TO Bpe-
Ms 10X0Hd, paBHBIN c(j — 7). 3mech ¢ > 0 — m0X04 OT MPOJAaXHU TOoBapa
B €IMHUIYYy BpeMeHU. B MOMEHT BpeMeHM j Ha PhIHKE MOSIBISETCS Ooiee
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KaueCTBEHHbIM TOBap BTOpou ¢upmbl. IlepBas ¢upma TepseTr pbIHOK
U JalibHEeIIero qoxona He nonyvaer. Ecnu i > j, To nepBas ¢pupma, BbI-
OpOCHB Ha PBIHOK TOBap 0oJiee BBHICOKOTO KauecTBa, OyAeT Moiay4yaTh J0-
X011 B TeueHue n — i + 1 gaeit. CaemoBaTenbHO, JOXO MEPBO (GUPMBI CO-
CTaBUT BEIIMYMHY, KOTOpas paBHa c(n —i + 1). Ecnu e i = j, TO Ha pbIHOK
NOCTYNalOT TOBapbl 00enx (GupM ogHOro kavyectBa. B atom ciydae noxon
nepBoi pupmel OyaeT paBeH 0,5¢(n — i + 1). Takum oOpazom, 10xo.1 miep-
BOM (hUPMBI UMEET BU/T

¢(j—i) mpui < j,

a, %(n—i+1) IpH i=J,

c(n—i+1l)npui> j.

[lepBas pupma, BeIOMpas i-il 1eHb BHIOpOCA TOBapa Ha PHIHOK, CTPEMUTCS
MaKCHUMH3UPOBATh CBOM J0X0/. Bropas dhupma, BeIOHpas j-if 1eHb BHIOPO-
ca CBOETO TOBapa Ha PhIHOK, CTPEMUTCS MUHUMHU3UPOBATH JTOXO/ TEPBOH

(bupMBI.
PaccmoTpum ciyuait n = 4. [lomoxuMm ¢ = 1 u 3anuiiemM MaTpuLly UrpbI
2 1 2 3
13 L5 12
12 2 1 1
1 1 1 05
[lepBbIii UTPOK BBIOMpAET CTPOKY, a BToporl — cronber. Haiiném makcu-

. —+
MUHHYIO i+ U MUHUMAKCHYIO j CTpaTeruu UrpokoB. M3 MaTpuiibl UTpbI BU/I-
HO, 4T0 QyHKIMH F, (i) =mina, ¥ F'(j)=maxa, NPUHAMAIOT CIEIy0-
1< j<4

1<i<4
e snavenns: Fu(1) = Fu(2) = F.(3) = 1, Fu(d) = 0,5; F'(1) = 3, F'(2) = 2,
F'(3) =2, F'(4) = 3. CnenoBarensho, v, =max F.(i)=1 n i, =1,3. Hanee,

1<i<4
" . . o+
vi=minF, (j)=2u j =23.
1<j<4

Cwmemannbie crparerum. [lokaxem, 4To npu MPUMEHEHUN UTPOKAMHU
CMEIIAHHBIX CTpPAaTEruyd BCETa CYLIECTBYET CEIOBAas TO4YKa. BHaudaie
ONUILIEM CMEUIAHHBIC CTPATETUU.

[TepBbIif UTPOK BBIOMPAET i-F0 CTPOKY C BEPOATHOCTHIO A;. BTOpoil ur-
POK BBIOMPAET j-i CTOJIOEL C BEPOATHOCTBIO L. Toraa

A<, i=Lm, DA =Lp, >0,j=0Ln >y =L

i=1 J=1
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O003HaYUM

A, =i = h,) A, S0, i=1m, DA, =
. (7.11)

N

M, ==, 1,) ;20,7 =1n, u, =1

Jj=1

Urpoku nenaroT BbIOOp HE3aBUCUMO ApyT ot Apyra. CoObiTue, 3akitoya-
IOLIEECs B TOM, YTO B pe3yJbTaTe BbIOOpa MOJYYUTCS i-1 CTpOKa U j-i
CTOJIOEN, €CTh MPOU3BEJICHUE JIBYX COOBITUN — MEPBbIA UTPOK BHIOMPAET
i-10 CTPOKY, a BTOPOM UIpOK BbIOMpaeT j-ii cronben. CieroBaTeNnbHO, Be-
POSITHOCTB TOSIBIICHUSI I-i CTPOKH U j-TO CTOJIOIA SIBJISICTCS] MPOU3BEICHU-
€M BEpOSITHOCTH MOSIBICHUS i-d CTPOKU Ha BEPOSITHOCTH MOSIBIEHUS j-TO
cTosnlLa, To ecTh paBHA Al IIOCKONBKY 4YUCIIO @; XapaKTepU3yeT BBIUT-
PBILI MIEPBOTO UIPOKA U MPOUTPHILI BTOPOTO, TO CPEAHUIN BBIUTPHILI IEp-
BOT'O UTPOKA paBeH

O(h,)=2. > a\p,. (7.12)
=l j=1
Teopema 5. BoItOJTHEHO PaBEHCTBO
Iglilx min Q(k n) = m}ln max O(A, 1) = v. (7.13)

Jloka3aTeabCTBO. CDYHKI_II/ISI (7.12) npum J'IIO6OM B € M, nuHelnHo 3a-
BHCHUT OT A W IIPH JIOOOM A € A, TMHEWHO 3aBUCHUT OT 1. MHOXecTBa A,,

u M, ABISIIOTCSA BBIMTYKJIBIMHU, 3aMKHYTBIMU W OTpaHnyYeHHbIMU. CrenoBa-
TEJIbHO, BBIMOJHEHBI Bce yciioBus TeopeMbl 4. [loaTomy paBenctBo (7.13)
BBITIOJIHEHO.

Yucno v, onpenensemoe paBeHCTBOM (7.13), Ha3bIBaeTcs yeHou mam-
« a0 —
puunoti uzpul. Crparerun A’ U 11°, yIOBIETBOPSIOIINE HEPABEHCTBAM
m n m n
0 0
2.2 @M SVE YD ahu (7.14)
i=l j=1 i=l j=1
Ha3BIBAIOTCS Ce010801 MOYKOU mampuyvl A.
[lepeiiném Kk BOIIPOCY O HAXOXKJICHUH CEIIJIOBBIX CTPATETHIA.

Teopema 6. Touka (A’,[i’) sBISETCA CEMNOBON TOYKOH MATpULBI A,
a YUCII0 V — IICHOM UTPBI 3TOM MATPHIILI TOTIa K TOJIBKO TOTAa, KOT1a
0 0 0 0 .
Zallk > v, Za A >V, Zx =1, A} 20, i=1m; (7.15)

i=1

aul < Zam,u <v, Zu W20, j=Ln.  (7.16)
j=1
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Joxa3areJbcTBO. BO3bBMEM IMPOU3BOJIBHYIO CMELIAHHYIO CTPATETHIO
© = (Us,...,1M,). YMHOXHUM NepBoe HepaBeHCTBO B (7.15) Ha uucio Ly, BTO-

poe — Ha |, U T. A. CIOXUM MONTYy4YUBIINECS HEpaBeHCTBA. byneM nMmeTh
npaBoe HepaBeHCTBO B (7.14). Ananoruuno u3 HepaBeHCTB (7.16) mosmyya-
€TCs JIeBO€ HEpaBeHCTRO B (7.14).

[Tonarasa B mpaBom HepaBeHCTBe (7.14) wy = 1, a Bce ocranbpble W, = 0,
MOJIy4YUM IE€pPBOE€ HEPaBEHCTBO B (7.15). AHaNOrMYHO MOJIYy4YArOTCS BCE
ocTayibHbIe HepaBeHCTBA B (7.15) u B (7.16)

IIpumep 6 (nByxnaabueBasi urpa). Kaxxpiii 3 UrpokoB BeIOpachIBa-
€T Ha KOKIO0M U3 JABYX PYK OJIMH WM JBa najibla. Ha jieBor pyke oH yka-
3bIBAET CBOM KEJIAEMBI BBIMIPHILI, 4 HA IPABOU — MPEAIIOIaracMoe YnC-
JI0 MaJIbIIEB, KOTOPOE BBIOPOCUT MPOTUBHUK HA JeBOU pyke. Ecnu 06a ur-
pOKa yraiaroT uin 00a He yrajaroT, TO BEIMTPHIIT KaKI0TO U3 UTPOKOB pa-
BeH Hym0. Ecnu yramaer oauH, TO €ro BBHIMTPHIII PABEH YKCIY MAaJbIIEB,
MOKa3aHHBIX UM Ha JIEBOM pyKe. ITO YKCIIO PABHSAETCS MPOUTPHINITY HE yra-
JABIIEro UTPOKa. 3amuilieM pe3yabTaT BRIMTPhINIa B BUE Ta0I. 6.1.

OtMmeruM, yTo mapa uucen (i,/) O3HaA4aeT, YTO UT'POK HA JIEBOU pyKe
yKa3aJl [ ajblieB, a Ha TPAaBO — j MaJIbIICB.

Tabnuya 6.1
Marpuua BeIMrpbIluei
Virpox 1 Hrpoxk 2
1,hH [((L,2)| (2,1 (2,2)
(1,1) 0 1 -2 0
(1,2) —1 0 0 1
(2,1) 2 0 0 -2
(2,2) 0 —1 2 0
Takum 06pa3om, MaTpuIla BRIMTPHIIIA IEPBOTO UTPOKA paBHA
o I -2 0
-1 0 0 1
12 0 0 -2f
0 -1 2 0

JIJ1st HaXOKIEHUs CEAJIOBOM TOYKH 3aruiieM HepaBeHcTBa (7.15) ¢ v =0:
M+ 20320, A—Ay>0, 20+ 2Ah42>0,
7\.2— 27\,32 0, 7\.1+ 7\,2‘{’ 7\,3+ 7\4: 1
OTtcroaa moytyduM, uto A, = 2A3, A=Ay, 20+ 3A3=1.
CrnenoBatesbHO,

L USSRy BIPSY T e A PP
2 2 3
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AHaJIOTM4YHO, 3anuckiBas HepaBeHcTBa (7.16) ¢ v = 0, nomyyum
Ho— 230, —pi+ pe<0, 2py—2us<0,
Ro—2u3<0, Wt wmtpustps=1.
Orcroga HaXoaUM, 4TO
-3t 1-37 1
0 0 0 0
n, = , My =21, U =T, Ay = , 0<t<—.
2 2 3
Teopema 7. MHOX€ECTBO CEUIOBBIX TOYEK MATPULIbI HE U3MEHUTCS, €C-
JU KO BCceM e€ dJIeMEHTaM MpHOaBUTh OAHO M TO ke 4ucio. lleHa urpel
VM3MEHUTCS Ha 3TO YUCIIO.

JlokazaresaneTBo. BosbMéM cemioByro Touky (2, , 1, ) MaTpuusl A = {a;}

Y MTOKAKEM, YTO OHA SIBJISETCS CEIUIOBOM TOUKOM Marpuubl A« = {a; + a}.
Jliig mo0bIx cTpareruii A € A, u I € M, BBIIOJTHEHO PaBEHCTBO

D2 (a;+ )k, = > ahy; +a.

i=l j=I i=l j=1

Otcrona u ciaeayeT yTBepKACHUE TEOPEMBI.

Omnpenenenne 3. Ckaxem, 4to j-i cToioerr (i-1 CTpOKa) SIBJISICTCS He-
CYILIECTBEHHBIM (HECYUIECTBEHHOMN) MJiA BTOPOro (AJisi MEpPBOI0) UIPOKa,
€CJIM CYIIECTBYET k-1 cromnbery (k-5 cTpoka) Takoi (Takasi), 4To

Q12 Atk A2 2 Aoy + vy A 2 Ak, (i1 < A1, A < Ay <. vy Ain < Q).

Teopema 8. Eciiu y MaTpulibl UMeeTCS HECYIIECTBEHHBIN cTO0e1] (He-
CYIIIECTBEHHAsi CTPOKa), TO €ro (e€) MOXXHO OTOPOCHUTh, MIPUYEM Y BHOBb
MOJYYEHHOW MaTpUIbl IIEHA UTPhl COBNANACT C LIEHOM WUIPBl Y UCXOAHOU
MaTpHIIbI.

Jloka3zaTeabcTBO. PaccMoTpuM citydaii HECYIIECTBEHHOTO j-T'O CTOJI0-
ua. Umeem

m m m m
max min Zkiail W4+ inal.j W+t Zkiaik W, +...+ inam L,
i=1 i=l i=1 i=l

XEA"’[ ﬁEMm

m m
ITockoneky a; = aj nns Bcex i=1,m, TO Zkiaij > Zkiaik J7151 TFOOBIX
i=1 i=1
A € A,. CrnemoBaTenbHO, y ONTUMAJIBHONW CTPAaTETUH BTOPOTO HIPOKA
0 _
MOXHO Opath 1, =0.
Ipumep 7. PaccMoTpuM 3a7ady O KOHKYPEHUUH ABYX (PUPM U3 IpH-
Mepa 5. B marpure
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2 1 2 3
3 1,5 1
A=
2 2 1
1 1 1 0,5

4yeTBEPTAsk CTPOKA SIBJIAETCS HECYIIECTBEHHOM (OHA IOMUHUPYETCS TPETh-
el cTpokoii). HecyriecTBEHHBIM SIBISIETCS MEPBBIM cTON0CI] (OH JTOMUHH-
pyeT BTopou cronberr). BriOpocuM 3TH CTpPOKY | CTOJIOEI, IOJIOKHUB

Ay =0, u) =0. VimeeM HOBYIO MATpHILY

I 2 3
LS 1 2.
2 1 1

B »Toi1 Matpuiie TpeTHil cTonbell ABISIETCS HECYIIEeCTBeHHBIM. BriOpocum
0
ero, nosoxus W, =0. [Tonyunm maTtpuity

1 2
1,5 1
2 1

VY 310l MaTpulile BTOpasi CTPOKa SIBISIETCA HECYIIECTBEHHOM (OHa JOMUHU-
o . 0
pyercs Tpetbeit). BeiOpocum e€, momnoxkuB A, =0. IToxyunm marpuiy

;)

Takum 00pa3oM, ONTHMAIbHBIC CTPATETMH B UCXOTHON UTPE UMEIOT BHUJI
A =(],0,A3,0), m’=(0,u,ud,0). Yncma (A),A) u (Y, ,u) sABIAIOTCS

1 2
o v v . 0 0
CEIJIOBOM TOYKOM MOTy4YEHHOW MaTPULIbL (2 ) Bo3pméM uncna A, = A, =

= 0,5, u? = ug = 0,5 uv = 1,5. [lokaxxem, 4TO BBITIOJIHEHBI yCI0BHS (7.15)
u (7.16). B camom nene, 0,5 + 2-:0,5=1,5; 2-:0,5 +0,5=1,5; 0,5 + 2:0,5 =
=1,5;2:0,5 + 0,5 = 1,5. Takum 00pa3omM, ceajioBas TOYKa B UCXOJTHOM UTPE
MMEET BHU]T
1’ =(0,5;0;0,5;0), 1’ =(0;0,5;0,5;0).

Cgrenenue 321au 00 OTHICKAHUM CEJIOBOM TOYKHU K pPellIEeHUI0 3a-
AayM JUHeliHOro mporpamMupoBanusi. [Ipubapiss, ecnu HYXKHO, KO
BCEM DJIEMEHTaM MaTpPHIbl UTPhl OJTHO M TO K€ IMOJIOKUTEIHHOE YHUCIIO,

CUMTaeM, 410 Bce a; > 0. PaccMoTpuM 3a1a4yu JIMHEHHOTO IPOrpaMMUPO-
BaHUS
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X, + X, +...+Xx, - max,

a, x, +a,x, +...+a,x <1,

(7.17)
a,x +a x,+...+a x <,
x,20,x,20,...,x 20;
Y +y,+...+y, — min,
a y,+a, v, +...+a vy =1
J 111 212 ml/ m ° (718)

a y,t+a, v, +...+a vy =1,
), 20,y,20,...,y, 20.

W13 toro, uto Bce KoahdunueHTs a; > 0, cienyer, 4YT0 MHOTOIPaHHHUK,
3a/1aBaeMbIil CUCTEMOM JTUHEHWHbIX HepaBeHCTB (7.17), siBIAETCS OorpaHu-

-1 . —
4yeHHbIM. B camoMm zene, BeimonaHeHsl HepaBeHCTBAa 0 < x; < (ay) ,j = Ln.
CnenoBaTenbHO, 3a/1a4a JUHEHHOTO nporpammupoBanus (7.17) umeer omn-

_ n
THMANbHOE pellenue X, , j = 1,n, TpUuéM fo > 0. 3amaya TUHEWHOTO
j=1
nporpammupoBanus (7.18) sBasierca nBorictBeHHoi k (7.17). [1o Teopeme
o nBoiictBeHHocTH [1. C. 95-97] B 3amaue (7.18) cymecTByer onTuMalib-

0o . o
HOC PCIICHUC ); , I = I,m W 3HAYEHUS LEJIEBBIX q)YHKHI/II/I Ha OIITUMAaJIbHBIX
PCIICHUAX COBIIAAANOT, TO CCTh

m n

0 _ 0
E Vi = z ‘,xj'
i-1 =

Teopema 9. IlycTb yio, i=1mmn xjo, j= I,_n — 3TO ONTUMAJIBHBIC pe-
menud 3aaa4 (7.17) u (7.18). Torga cenyioBble CTpaTEruu U LiEHA UI'PHI 3a-

naroTcst popMyamMu
1 0 0 0 0 0 0
=% +X, Fe X, =Y Y, etV

0 _ 0. +_ 71 . 0 _ ,.0. 1.

}\‘i _Vyia l_lama Hj—ij,]—].,n. (719)

JokazarenbcTBo. OueBuaHO, uTo crpareruu (7.19) ynoBneTBopsioT

< 0 0 o1 - (U 0 .

TpeOyeMbIM  YCJIOBUSIM Zki =1, A, 20; i=l,m n Z;uj =1, p; 20;
i=1 Jj=

Jj =1,n. U3 nepasercts (7.17) u (7.18), 3amHCAHHBIX IS ONTHMAIBHOTO

pELIEHHUs], UMEEM

n 1 n
0 0
> z =_ E
12> a.x a;u;, 1
Jj=1 Vv Jj=1

m

. 0 0 _ 0
E ay, ——E a;\;, E ay, ——E a;\; .
A= i=1 A=

i=l

IA
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v ~0 —0
Takum oOpasom, HaiieHHass Touka (A ,[I' ) W YHCJIO V YJIOBJICTBOPSIOT
YCHOBUSM TEOPEMBI 0.
Pemenne MaTpu4HbIX urp pasmepom 3x2. Ilycte Marpuma urpsl

MMEET BU
ap, 4y
A= dy Ay
a; Az

Bnauane pemacMm 3agagy JIMHEMHOI'O IporpaMMHupOBaHUA
w = max(x1 + X ), anx; T+ apx, < 1, ax1 + anx, < 1,
as Xy + Cl32X2$ 1, X1 > 0, XzZ 0.
3Ty 3aa49y MOXXHO pCUINTh, HAIPUMEDP, ceomempudecKum cnocooom.
B nauane OTMETUM, YTO JIMHENHOE HEPaBEHCTBO a1X| + axxy < b OoIpe-
JienseT Ha nmiaockocTtu 0xx; OIHY U3 HOJIYHJIOCKOCTGI;'I, Ha KOTOPBIC pa36H-
BACT BCIO TUIOCKOCTH MpsAMast ax; + ax, = b

A
X2

Puc. 7.1

Kakyio MMEHHO H3 MOJIYIUIOCKOCTEM OMNpeaesseT 3TO HEPaBEHCTBO
MO>KHO OIPEACNINTh, MOJICTaBUB B HEro Touky x; = 0, x, = 0. Bexkrop n
C KoopauHaTaMH (a;,a;) TEPHEHIUKYJIAPEH NpsSIMOU aix; + axx; = b
Y HaIpaBJICH B CTOPOHY BO3pACTaHUS BhIpaXXEHUS @ X1 + axX,. B camowMm ne-
Jie, U3 TOUYKU A ¢ KOOpJAMHATaMH (X1,X;), JIeXKaIlel Ha 3TON MPpsSIMOi, Tiepei-
néM B TOUKy B c koopauHatamu (x; + ta;, x, + ta,), t > 0. [loayuum
al(xl + tal) + Clz(X2+ Ifaz) =a X1+ ax,+ l‘(Clzl + Clzz) > p.

Kaxmoe u3 HepaBEeHCTB a;1X; + apx; < 1 onpeaenseT Ha MIIOCKOCTH MOo-
JYTUIOCKOCTh. llepeceueHne HSTUX MOJTYIUIOCKOCTEH BMECTE C HEpaBEH-
cTBaMH X; = 0 3aar0T BBITYKJIBIM MHOT'OYTOJIbHUK, KOTOPBIA Ha3bIBACTCS
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MHO20Y20IbHUKOM peuleHuli cucmemvl Hepasencms. 1locne toro, kak mo-
CTPOEH MHOTOYTOJIbHUK PELIEHU, HY’KHO HAaUTH HAa HEM TOYKY, Iie QyHK-
uus x; + X, TOCTUTaeT MAaKCUMAJIBHOTO 3Ha4YeHUs. JlJIst 3TOro pucyroT nps-
My10 X1 + x, = 0, a 3aTeM nepemMemaroT €€ MapaieIbHO B CTOPOHY BEKTOpPA
n = (1;1). Touka MHOTOYTOJIbHHKA PEIICHUM, T/I€ B MOCIEIHUN pa3 mepe-
MelaeMas npsiMasi epecekaeT TOT MHOTOYTOJIbHUK, U OyZIEeT pelieHueM
paccMaTpuBaEMOM 3a/1a4d JIMHEMHOTO MMPOTPAMMUPOBAHHS.
3aTeM reoMeTpUYECKUM CIIOCOOOM pellaeM CUCTEMY JIMHEUHBIX Hepa-
BEHCTB M PaBEHCTB
Vitmtys=w,anyitatany;2 1,
a12y1+ 022y2+ Cl32y32 1,y12 O, y22 0,y32 0. (720)
J{ns1 3TOr0 U3 MepBOro ypaBHEHHSI HAXOIUM )3 = W — Y| — ),. llogcTaBum
3TO BbIpaXK€HHE B ocTaBiuecs HepaBeHcTBa (7.20). Ilomyuum cucremy
JIMHEMHBIX HEPABEHCTB C JIByMsI HEU3BECTHBIMHU
aitaymtai(w—yi—»m) 21, apyitanytanw—-yi—y) 21,
120,20, w=y+y,,
KOTOPYIO HETPYIHO PEIIUTh TEOMETPUUECKIM CITIOCOOOM.
Pemenue mMaTpuuyHbIX Urp pasmepoMm 2x3. Ilycts MaTpuiia urpsl
UMEET BUJ

ay Ay Ay
Brauasie peliaeM 3a1a4y JMHEHHOTO IIPOrPaMMUPOBAHUS
w=min(y; +y2), ayyi + any, = 1, apyi+any,=> 1,
aiz) + ass)» > 1, B4 > O, B4 > 0.
3aTeM reOMeTPUUECKMM CIOCOOOM PElIaeM CUCTEMY
Xitxtx3=w,anx; tapx;tapx;<l1,
arXi + anrXx» + ar3 X3 < 1, X1 > 0, XzZ 0, X3 > 0.

Pemienne MATPHYHBIX MIP pasMepoM 2xn. IlycThb MaTpuua Urpsl

UMeeT BU]I

A ay ay
ay ayy
Torma
n 2
{lreli}}:zzay}\'iuj = gljlgl;}(aljkl +a,h,)= gg}}(aux +a,,(1-1)).

j=1 i=l
3nech 0003HaueHO A=A, A, =1 —A, 0 <A < 1. Ha mnockoctu (A,v) Hapu-
CyeM MpsSMbIC

v=ayk +ay(1-L\),j=1Ln. (7.21)
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3atem it kaxaoro A € [0,1] myTém BU3yaIbHOTO CpaBHEHHUS BHIOMpPACTCS
MUHHUMaJbHOE 3HaueHue v. [lomyuyaercs jomaHasi, KoTopasl SIBJISICTCS I'pa-

buxom GyHKIUU V = lgljjgn (ayh + ay(1 — A)). OHa sABisIeTCS HUKHER Oru-

Oaromeit cemeiictBa npsambix (7.21). BepxHsiss Touka 3TOM KpUBOW HaET
3HAYEHUE LIEHBI UTPBI U ONITUMAJIbHYIO CTPATETHIO IEPBOTO UTPOKA.
Hpumep 8 [7. C. 239]. [IycTs MaTpu1ia UTPHI UMEET CACTYIONIUNA BU/I:

6 4 3 1 -1 0
A= :
-2 -1 1 0 5 4
3anuieM ypaBHEHUS Npambix (7.21)
v=6L—-2(1-A)=8LA-2, (1); v=A+0(1-A)=A, (4);
v=4r-(1-1)=5r-1, (2); v=-A+51-1)=-61L+5, (5);

v=3A+({1-A)=2A+1, (3); v=0r+4(1-1)=—-4r+4, (6).

OTu npsiMble U300paKeHbI HA pUC. 7.2.
A

S

2
4_
3+ 3

Puc. 7.2

77



N3 3TOr0 pucyHKa BUHO, YTO BEPXHsSl TOUKa M HUKHEW orubaromieit 3 Tux
NPSIMBIX HaXOJUTCA U3 YCIOBUs niepeceueHus npsmbix (4) u (5). U3 paBen-

5 5
ctBa A = — 6) + 5 Haxomum, uto A’ = o V= AL = Takum o6pazom, or-
0 0 5 0 0 2
THMaJbHAs CTPaTerys MepBOro MIpoka paBHA A, =\ = A =1-2 =2

5

3Ha4YCHUE UTPBI PAaBHO 7

JIns HaXOXKJACHUS ONTHUMAJIBHOM CTpaTEruyd BTOPOTO HUTPOKA BOCIIOJIb-
3yemcs Teopemoit 6. Haiiném perienue HepaBeHCTB (7.16), koTopbie B pac-
CMaTpHUBaEMOM MPUMEPE TPUHUMAIOT BH/I

6 5 6 5 6 )
amy S5 2 <o 2u =l 120, j=16 (722)

J=1 J=1 7
OO6paTuM BHUMAaHHUE, YTO

max(a 1+, (1-1")) =min(a, 1° +a, (1-1")),

[TosTOMy moJiaraem, 4To ulo = pzoz ]J30 = p60= 0, u40 =UHu u50 =1—u. Tor-
na HepaBeHcTBa (7.22) IpuUMyT BHU]

5 5
a14u+a15(1_u)s;n a24u+a25(1_u)379 O<p<lL.
IToncraBmss croga YUCIEHHbIE 3HaYeHUs K03(D(PUIUEHTOB a;;, OyJeM UMETh

5 5 6
—(1-p <=, 5(1-pw) <=, 0<p<l=p=—.
p—(1-p) S (1-p) - 1 ==

6 1
OnTuMajbpHas CTpaTerusi BTOPOro HIPOKa UMEET BH/I (O; 0; 0;;;7;()).

Pemienue MaTpM4HBIX HUIp pasMepoM mx2. IlycTe maTpuma Urpsl
UMEET BUJ

[Tomoxum =pu pp=1—w Tormra0<pu<lmu

m 2
minmaxZZa..k. -=minmax(a,u+a,(1—p)).
HeMy reA, 5 = v lu] 0<p<l ISiSm( it ’2( H))

Ha mockoctu (A,v) HapuCyeM TpsiMbie
v=agu t+ap(l—p),i=1,m. (7.23)

78



3atem st kaxaoro W € [0,1] myTém BU3yalbHOTO CpaBHEHUS BHIOMpACTCS

MakCUMaJIbHOE 3HaueHue V. [lomydaercs joMaHas, KOTopasi sIBJISIETCS rpa-

duxoM QyHKIUM V =max = (a,1L+a,(l—n)). OHa ABIAseTCA BEpXHEH Oru-
1<i<m

Oaromeit cemeiicTBa npsimbix (7.23). Haxoaum Ha 9ToO# TOMaHON HUKHIOIO
TOUKY, KOTOpasl aéT ONTUMAIBHYIO CTPaTErHIo BTOPOro urpoka ;= p’
' = 1 — p’ 1 3HAYCHHUE [IEHBI UTPBL.

Ipumep 9 [7. C. 242]. IIycts MaTpuLia UTPHI UMEET CICTYIOIINI BU/I:

3 -1
A=-1 3
1 0
3anuieM ypaBHEHUs NPAMBbIX (7.23)
v=3pu—(1-p)=4p-1 (1);
v=—pn+31-p)=-4p+3 (2);
v=p+0(l-p=n 3).

N3 puc. 7.3 BUAHO, YTO HUXKHSS TOuKa M BepXHEH orudaroiieit 3Tux
NPSIMBIX HAXOAUTCS U3 YCIIOBUS nepeceueHus npsMbix (1) u (2).

3
1
2 |
M
1+ 3
! i >
1
/5 1
-1 2
Puc. 7.3

N3 pasenctBa 4y — 1 = —4p + 3 Haxoaum uo = 0,5. CnenoBaTennpHO,
ONTHMAJIbHAS CTPATErUsi BTOPOTO UIPOKa UMeeT Bu Wi = w’ = 0,5. Llena
urpel v = 4p’ — 1 = 1. J[)is HAXOXKACHHUS ONTUMAIBHON CTPATErHH TIEPBOTO
Urpoka BocmnoiibzyeMcs TeopeMort 8. Haiiném pemienue HepaBeHcTB (7.15),
KOTOPBIE B PACCMATPUBAEMOM MPUMEPE MPUHUMAIOT BUJT
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3 3 3
dah =1 Yahl =1, YAl =1, A} >0, i=13.  (7.24)
i=1 i=1 i=1

OTMeTHuM, 4TO
max(a”uo +a;,(1- u') = rlrslgé((anuo +a;,(1- u).

1<i<3
[TosToMy mojiaraem, 4To A = 0, M =Aur'=1-A Torma HEpPaBEHCTBA
(724) IIPpUMYT BUJ (1117\‘ + 6121(1 — 7\,) > 1, 61127\, + 6122(1 — }\,) > 1, 0<A<.
IToncraBmss croga YUCICHHbIE 3HaYeHUs KO3(D(PULIUEHTOB a;;, OyIeM UMETh
3A-(1-M21,-A+31-1)2>21=>A=1/2.
11

OnrtuMalibHas CTpaTervsi NIEPBOro UTPOKA UMEET BUJT 5;—;0

2

IHpumep 10 [5. C. 61-68]. PaccmoTrpum 3agady O MOCTaBKE TOBAPOB,
KOI'/Ia Ha TOBapHOU 0a3e uMeroTcs JBa Buaa ToBapoB. Ecnu nepBbiid TOBap
MOJIB3YETCsl CIIPOCOM, TO Mara3uH OT peaiu3allii ero OJHOW e€AMHUIIbI TO-
JYYUT TPUOBLIb, paBHYIO p > 0 IeHEXHBIX eAuHull. Eciu ke 3TOT ToBap
HE MOJIB3YETCsl CIPOCOM, TO 3aTpaThl Ha XpaHEHHE €ro OJHOW E€AUMHUIBI
B Mara3uHe COCTaBIAIOT b > () JEHEKHBIX €IUHUI]. AHAIOTUYHO ISl BTO-
poro ToBapa — MPUOBUTH OT MPOAAXH OJHOW €ro CAWHHIBI PaBHA (¢,
a 3aTpaThl HA XpPaHEHHE €r0 OJIHOW €IMHUIIBI PaBHBI @ > () JEHEKHBIX €IU-
Hull. MarasuH MOXET 3aBeCTU N €IUHUI] COBOKYITHOI'O KOJIMYECTBA TOBA-
pa. CuurtaeM, 4TO 710 3aBO3a B Mara3uH TOBapa CIpoC HEU3BECTEH.

[lycte mMarazus 3aBO3UT AN €IUHUIl MEPBOrO TOBapa U A,N €IUHUIL
BTOpOTO TOBapa, A; > 0, A, > 0, A; + A, = 1. Torma nmpuObUIb MarazuHa
IIpU COpOCe Ha MepBbIi ToBap paBHa O = (pA; — ak,)N JE€HEKHBIX €IUHHII.
Ecnu sxe umeeTcs crpoc Ha BTOPOW BUJ TOBapa, TO MPUObLIbL MarasuHa co-
CTaBUT BEIWYUHY, paBHYIO (O, = (qghy — bA;)N JEHEKHBIX EIUHUIIL.
Hauxyniee Koau4ecTBO NpUObUIH MarasuHa paBHO

Q=min(Q,;Q,) = Iﬁlel}/[rzl(MQl +1,0,)=
= Nm}}l((ul (ph, —ak,)+u,(gh, —bhr,)) =

= NIEIEI}}} (PMpy —ak,p, +ghp, =D, ).
Cumuraem, 4To Mara3uH (MEPBbII UIPOK) MAKCUMHU3UPYET HAMXYALIEE KO-
JAM4eCcTBO NMpuobLM (), a cripoc (BTOPOW UTPOK) — MUHUMU3UpPYeET. [lony-
. (p b
YUM MATPUYHYK WIPY C MaTpULEH . CunTaem, 4TO pacxojbl
Ha XpaHEHUE IEPBOro TOBapa OOJBLIE PAacXOJ0B Ha XpaHEHHE BTOPOTO,
TO €CTb b > a.
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[IpubaBrM KO BCEM 3JIEMEHTaM MaTpullbl Urpbl yucio b. [loayuum Ho-

p+b 0

BYIO MaTpHILly ( J 3anuiem 3agauy (7.18)

b—a q+b
yi+y,—>min, (p+ by +(b—a)y,> 1,
(q + b)y22 1,_)/12 O,y22 0
VYTJIOBBIMM TOYKAaMHW MHOTOTPAHHHMKA, OINPEACIIEMOr0 HEPABEHCTBAMU
B ATOM 3ajaue, IBISIOTCS TOUYKHU

b—a (g+b)p+b) g+b

Breraucinm 3HadeHne 1meneBoi PyHKIMK B KaXA0U U3 ITUX TO4YeK. B Touke

1 1
M, ona paBHa , aB TOYke M, uUMeeT BU] q+a + =
b-a (q+b)(p+b) q+b
_gta+p+b
(g +b)(p+b)
[anee,

g+a+p+b 1
< =
(g+b)p+b) b-a
& gb+ab+ pb+b> —qa—a’ —pa-ba<gp+qgb+bp+b> <

& —qa—a’ — pa<qb.
Takum 00pa3oM, 1IeHa UTpbl B HOBOM MaTpHUIE paBHA
,_lab)p+b)

p+a+q+b.
N3 popmyisl (7.19) nomyunm, 4To
0 qg+a _ g+ta 20—y 1 p+b

— . A - )

(g+b)(p+b) p+a+q+b g+b p+a+qg+b
PeHTabenbHOCTS 3aB03a MPHU HEM3BECTHOM CIIPOCE ONPEACIICTCS W3

YCIIOBHS, YTO IICHA UTPHI B UCXOJHON MaTpHIle HEOTPUIIATEIIbHA, TO €CTh

(g+b)p+D)
p+a+q+b

v — b > 0. Orcrojila moJiy4uM YCIIOBHE PEHTA0EIbHOCTH

>b <> pg>ab.
Takum oOpazoM, 3aB03 SBIISETCS PEHTAOCIBHBIM, €CIIM TPOU3BEICHHE

K0d(pGUIIMEHTOB TPUOBLIA HE MEHBIIE NMPOU3BEICHHUS KOAhPUIIMEHTOB 3a-
TpaT Ha XpaHEHHE.
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8. Urpsl MHOTHX JIMI] B HOPMAJIBbHOU (popme

Nmeetcs n urpokos. [Ipu kaxaom i =1,n 3amaHo MHOXKeCTBO X; mpowm3-
BOJIBHOWM IIPUPOJBI, HA3bIBAEMOE MHOXXECTBOM CTpAaTeTud I-r0 HUIPOKA.
Ha npsimom mpousBeaennn X = X; x X; x ... x X, onpezaeneHbl QyHKIIUU
fi X > R, i=1,n. OyHKIMA f; aBisgeTcss GYyHKIMEN BBIMIPHIIIA -TO UTPOKA.

Kaxxaplit urpok HE3aBUCUMO OT JPYTUX BBIOMPAET CBOIO CTpATEruio X; € X;.
B pesynbrate peanusyercs curyanus X =(x,,...,x, )€ X, MOCIE Y€ro KaXIbli
[-1 UITPOK TTOJIYyYaeT NPUUUTAOLLYIOCS EMY B 3TOM CUTYallUU BEIUYUHY

i) = (XX XX, 5 Xy 55 X))
Kaxxnp1ii U3 UTPOKOB CTPEMUTCS TMOMYYUTh KaK MOKHO OOJBIIHNI BBIUT-

poiin. OnucaHHas Urpa Ha3bIBaeTCs Oeckoanuyuonnou uepot I' u 0003Ha-
qaeTcs

P={i=LmiX} i) 8.1)

MoxHo paccMoTpeTh urpy (8.1) B KauecTBe MHOTOKPUTEPUAIBLHOM 3a-
Ja4u

f,(¥) = max,..., f, (X) > max, xe X (8.2)
U OpaTh B KQ4eCTBE MPUEMJIEMBIX JJISI UTPOKOB CUTYAIlUH, SIBISIOIIUMHUCS,
HarpuMmep, onTuMainbHbIMU 110 [lapeTo peleHus MU MHOTOKPUTEPUATBHOM
3amaun (8.2). OIHAKO B 3TOM CiIyya€ UTIPOKH JIOJDKHBI JOTOBApPUBATHCS
MEXKTy COOOH.

Y A. ABEpUEHKO €CTh paccka3 «30JI0ThIE YachDy, B KOTOPOM OH OITHCHI-
BaeT CUTYaIlUIO, KOT/la OAWH U3 XKuTelied Mecteuka MopaoxoBo codupaics
KYIIUTh Y IPYTrOT0 30J0ThIE Yachl ISl CBOETO ChiHA. C/eNIKa HE COCTOSUIACK,
TaK Kak MpojaBel] MoOOosuICS TMOJIOKHUTh 4Yachl Ha CTON (BAPYT MOKYyMATelb
CXBAaTUT U yOEXKWT), a MOKYIAaTeb U3 TE€X K€ COOOPaKEHUI HE BBITYCKAT
JeHbIM U3 cBoux pyk. He qoBepsum aoau apyr Apyry.

O 2 (2O, x®

1

Omnpenenenne 1. Cutyanusa x .., X) € X Ha3BIBaCTCA

cumyayueti pagnogecus (WA onmumanvHotl) no Hauy, ecinu
ﬁ(xl(o),. g, Vi, Xi + O xn(o)) <
(8.3)
<f; 01, oxid @, 9 x© x )

IS TOOBIX v € Xjui € 1,n.

Curyarust  paBHOBecHsi 1o Homry — xapakrtepusyeTcss TeM, 4YTO
HU OJTHOMY U3 UTPOKOB HEBBITOIHO OTKJIOHATHCS OT HE€ MHIUBUIYAJBLHO.

PaccMoTpum urpy AByX JiHil, B KOTOPO#l fi(x1,x2) + fo(x1,x2) = 0. Torma
f10e1,x2) = fix1,x0) ¥ fo(x1,x2) = —flx1,x;). IlokaskeM, 4TO B 9TOM cly4yae TOYKa
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paBHOBecHs 1O Hamy CTaHOBUTCS CEIJIOBOM TOYKOM B AHTArOHUCTUYECKOMN
urpe apyx ymu I = {X,.X5, f(x1,x;)}. B camom niene, u3 HepaseHcTB (8.3) ciie-
nyer, ato fx1,%") < 00?20 @) 1 =Y x) < %), Orcrona monywmm
YCJIOBUE CEJIOBOM TOUKHU f(xl,xz(o)) < f(xl(o),xz(o)) < f(xl(o),xz).

n
OTMeTuM, 4YTO WIPhI, B KOTOPBIX Z fi(x;,%,5,...,x, ) =0, Ha3bIBAIOTCS
i=l
uspamu ¢ Hy1e8ou CyMmou.
Mpumep 1. Ilycte fi(x1,x2) = x1(x1 — X2), fH(x1,x2) = x(x1 — X2);
x; € [-1,1], x, € [-1,1] (cm. puc. 8.1). Ilokaxkem, 4TO B 3TOM Ciy4ae
HE CYIIECTBYET CUTyaluu paBHoBecus o Hoamry. B camom nerne,

max(y,(y, — xéo) )) = max(l— xéo) 1+ xéo)) =1+ ‘xéo)

B ’

1
max(yz(xl(()) =»,)) =Z(x1(0))2.

‘ yz‘sl
[TosToMy HepaBeHCTBA (8.3) MPUHUMAIOT BU/T

1
L+ | < 5@ (" = x), Z(xl“” ) <x (" = x5, (8.4)
f
— > A f2
V2
xz A
A 1 B
0,25
R 01/ L 2 -
-1 1 x| 0,51 i
1 P :
D 1 c LT l
1
Puc. 8.1

[Tocnennee HepaBEeHCTBO B (8.4) MOKHO 3aMUCaTh B BUJIC (xfo) —2x§0))2 <0.

(

0 0
OTCIOI[a IIOJIy4YHUM, YTO X, ) = 2X§ ). IToacraBuM 3TO PaBCHCTBO B IICPBOC

HepaBeHCTBO (8.4). [Tonyunm
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(0) (0)2
1+\x2 ‘S2(x2 ). (8.5)
1 1
13 paBenctBa x\ =2x\” crmemyer, 4To ‘xéo)‘ SE. [Ipn |x| SE BBITTOJTHEHO

HEpPaBEHCTBO 2Xx° — |x| <0. Crano O0bITh, HEpABEHCTBO (8.5) HE BHITIOJIHEHO.

OtmeTuM, 4TO onTUMalbHblE MO [lapeTo TOYKH B paccMaTpuBacMOM
IpUMEpPE CYIECTBYIOT (CM. puc. 8.1).

JUist  1oka3aTenbCTBa TEOPEMBI O CYLIECTBOBAHMM  ONTUMAJIBHOU
no Hamy Touku norpedyeTcsi BcnomorarenabHblil Marepuain. Cunraem, 4To
3a/1aHO JINHEWHOE BELIECTBEHHOE KOHEYHOMEPHOE HOPMHUPOBAHHOE MPO-
CTPAHCTBO E.

Ilycte Z © E — HEKOTOPOE MHOXECTBO M KaXIO0M TOYKE z € Z MOo-
CTaBJICHO B COOTBETCTBHE HEMYCTOE MHOXECTBO F(z) — E. B aToMm ciyuae
6yIeM FOBOPUTB, YTO 3aAaHO MHO203HAUHOe omobpaxcenue F: Z — 2F.

MHoro3HauHoe oTobpaxkenue F: Z — 2° Ha3hIBAaCTCA GbINYKIO3HAY-
HbIM, €CTTU TIPU JIIOOOM z € Z MHOKECTBO F(z) SIBIISIETCS BBIMYKJIBIM.

Hpumep 2. Ilycts E = R, Z = [a,b], F(z) = [o(2),p(z)]. 3nech
npu 1IoooM z € [a,b] ckamspubie QyHKIUU o(z) U B(Z) yHAOBIECTBOPSIOT
HepaBeHCTBY o.(z) < B(z). B aTom mpumepe MHOro3HayHOE OTOOpa’KEeHUE
F: [a,b] — 2" aBnsercs BeIMyKII03HauHBIM (cM. prc. 8.2 1 puc. 8.3).

Onpenenenne 2. Muorosznaunoe orodpaxenue F: Z — 2" HasbiBaeTcs
3AMKHYMbIM, €CITM 3aMKHYTBIM sIBJIsieTCs ero rpaduk {(z,)): z € Z,y € F(2)},
TO €CTh MHOKECTBO Z SBIISICTCS 3aMKHYTBIM, U €CIH i € Z, Vi € F(zy), zp — z,
Vi—> ¥, T0y € F(2).

£(2) £(z2)

7

Yk e

Vi

Y NS .

Puc. 8.2 Puc. 8.3
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Ipumep 3. Eciu dyaknuu oz) u B(z) B mpumepe 2 SBISIOTCS HETpe-
PBIBHBIMH Ha OTpe3ke [a,b], TO MHOro3HauHOE oOTOoOpakeHue F(z) =
= [ou(2),B(z)] siBNIsI€TCS 3AMKHY THIM.

[IpuBeném 0Oe3 nmokazaTenbcTBa Teopemy KakyTaHu O HEMOJBHXKHOU
TOYKE MHOTO3HAYHOTO 0TOOpaxkeHus [4. C. 254-253].

Teopema 1 (Kakyranm). Ilyctb Z < E — BBIOYKJIbIM KOMIIAKT,
a BBIMTYKJIO3HAYHOE 3aMKHYTO€ MHOTO3Ha4yHOE OTOOpakeHue F: Z — 2"
yAOBIIETBOPSICT BKItOUEHUIO F(z) — Z nipu mobom z € Z. Torma cymiecTBy-
€T TOUKa zy € Z TaKasl, 4To zo € F(zo).

Omnpenenenne 3. [Iycts Z — E — BBIIYKI0€ MHOXKECTBO. DyHKIUA
fi Z — R Ha3bIBaeTCs K6A3UB02HYMOIU, €CIH JJIs TIOOBIX TOUCK z1,2; € Z
u i1 mo0oro yucia 0 <A < 1 BbIIOJIHEHO HEPABEHCTBO

f(Azy + (1 = N)zp) = min(f(z);/(22)). (8.6)

Yr1Bep:knenue 1. Boruyras ¢dynkuus f: Z — R sBIsieTCS KBa3UBOTHY-
TOU.

HNokazateabcTBo. UmeeMm f(Az; + (1 — A)z) = AM(z1) + (1 — Mf(z) 2
> min(f(zl);f(zz)).

Teopema 2. Ilycts B urpe (8.1) kaxaoe U3 MHOKECTB X; SIBJIETCS BbI-
NYKJIBIM KOMIIAKTOM JIMHEHHOIO BEUIECTBEHHOI'O KOHEYHOMEPHOI'O HOPMHU-
pOBaHHOTO TpocTpancTBa E;, i =1,7n, a kaxnas u3z QyHKIMiA fi: X; x X x ... X
x X, = R sABIgerca HenpepblBHOM Ha MHOXECTBE X = X| X X, x ... x X,
Y KBa3UBOTHYTa [0 MEPEMEHHON X; TpHU (PUKCUPOBAHHBIX IEPEMEHHBIX
XlyeroXily Xitlye.-oXp. lOrma BUrpe (8.1) cCyllecTByeT TOUYKa pPaBHOBECHSI
1o Hamry.

Joka3aresibcTBO. PaccMoTpuM JIMHEMHOE IPOCTPAHCTBO £ = E) x E) X
X ... X E, Ero daeMEHTOM SBIAETCA TOYKA X = (X ,...,X, |, X;, X, 5eees X, ) 5

. MHuoxectBO X = X; x X5 X ... x X, sB-

HOpMa KOTOpoii paBHa ||x|| . = Zn:| X,
i=1

JISIETCS BBIMYKJIBIM KOMITAKTOM B IPOCTPAHCTBE E.
W3 HenpepbIBHOCTH (PYHKIUU f; K U3 TOTO, YTO MHOKECTBO X; SIBJISIETCS
KOMITAaKTOM, CIIETYET, YTO (PyHKIIUS

fi(maX)(f) - I,I;E)l(xfi(xla-"axi—19t9xi+1""’xn)

HCIIPCPBIBHA, 4 MHOKECTBO

FE@)={teX.: fi(Xo X s, X, 10X, ) = £ (X)) (8.7)
JUIS K&KJIOW TOUKH X € X sBiseTcss KoMakToM. [lokaxkem, 4To OHO SBJIS-
eTcst BRIMYKIBIM. Bo3bMéM nBe Toukn y, y» e F.(x). U3 dopmyast (8.7)
ClIeyeT, YTO
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finoxi 1, v Xk 1 X)) = £
2) _ p(max), —
U fAX 1o Xi 1y Vi s Xit 1yesesXn) —ﬂ (x).

OTcroza, UCTOIB3ysl KBa3UBOTHYTOCTh (DYHKITUH f; TI0 IEPEMEHHOH X;, TIO-
Jy4HUM, 9TO
S W+ (L =y, X 1,.0x) >
> min(fi(x1,....% 1, yi(l), Xit1yenesXn);
Fitye o Xio 1, VO, Xk 1) = (X))
s mroooro uncia 0 <A < 1. Crano OBITh,
ity 1, (=, xis 1,6 = 9(%).

Orcroza u u3 (8.7) momyunm Brmrouerne Ay + (1 — WP e F(X).

[TokaxeM, 4TO MHOTO3Ha4HOE OTOOpaxkeHHe F,(X) SBIAETCS 3aMKHY-

+(5)

— k —(k
TeiM. Bo3pMéM TocnmenoBatensHOCTh Touek x ) —X, v e F(x"),

1P >t npu k — 0. DTO 3HAYMT, YTO ﬁ(x1 i 1M X l(k),...,xn(k)) =
= f™)(x®). Orcrona, HCIOB3Ys HepepbIBHOCTD ByHKIMIA £ X ) 1 f™(X),
MOIY4HM PABEHCTBO fi(X1,... X1, Xi & 1o-.Xn) = fA"(¥). Crano GbITb,
Y, € F(X).

PaccMoTpuM MHOTro3HauHOe oTobpaxenue F: X — 2°, kxotopoe ompe-
aemnsiercst popmynoit F(x) = F (X)x F(xX)x...x F (x). MHoxecTtBo X C E
SBJISIETCA BBIMYKJIBIM KOMIAKTOM, a BBIMMYKJIO3HAYHOE, 3aMKHYTOE MHOTIO-
3HauHOE oToOpaxenne F: X — 2° ynosnersopsier Bkmouenmio F(X) < X.

—(0 —(0
ITlo Teopeme KakyTramum cymectByer Touka X € X Takas, 4to X €

e F(x'"). U3 storo Bkmodenus ciexyer, uto x. € F(x"") ans mo6oro

i=1n. Orcrona uu3 dopmynsl (8.7) moaydnm, 9TO ﬁ(xl(o),...,xi_l(o),xi(o),

X010, 0) = 9% ). Crano 6bITs,
ﬁ(XI(O),. ceoXi 1(0),yl-, Xi+ 1(0),. . .,xn(o)) Sﬁ(max)( )_c(o)) =
:fi(xl(o), .- ,xi71(0),x,~(0), Xi+ 1(0), e ,xn(O))
JUTs1 J1I000Tr0 V€ X,
Paccmorpum urpy I'={i=1,2;{X,} - 2,{ St o = . Canraewm, uro cyue-

CTBYET TOYKA paBHOBecHs o Hamry

[e0") S fi0n ") A’ x0) < fita’x).

Otcroza ciieayeT, 4To
vy =sup inf f1(x.%,) < sup inf /,(x,x,) < sup £ (x,8) < /() 20),

xeX, X€X, x,eX, M xneX xeX,
= sup inf £,(x,,x,) <inf sup f,(x,,x,) < sup f,(x),x,) < f2(x,x)).
X, eX, neX xneX I x,eX, x,eX,
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TakuMm 00pa3oM, eciiu CyIIeCTBYeT TOUYKa paBHoBecus mo Hamry, To urpo-
KaM BBITOJIHEE KOONEPUPOBATHCS, YEM CMOTPETh APYr Ha Apyra Kak
Ha MPOTUBHUKOB.

Cmemiannble crpareruu. PaccMoTpum ciydal, KOTJa MHOYKECTBO
CTpPATEruul y KaXKJ0T0 UTPOKA COCTOUT U3 KOHEYHOTO YMCJIa 3JIEMEHTOB, TO

ecTb X; = {xl(i),xéi),...,xf,f?}, i€ ln.

Onpenenenne 4. CMemanHoi cTpaTervel i-ro Urpoka Ha3bIBA€TCsl HAOOP
ancen T, = (A" ,k(;),...,Kf;)[ ), YAOBICTBOPSIOMIMX yciaoBusM 0 < Kg.i)ﬁ 1,
m; .
D=1,
Jj=1

[Ton BBIUTPHIIIEM (-TO UIPOKA MOHMUMAETCS MATEMAaTHYECKOE OXKHIa-
HHE BBIMIPHIIIA

my,...,m,

(Mﬁ)(plap29"'apn): Z f;(xgll)aaxg:l))k(sll)x(sz) (88)

51=1,...,5,=1
Teopema 3. Eciiu B urpe MHOTHX JIUI Y KaXKJIOIO UTPOKA UMEETCS KO-
HEYHOE YHCJIO CTPATETUH, TO B CMEIIAHHBIX CTPATErUsX UTPA UMEET ONTH-
MalibHYI0 110 Hamry cutyaruto.
Jloka3zarejabcTBO. MHOXECTBA

m;
A, =11, =AY A e R0 <1, AT =1
j=1
SIBJISIFOTCSL BBIMTYKJIBIMU KoMniakTaMu. Oyukius (Mf;)(my,my,...,m,), onpee-
nsiemast popmyiioit (8.8), HEMPEPBIBHO 3aBUCUT OT T = (T,,M,,...,T, ). [Ipu
(UKCUPOBAHHBIX TT1,My,. .., T 1,1, .., QYHKIUS (8.8) THMHEHHO 3aBUCHUT
ot m;. CaenoBaTebHO, OHA SBIISICTCS KBa3WBOTHYTOH 10 T;. ITo Teopeme 2
7

v —(0 0 0 o
CyliecTByeT Habop CMemaHHBIX cTpateruii T =(m, 1) ,...,n'") TaKoii,

4yTO
0) _ (0 0 0 0
M"Y, O @) <
< (Mﬁ)(TEl(O),th(O), o ,ﬂi—l(o),ﬂi(o),ﬁi+1(0),- . ’%(0))
U1 TIOOBIX TT; € A; 1 junst mioObIX § € 1,n. Takum oOpa3om, B CMEIIaHHBIX

CTpaTErusix Urpa UMeeT ONTUMANIbHYIO 10 Hamry cutyanuro.
PaccmoTtpuM HUrpy JIByX MIPOKOB, Y KQXIOrO U3 KOTOPBIX MUMEETCS KO-
HEYHOE YUCJIO CTPATETUM.

Ilycte X = {xf”,xél),...,xﬁ)}, X, = {xf”,xfh...,x,ﬁ”}. O0603HaUNM

fi (x,-(l),xj(z)) = a;, fz(x,-(l),xj(z)) = a;, i=1,m, j=1,n. Torga urpy Mo>xxHo 3amu-
CaThb C [OMOILBIO OJTHOM MaTPULIbI
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(a:h)  (ay:by) ... (alj;blj) e (a@,3by,)
(ay3b,))  (ay3by) o (ay;30,) oo (ay,3Dy,)
(a130y)  (ay3by) o (ay3by (a;36;)
(@,3b,1) (@,230,,) . (@b, ... (a,,:b,)

[lepBbIii UTpOK, BBIOMpAsk i-I0 CTPOKY, CTPEMHUTCA MAKCUMHU3MPOBATH
CBOM BBIUTPBINI @;;. BTOpoil Urpok, BeIOUpas j-i CTOJIOEL, TAKXKE CTPEMUT-
Csl MAaKCUMHU3UPOBATh CBOM BBIMIPBIN b;. Takue Urpsl Ha3bIBAOTCA Ou-
mampuynsimMy 1 0ojee noJapoOHO OyyT pacCMOTPEHBI B CICAYIOIIEM Ma-

parpade.
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9. bBuMaTpU4YHbIe UTPbI

Kak ormeuanocs pasbliie, €M y KaKI0ro U3 UTPOKOB YUCIIO CTpaTEruid
KOHEYHO, TO UIPY MOXHO NPEJCTABUTHb B BUAC OUMAMPUYHOU Uepbl. ITO

3HAYUT, YTO 3aJaHbl ABe Matpuusl A = {a;} u B = {b;}, i = Lbm,j = 1,n.
IlepBbiii UTPOK, BbIOMpaAs i-I0 CTPOKY, CTPEMHUTCS MAaKCUMH3UPOBATh CBOU
BBIUTPBIII ;. BTOpOI UrpoK, BeIOMpast j-i CTOJIOEL, TaKXKe CTPEMUTCS MaK-
CHMU3UPOBATh CBOM BBIATPHINI b;. bHMaTpuuHyr0 HUIpy 3alMCHIBAIOT
C TOMOUIBIO OJTHOW MaTPHIIbI

(a,:b,) (an:b,) ... (alj;blj) e (a,,30,,)
(ay3b,))  (ay;by,) ... (azj;ij) e (ay,3D,,)
(a,5b,)  (a3b,) . (ay3bp (a,;b;)
(aml;bml) (amz;bmz) (Clmj;bmj) (amn;bmn)

IIpumep 1 (cemeiinbiii cop). My:x (MEpBbI UTPOK) U KeHA (BTOPOH
UTPOK) MOTYT BBIOPATh OJTHO M3 ABYX pa3BICUYCHUN: MOUTH HA PyTOONT WK
cxoauTh Ha Oarnet. Eciu onn o0a nocetat GpyT0dos, TO MOTyYeHHOE MYXKEM
yJAOBOJBCTBHE OyAET B JIBa pa3a BHIIIEC YIAOBOJbCTBUS, MOJYUYCHHOTO XKe-
HOHl. B cinydae ecnu oHu 00a moilayT Ha Oajer, TO JKeHa MOJYy4HT YJO-
BOJILCTBHUE B JIBa pa3a OoJblie, 4eM My:X. Eciii ke OHM TIOCETSIT 3TH MEpo-
TPUATHUS OTACIBHO, TO KaXKIBIH MOJYYUT HYJIEBOE YIOBOJILCTBHE.

Marpuiia urpbl UMEET CIECAYIOLINN BU/I:

c-[ @D ©0)
0;0) (1,2)
Bri0op nepBoii (BTOpOit) CTPOKK MY>KE€M O3Ha4yaeT, YTo OH UAET Ha PyTOO
(ra Oasner). BeiOop nepBoro (BTOporo) cToJiOlia )KeHOM 03Ha4aeT, UTO OHa
uneT Ha PpyTOoa (Ha Oaner).

Bunno, yto My mnpeanodé€n Obl, 4yTOOBI OHM MONUIA Ha PyTOOI,
axeHa — Ha Oaner. Ecnu xena OynmeT yBepeHa, 4To MY OyAeT yrop-
CTBOBATh M HacTamBaTh Ha (hyTOOJIC, TO € BBHITOJHEE C HUM COTJIACHUTHCS
U ot Ha PyTOON. AHajmoruyHas CUTyalusi W IJis Cydas, €ClIH >KEeHa
Oyner HactawBaTh Ha Oanere. Buaum, 4TOo B TaKOW CHUTyallMM BBITOJIHEE
3apaHee PacKpbIThb CBOM HAMEPEHUS U UMETh PENyTali0 HENPEKIOHHOIO
4eJIoBeKa. JTO COOTBETCTBYET CTPATerMM CUJIbL: s coOUparoch coenamv
mo-mo, a vl pewiatime camu u oenatime 4mo y200HO.
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ChopmynupyeM ompeaesieHne TOYKA paBHOBecHs 1Mo Hamry mpumeHu-
TeJbHO K OumaTpuyHoi urpe (9.1).

Omnpenenenne 1. Ilapa (ip;jo) Ha3bIBa€TCS MOUKOU PABHOBECUS NO
H>uwy B bumarpuunout urpe (9.1), ecinu

. <a, . =1,m; b, .<b = 1n
a; <a,; WIBCeXi=1m; b ;<b . HwiBcexj=1ln. (9.2)

B kadectBe mpumepa mokakeM, YTO TOYKaMHM paBHOBecusi 1o Hamry
B urpe «CemMenHbIn cnop» SABISIOTCA ig = 1, jo =1 nip = 2, jo = 2. B camom
nerne,
a1 =0<2=a,ub,,=0<1=by;
ap=0<1=ayuby,;=0<2=b,.
Touku iy = 1, jo =2 uiy = 2, jo = | He ABIAIOTCS TOUYKAMHU PaBHOBECHS
o Hamy. B camom nene, a; =0<1=apnu by =0 <2 = by.
CnenaeM HECKOJBKO 3aMEUaHWW KacaTeJIbHO TOYEK pPaBHOBECHUSA
o Hamy.
3ameuanue 1. MarpuuHyro Urpy ¢ HyJIEBOM CYMMOW MOYKHO paccMart-
pHUBaTh Kak OMMaTpUUYHYIO UIPY, Y KOTOpo#l b; = —a;;. B 3TOM ciryuae Touka
paBHOBecus 1o Hairy CTaHOBUTCS CEINIOBOM TOUKOW B MATPUYHOM UIPE.
3ameuyanue 2. B MaTpU4HOW HWIrpe HCXOJ B CEMJIIOBOM TOUKE PABEH
ueHe urpsl. [10aToMy BO BCEX CEIJIOBBIX TOYKAX BBIMTPBIININ UTPOKA OJHU
u Te xe. B OuMaTpuuHOl Wrpe ¢ HEHyJIeBOM CyMMOM 3TO He Tak. B urpe
«CemenHbIN ciop» B TOYKE Iy = 1, jo = 1 BBIMTPBIII EPBOTO UTPOKA PABEH
2, a B TOUKE iy = 2, jo = 2 3TOT BBIMI'PHIII paBeH 1.
3ameuanne 3. B maTpuuHOM uUrpe B ce10BOM TOUKE (io;/o) BBHITIOJHEHO
yCJIOBHUE

min a; . = max min a;..
I<j<n W 1<ismi<j<n Y

OTO 03HAYAET, YTO CTPATETUs iy ABJISIETCS MAKCUMUHHOW CTpaTeruei nep-
BOrO HMIpoKa M Oo0ecreyuMBaeT €My HauOOJbIIMNA TapaHTUPOBAHHBIN pe-
3yJabTaT. B OMMaTpU4HBIX UTPaX C HEHYJIEBOM CYMMOM 3TO yCIOBHE MOKET
HE BBINOJIHATHCS. [lokaxeM 3To Ha cleayronieM mpumepe.

IIpumep 2 (MpOoM3BOACTBO KOHKYPHMpPYIOLIeH nmpoaykuuu). /[Ba He-
OOJBIIMX MPEANPUATUS MPOU3BOIAT OJHOTHUIIHYIO MPOAYKIHMIO, KOTOPYIO
npojaroT Ha peiHKe. Kaxmoe mpeampusiTHe MOXKET HCIOJIb30BaTh O0JIb-
IIYI0 WIM MaJlylo NOTOYHYIO JMHMIO. Eciu 00a npeanpuaTus UCHob3yIoT
oonpiue uHUM (I = 2, j = 2), TO NPOUCXOIUT MEPEHACHIIICHUE PhIHKA
u 00a mpeaAnpuaThs HecyT YOBITOK B 9 aeHexHbIX eauHull. Eciau mepsoe
NPEeANPUITHE UCTOIB3YET OOJBIIYIO JUHUIO (I = 2), a BTOPOE UCMOJb3YET
Manyto (j = 1), To mepBoe OpeanpusThe MOIYYUT JOXOA B S JIEHEKHBIX
€AMHUL, a I0XOJ BTOPOro MPEANpUATUS OyIeT HYyJEeBbIM. AHAJIOTHYHO,
€CJIM MEepBOE NMPEANPUITHE HCHOJb3YEeT Malyto JuHuio (i = 1), a BTopoe
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IPEeANPUITHE UCTIONB3YET O0JbIIYIO (j = 2), TO I0XO0]l MEPBOrO MpEeAIpHsI-

TUS SIBJISIETCS HYJIEBBIM, a I0XOJl BTOPOrO PAaBEH 5 JCHEKHBIM €IMHUIIAM.

Ecnu xe 00a mpeanpuarus UCHOJIb3YIOT Malibie Juauu (I = 1, j = 1), To

JOXO0J KaXJ0ro NPeaNpHUsATHS COCTABIIAECT OAHY JICHEKHYIO €IUHUILY.
Marpwuiia 3Toi Urpbl UMEET CIECAYIOINN BU:

(@D (65)
&0 (-9-9)
B aroit urpe umerorcs aBe cuTyanuu paBHoBecus 1o Hamy (ip = 1,
j0=2)1/1(i0=2,j0= 1) BC&MOMI[GJ'IC, a22=—9<0=a121/1b11 =1 <5:b12;
an = 1 <5=a211/1b22=—9<0=b21.

Hanee, minag,, =0; mina,, =-9 = maxmina,
1<j<2 1<j<2 </ 1<i<2 1<j<2 Y

Crparerus iy = | sABIIIeTCSI MAKCUMUHHOM CTpPAaTETHEN MEPBOTO UTPOKA.
Crparerus iy = 2 He ABIETCSI MAKCUMUHHOM CTpaTErued nepBoro Urpoka
Y HE TAPAHTHUPYET BBIMIPHILI, paBHBbIH 0.

IHpumep 3. [lycTs MaTpuia UTPbI UMEET CHEAYOIIUNA BUA!

=0.

- 4D (12)
@8 G4)
Haiiném touky paBHoBecus no Hamry. Touka iy = 1, jo = 1 He sBisieTcst Tou-
Kol paBHOBecHs 1o Hamny, mockonbky by = 1 < 2 = by,. Jlng Touku iy = 1,

Jo=2umeeM a;p, =1 <3 =ayp. llyctb iy =2, jo= 1. Torna ay; =2 <4 = ay;.
Hakoner, 11 TOUkH iy = 2, jo = 2 BBIIIOJHEHO HEPABEHCTBO by =4 < 8 = by).
Takum o0pa3oM, B JaHHOM MPUMEPE TOUKH paBHOBecus no Harry 6 uucmoix
cmpamez2usx He CyIIECTBYET.

Kak u B ciiyyae MaTpU4HBIX UTpP, BBEJEM B PACCMOTPEHUE CMEIIAHHbBIC
CTpaTeruu UrpokoB. [IepBrIif UTPOK BHIOMPAET i-F0 CTPOKY C BEPOSITHOCTHIO
A:. BTOpoii UTpoK BBIOMpAET j-ii CTONOEL C BEPOSITHOCTBIO L. MIrpoku ne-
JIAI0T BBIOOP HE3aBUCHUMO JPYT OT JipyTa. BeIMTphIIaMu UTPOKOB SIBJISIFOT-
Csl MATEMaTUYECKUE OKUIaHUS

m_ m_
H (A, ) = Zzai]’;\‘i,”ljﬂ H,(\,p) = Zzaijx‘i”’j'
i=1 j=1 i=1 j=1
B cooTBeTCcTBUU C 06H_II/IM OIIPCACIICHUCM IIapa CMCIIAHHBIX CTpaTel"I/Iﬁ
(XO,HO) Ha3bIBacTCA cumyayueu pasnogecuss no Howy 6 cmewannvix
cmpame2usx TOraa U TOJIBKO TOrAa, Koraa
Hp")<H M ,n’) nna VieA,;

m?o

— — 9.3
HZ(}\'OJH)SHz(}\'OaHO) AUIA VHEMn ( )
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v A0 —0
Teopema 1. /[t Toro 4toObI Mapa CMEMIAHHBIX cTpaTeruid (A ,[)

Obla cuTyarueld paBHoBecHs 1o Hoiry, He0OX0IMMO M JOCTAaTOYHO BBI-
MIOJIHECHUE cnez[y}omero HepaBeHCTBa°

Zazs s —Zzaksx‘zus’ \V/l_l m,
k=1 s=1 (94)

Zb,gxz —ZZ%KZMN Vji=1,n

k=1 s=1
I[0Ka3aTeJ11)CTBo. Heo6x0()wwocmb. ITycTh mapa cMelaHHbIX CTpare-

v A0 —0 o
ruii (A, ) ABIsETCs cCUTyaluei paBHoBecus o Hamry. [Tomoxxum B miep-

BoM HepaBeHcTBe (9.3) A; = 1, a Bce octanbubie A = 0. [Tomyunm mepBytro
cucteMy HepaBeHCTB (9.4). AHaIOrMYHO MOJy4aeM BTOPYIO CHCTEMY He-
paBeHCTB (9.4).

HHocmamounocms. Bo3pMEM JTIOOYIO CMENIAHHYIO CTPATETHIO A € A,,.
YMHOXHUM Ka)XJI0€ i-€ HEPaBEHCTBO B MEPBOIl rpymnme HepaBeHCTB (9.4)
Ha YKCIIO A; U cioxkuM. [Tonyunm

YD IEICE ) ¥M) 2 ETTED 3p RS
i=l s=1 i=1 k=1 s=1 k=1 s=1
Takum o6pasom, Hi(A,11°) < Hy(A’,11’). AHaIOrHYHO JOKAa3BIBACTCS BTO-

poe HepaBeHCTBO B (9.3).

Cornacuno teopeMe 3 u3 naparpada 6, Bcsikasi OuMaTpuyHasi urpa uMe-
€T CUTYallMI0 PABHOBECHS B CMEIIAHHBIX CTPATETUIX

PelieHue OMMATPUYHBIX MTP BTOPOro mopsiaka. Paccmorpum ciy-
yaii n = m = 2. [lonoxum

7L1:}L 7\,2:1—7\, 0<}L<1'

=g pe=1-p,0<p<L
Torna

2 2
H, (A, p) = Zzaij}\‘i“'j = (a4, —a, —ay +ay)hp+

=1 j=l
+(a, —ay)h+(ay, —ay)u+a, = (9.5)
= AAp—ak +(a,, —a,, )L+ a,,;

Hy(h, 1) = ZZ i

i=l j=1

=(b, by, = b, + b, A+ (b, — by )L+ (b, — by, )u+by, = (9.6)
= BApu—-bu+(b, —b,,)h+b,,;
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31eckr 0003HaUCHO
A=an—an—an tan, a=an—ap;
B=>by1—b1,— by + by, b=byy— by 9.7)
Hcnone3yss o6o3Hauenust (9.5)—(9.7), 3anumem HepaBeHcTBa (9.4)
B CJICAYIOILIEM BUJIC:
anp+apn(l —p) <A M+ (a2 — an)h + (a2 — an)y + ax;
ayp + an(l —p) <AAp + (@ — an)h + (@ — an)u + axn;
bk + by(1 =) < BAU+ (D12 — bap)h + (D21 — b)) + bao;
b127\, + bzz(l — 7\‘) < B?\,},l + (b12 — bzz)?\, + (b21 — bzz)].l + bzz.
OTtcroaa noyryuyuM, 4To
A?LH — Au + (Clzz — alz)(l — 7\,) > O, A?\,M — (6122 — (112)7» > 0,
B}\,u — BA + (bzz — blz)(l — },l.) > O, B?\‘H — (bzz — blz)l,l > 0.
N3 3TuX HEPABEHCTB CIEAYET, UTO
Ap—a)(A—1)>20; (An—a)r >0;
(BL=b)(nu—-1)>20; (BA—b)u=0. (9.8)
IMpumep 4 (cemeitnbiid ciop). Marpuna urpel paBHa
o[ (©0
[(0; 0) (1;2))
N3 dopmyn (9.7) cnenyer, uto A =3, B=3,a=1, b = 2. [losTroMy He-
paBeHCTBa (9.8) NPUMYT CIIETIYIOIINI BU/I;
BGu-1DA-1)20; Bu—-1DA>20; BAL-2)(u—-1)>20; BL—-2)u=>0.
Ha nockoctu (A,1) Hapucyem MHOKeCTBO Todek 0 <A <1,0<u <1,
KOTOPBIE YJIOBJIETBOPSIIOT 3TUM HEPABEHCTBAM.

Paccmotpum B Havasnie 1Ba nepBbIX HepaBeHCTBa. Ecimm A = 1, To p >

1

3
1

Ecrm A =0, To p < 3 Ecm 0 <A <1, TO B = 3 Ha puc. 9.1 nomydenHbie

Touku 00pa3yroT Jomanyto ODALC.

PaccmotpuM Teneps Ba BTOpBIX HepaBeHcTBA. Ecim u = 1, To A > E

2 2
Ecmu p=0, 10 A < 3 Ectu 0<pu<l, o A = 3 Ha puc. 9.1 nony4yeHHbie

TOYKU 00pa3ytoT jomanyto OEABC. Touku nepeceueHusl yKa3aHHBIX JIO-
MaHbIX SBJISIOTCS TOUKaMu paBHoBecus 1o Hamry. /laHHas urpa umeer tpu
TOYKM paBHOBecus 1o Hamy:
DA=0,u=0= H(0,0)=1, H,0,0)=2;
DH)r=1Lpu=1=H((1,1)=2, H(1,1)=1;
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2 1 2 2
= p=-osH( 2 =2 (2122
3 3 3°3) 3 3’3) 3
MA
I | B _________ C
D Al L
E
| _
0 273 ' A
Puc. 9.1

IIpumep S (MpoU3BOACTBO KOHKYPHUPYOLIEH NpoayKuun). Matpuna
S (U)
(50) (-9 —9)]'
N3 popmyin (9.7) cnenyer, uto 4 =13, a = -9, B=-13, b =-9. Ilo-
3TOMY HepaBeHCTBA (9.8) MpUMYT CIEIyIOMINI BU/;
Bp+9HYA-1)20; (-13u+9)r=>0;
1B3A+9)(u—-1)20; (132 +9)u=>0.
Ha puc. 9.2 u3o6pakxeno MHO)kecTBO Touek (A,u), 0 <A <1,0<pu <1,
yJAOBIICTBOPSIONIMX 3THUM HepaBeHCTBaM. Kak BHAHO M3 3TOrO PHUCYHKAa,
UMEIOTCS TP CUTYaIlluHd paBHOBECHS 10 Ha1ry B cMemaHHBIX CTpaTerusx:
DA=0,u=1= H(0,1)=35, Hy0,1) =0;
2D)A=1,u=0= H(1,0) =0, Hy(1,0) =5;

3)x=3,u=3:>;11 22 _2 m 29 _2
13 13 13713 13 13713 13

Ipumep 6 (AuIeMMa y3HUKOB). /[Ba y3HHKA ITOA03PEBAIOTCS B COBEP-
IeHUHU npectyiieHus. Ecim oan o6a momuar (i = 1, j = 1), To Haka3aHHe
KaKJIOMY COCTaBjisieT oauH roj. Eciu oba cosnatorcst (i = 2, j = 2), TO
HaKa3aHWe KaXXOMY COCTaBJISICT MIECTh JieT. Eciam mepBbIii co3HaeTcH,

3TOM Urpsl paBHa C = (

94



a BTopoit Het (i = 2, j = 1), TO mepBbI OCBOOOXKAACTCS OT HaKa3aHWUsI,
a HaKa3aHUE BTOPOMY COCTaBJISICT JeBsATh JeT. Eciu BTOpoil co3Haercs,
anepseiid HeT (i = 1, j = 2), TO BTOpOil OCBOOOXKIACTCS OT HAKa3aHUA,
a HaKa3aHUE NIEPBOMY COCTABJISIET ACBATH JIET.

L= (=90
0;-9) (-6;-6))
N3 dopmyn (9.7) cnenyer, uto A =2, a =3, B=2, b = 3. [losToMy He-
paBeHCTBa (9.8) NPUMYT CIICTYIOIINI BU/I;
Cu-3)A-1)=20; QCu-3A2=>20; CrL-3)(u-1)=20; 2Ar-3)u=>0.
Ha puc. 9.3 n3o6paxkeHo MHOxkecTBO Touek (A1), 0 <A<1,0<u<l,
YAOBIICTBOPSIOIIMX 3TUM HEpaBEHCTBaM. ENMHCTBEHHAs TOYKa paBHOBE-
cus o Hamry: A = 0, u = 0 = H,(0,0) = -6, H5(0,0) = —6. DTa cutyanus
O3HAYAET, YTO 00a JOJKHBI CO3HATHCA.

Martpuua urpsl paBHa C = (

A Hy
1)
1,5
1
: 1
9/13 [r===========m=me 1 H
al i |
L, F ' >
o131 0 | 15 A
Puc. 9.2 Puc. 9.3

IIpumep 7 (mpoHUKHOBeHHe (PMPMBI HA HOBBIH PBIHOK). PupMa-
aytcaijep (mepBblid UTPOK) XOUYET MPUHSTH pellieHue 0 BeTyrieHuu (i = 1)
WIH O HE BCTYIUICHUU (i = 2) Ha PBIHOK, TJIe YK€ IeUCTBYET hupmMa-MOHO-
IOJIUCT (BTOPOM HIPOK), KOTOPAasi MOXKET OTPEarupoBaTh Ha 3TO JIpYyKe-
mo0Ho (j = 1) unu arpeccuBHo (j = 2). Ha puc. 9.4 ykazaHbl pe3yabTaThl
MOBEJICHUST (PUPM.

(2;3) (=L
L3 (15) ]
N3 dopmyn (9.7) cnenyer, uto A =3, a =2, B=2, b= 0. [losTomy He-
paBeHcTBa (9.8) npuUMyT ClIeAYIOUUNA BUA;
Bu-2)A-1)=20; Bu-2)A=>0;
2Mu—1)=0; 2Apn>0.

Marpuua 310ii urpel pasaa C = (

95



L1

KOMIIaHU -
MOHOIIOJIUCT

(2;3)

KOMITAHU - =1

ayTcaniep

(1;5)
Puc. 9.4

Ha puc. 9.5 uzobpaxkeHo MHoxecTBO Touek (A1), 0 <A<1,0<u<1,
YAOBJIETBOPSIONINX 3TUM HEPABEHCTBAM.

2/3

| _a
2/3 1 A
Puc. 9.5

Kaxk BUIAHO H3 JTOro pHUCYHKa, €CTb MHOI'O CI/ITyaI_[I/Iﬁ PaBHOBCCHA
110 HC—)I_Hy B CMCIIAHHBIX CTPATCIHUAX:
Dra=1,u=1= H(l,1)=2, Hx(1,1)=3;

2
DA=0,0<p< " = H(Lw =1, Hylyw) =S5,

IHpumep 8. [lycThs MaTpuIia UTPBI UMEET CHEAYOIIUNA BUA:
- 4D (1;2)
28 G4

Nmeem A =4, a =2, B=-5, b =—4. [loostoMmy HepaBeHCcTBa (9.8) mpumyT
CJIEIYFOLINN BUL:
@u-2)A—-1)20; 4u—-2)A>20; (-5SA+4)(u—-1)=20; (-5AL+4)un=>0.
Ha puc. 9.6 uzobpaxkeno MHOkeCTBO Touek (A1), 0 <A<1,0< <,
yJIOBJIETBOPSIOIINX 3TUM HEPABEHCTBAM.
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0,5 [-m-=mmmmmmmmmmmmmmmmmmmoe e ‘

0,8 1

v
>

Puc. 9.6

Kak BugHO W3 puc. 9.6, umeerca TOJBKO OJHA CUTyallds PaBHOBECHS
no Hamry B cmemrannbix crparerwsx: A = 0,8, u = 0,5 = H(0,8,0,5) =
= 2,5, H,(0,8,0,5) ="74.

[Tocne paccMOTpeHUs ATUX TMPUMEPOB MPOBEIEM aHAIN3 HEPABEHCTB
(9.8). Paccmotpum cityuaid, korja

A£0, B£0, 0<% <1, 0<2<1. (9.9)
A B
B aTom ciyuae cymecTByeT Touka paBHOBecHsl Mo Harmy B cMeraHHbIX
b a
A=—, p=—. 9.10
3 M7 (9.10)

N3 stix opMys BUIHO, YTO CMEILIAHHAS CTPATEerusi UTPOKA TOJTHOCTHIO
OIpeNeNsieTCsl MaTpUled BBIMIPHINIA JPYroro urpoka. MHbIMU clioBamu,
paBHOBecHasi mo Hamry cuTyanusi onpenensieTcsi He CTOJIbKO CTPEMJICHUEM
YBEJIMYUTh CBOM BBIMIPBII, CKOJIBKO KEJIAHUEM JIEpP’KaTh IO/ KOHTPOJIEM
BBIUTPBIIIL JIPYTOr0 UTPOKA.

Boruncium niis crpareruii (9.10) BeTMUKUHBI BBIUTPBINIEH UTPOKOB. M3
dbopmyn (9.9) u (9.10) cnexyet, 4TO

— A
Hl(b aj:Aéi_aé_"(azl_azz)ﬁ"‘azz=a11a22 fta det

E’Z BA B A A trlA_trzAa
H2 (é’ﬁj:Béﬁ_Bﬁ_i_(blz_bz )£+b22 :b11b22_b12b21 _ detB .
B'4) "BA4 4 B B tr,B—1r,B

31ecs 0003HAYEHO
triA=ayn +an, trnd=a;*+ a,
I,‘I"lB = bll + bzz, tl"zB = b12 + b21.
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10. MakcumagabHblie o Ilapero crpareruu

PaccMoTpuM OUMaTpu4HyIo UTpy

(a,:0,)  (apsb,) o (a3h;) .. (a,3b,)
(ay30y)  (ay30y) oo (ay;30y;) o (ay,3by,)
Co (10.1)
(a,50,)  (an3h,) o (aysbp (a,;b;)
(@,;b,1) (a,,:0,,) ... (a,b,) ... (a,:D,)

B YUCTBIX CTpaTEeTUsIX.

OntumansHocThb 1o Ilapero. B cooTBeTcTBHM € 00IIMM ONIpeIeICHH-
eM ontuMaibHOCTH 10 Ilapero mapa crpareruit (i=;j«) Ha3pIBa€TCS MaKCU-
manvrou no Ilapemo B 6umarpuunoi urpe (10.1), ecnu ajist 1r060# mapsl

crpareruii (i;) cucremMa HepaBeHCTB q, ; <q,;; b, ;. <b,, B KOTOPOii XOTsI

OBl B OJIHOM U3 HUX CTOUT CTPOTO€ HEPABEHCTBO, ABISIETCS HECOBMECTHOM.
DTO O3Hayaer, 4Tto MakcumaibHas 1o [lapero mapa crparerui

HE MOXXET OBITh YJIy4IlleHa MO KPUTEPHUIO OJHOTO WUrpoKa 0e3 yXyAIICHUS
10 KPUTEPHUIO APYTOro UTPOKA.

Ilpumep 1 (HeaHTArOHHUCTHYECKAS KOHKYpPeHUUsI JIBYX (upm
B YCJIOBHSIX OTPAHUYEHHOr0 BpeMeHM cObITa). PaccMoTpum mpumep 5
u3 naparpada 5 o 1Byx pupmax, IpoU3BOASAIIMX CE30HHBIN ToBap. CuuTa-
€M, UTO LeJb KaXKJ0W (PUPMBbI 3aKII0YAETCA B YBEJIMUEHUU CBOETO JI0XO/1.

Paccmorpum cnyuai n = 4 uc = 1. Torma matpuust 4 u B, npeacras-
JsoIre o000 10X0ael PupmM, OyAyT UMETh BUJ

2 1 2 3 2 3 2 1

3 L5 1 2 St Ls o2

12 21 1)/ 1201 11
1 1 1 0,5 32 10,5

Buguwm, uro a; + b; # 0.

Hanecém Ha minockoctu (a,b) TOUKHM C KOOpAMHATAMHU a = a;, b = by,
[Tonmyyum kapTuHKy, n300paxk€unyto Ha puc. 10.1. M3 storo pucynka
BUJIHO, YTO MakcumanbHbie o [lapeTro mapamu ctpareruit OyAayT Te, KOTO-
PBIM COOTBETCTBYIOT TOUKU M3, M7, Mg. TOUKE m3 COOTBETCTBYIOT JBE Ma-
pul ctpateruit (i = 1; j=2), (i =4;/ = 1). Touke m; COOTBETCTBYIOT TpH Ia-
pol ctpateruit (i = 1;j=1), (= 1;j=3)u (i =3;j = 1). Touke mg cOOT-
BETCTBYIOT JIBE Napkwl cTpareruii (i = 1;j=4), (i=2;j=1).
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MoOHO BBIJICTTUTH JIBa 3Tarla PACCMOTPEHUSI OMMATPUYHOMN UTPHI.

Ilepeviti oman 0a3upyercs Ha OTHOLIEHUH JOMUHUpoBaHus no [Tapero
rap cTparerud UrpokoB. Ha 3ToM 3Tare Urpoky BBICTYIAKOT KaK MapTHE-
pbl. Haxonurcs MHOkKECTBO MakcuMalbHbIX 110 [lapeTo map crparerui.

bA

& U — touka yronuu
3 N T

IS

Puc. 10.1

Bmopou sman 3aknro4aeTcs B pEIIEHUH BOMPOCA, KAKYKH) MaKCHMallb-
Hyto 1o [lapero mapy crparermii Opath? JlroOble JBE MaKCHMAaJIbHBIC
o ITapeTo mapel cTpareruii He cpaBHUMBI 10 [1apeTo, TO ecTh yBennueHue
BBIMTPBIIIA OJHOTO UTPOKA BICYET YMEHBUIEHHUE BBIMTPHINIA Apyroro. [Ipu
CPaBHEHMHM JBYX MaKCUMaJIbHBIX IO [lapero map crpareruii UTpOKH M3
COIO3HMKOB IIPEBPAIIAIOTCS B TPOTUBHUKOB.

DTy CUTyalHI0 MOXXHO HPOWJUIIOCTPUPOBATH CIOBaMu IecHU B. Bbi-
COLIKOTO:

Ecmu npyr okasancs Bapyr
W He apyr u He Bpar — a Tak
[Tapust B ropbl 6epu ¢ codoi
Tam MOUMENIL KTO TaKOH.

OmHuM U3 MOIX0I0B BRIOOpa MakcuMaibHOU 1o [TapeTo nmapsl cTpare-
TUH SBJISIETCA Memoo uoeanvrou mouxku. Viercst Touka

a... n}%x a;, b.. n}a}x bij.

99



Ha nnockoctu (a,h) Touka C KOOPAMHATAMH (Amax,DOmax) HA3bIBACTCS
mouKkou ymonuu. 3aT€EM U3 MHOXKECTBA MAKCHUMaJbHBIX IO [lapeTro Touek
(a,b) umetcs Onmxaias K TOYKe yTOMHH TOYKa (a,,b,), KOTOpas Ha3bIBa-
eTcs uodeanvrou mouxou. UrpokaM mpepyiaraercsi OpaTh T€ Mapbl CTparte-
ruii (i,7), Ui KOTOpBIX a, = a;, b, = by;.

B mpumepe 1 (cm. puc. 10.1) Toukoil yronuu sBIsIETCSI TOYKa C KOOP-
nuHatamu (3;3). MneanbHOM TOYKOM SIBIISIETCS TOYKa 717, KOTOPOH COOTBET-
CTBYIOT Tpu niapsl ctpareruit (i=1;7=1),(i=1;j=3)u (i=3;j=1). Orme-
THM, YTO 3TH Napbl yIOBIECTBOPSIOT IPUHLMITY PaBEHCTBA (a; = b; = 2.).

PaccmotpuMm teneps 6umatpuunHyro urpy (10.1) B cMemaHHBIX cTpaTte-
rusix. [lepBblii UTPOK BBIOMPAET i-F0 CTPOKY C BEPOSITHOCTHIO A, BTOpoii
UTPOK BBIOMPAET j-i CTOJOEL C BEPOSTHOCTBIO L. rpoku nemaror BEIOOD
HE3aBHCHMO IpYyT OT Apyra. Torzma 4mcio z; = A, ABISETCA BEPOSTHO-
CTBIO COOBITHSA, 3aKJTFOYAIOIIETOCs B TOM, 4TO OyJeT BhIOpaHa i-s CTpOKa
u j-i cTomnoerl.

B Oumarpuunoit urpe (10.1) B cMemIaHHBIX CTpaTErusix TapaHTUPO-
BAaHHBIC BBIUTPHIIINA UTPOKOB PABHBI

m n m n
v, = mxaxrrgnzz%kiuj, V, = maxrngZaijkiuj. (10.2)
[T " A A - 5
i=l j=1 i=l j=1
Ha miockoctu (a;b) Touka M ¢ koopauHaTaMu (V,4;Vg) HaA3bIBACTCS MOYKOLU
status quo.

) A0 —0 o
[Tyctp mapa crtparerumii (A ,[I") sBISEeTCS CHUTyallleld paBHOBECHS
o Hamy B cMemanubix crparerusax. [omoxum

a, = ZZain?ug, b, = ZZ%K?M?M?- (10.3)

i=l j=1 i=l j=1
B nmaparpade 6 B 0011eM cityyae ObLUIO MOKa3aHO, YTO TOUKa (ao;by) AOMU-
HUPYET TOUKY Status quo (V4;Vg), TO €CThb V4 < ag, Vz < by.

Paccmorpum Gonee oOmmii ciaydaid, KOrjla Ha MHOXKECTBE YHCTBIX
CTpaTeruii MOYKHO PEaTu30BaTh MPOU3BOJILHOE BEPOSITHOCTHOE pacIpejie-
JIEHUE z;, @ HE TOJIbKO IPOU3BEJCHUE HE3aBUCUMBIX pacnpenenenuil. Ta-
KOM TIOJXO0Jl O3HAYaeT MpPOsIBICHUE 3pgexkma Koonepayuu WUTPOKOB.
B sToM ciyuae Ha miiockocTH (a,b) mOJTyYuM MHOKECTBO

D={@b)a=>az, b=>Sbz 20,33z =1} (10.4)

=1 j=1 =1 j=l =1 j=1
DTO MHOXKECTBO SIBIIICTCS BBITYKJIBIM MHOTOYTOJIBHUKOM C BEPITHHAMH
B TOUKax (a;,b;). Ero makcumaiphsle 10 [TapeTo ToUkM cOCTaBIAIOT CEBEPO-
BOCTOYHYIO Tpanuily. M3 3Toro MHOKecTBa MakcuMaibHBIX 1o [TapeTo To-
yek (a,b) uinercs: Onvkaiilias K TOYKE yTONUU TOYKa (axb+). DTa TOUKa
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Ha3bIBACTCS UOEAIbHOU MOYKOU B CMEUIaHHBIX cTparerusx. Mrpokam
npejyiaraeTcst opath Te cMmenanubie ctpateruu (10.2), y KoTopbix

m n m n
A =ZZ%%~» b, =ZZ’%~]~ZU-

i=l j=1 i=l j=1
IIpumep 2. B npumepe 1 uaeanbHas Touka B CMEIIAHHBIX CTPATETUsIX

COBIIAJIACT C UJICATHLHON TOUKOM B YUCTHIX cTpaTerusx (cm. puc 10.2).
A
U — Touka

Mg

v

IMpumep 3. Paccmorpum ur-
py «dunemma y3HHUKOB» (TIpH-
mep 6 u3 maparpada 9). ObmacTb
D wm3obpaxena Hapuc. 10.3.
Toukoi yTOIMHU SABJISIETCSA TOYKA
(0;0). MneanibHOM TOYKOM SIBISI-
ercs Touka (—1;—1). Eii cooTBer-
CTByeT mapa crpareruii (i = 1;
j =1). D10 o3Hauaet, yTO 0OOUM
UIPOKaM HY>KHO MOJ4aTh. JTa
TOYKa Jy4Ille JjIsi 000MX HIpPo-

Puc. 10.3 b KOB, 4YeM paBHOBecHas 1o Haury
To4YKa (—6;—06).

IIpumep 4 (cemeiinblii ciop 2). Myx (mepBblii UTPOK) U KeHA (BTO-

pOIl UTPOK) MOTYT BBIOPATh OJIHO U3 TPEX MEPOIPHUATUI: OCTATHCS JIOMA,
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MONTH B FOCTU K MaM€ MYyXa WM CXOAUTh B FOCTU K Mame keHbl. Eciau
oHM ocTaHyTcs oMa (i = 1, j = 1), To 006a mojiyyaT OJIMHAKOBOE yJA0BOJIb-
CTBHE, KOTOpPOE€ OLEHMBaeTcs uuciaoMm 2. Ecim My ocTaHercs aoMa
(i = 1), a>xeHa molAET B TOCTH K MaMe Myxka (j = 2), TO MOJTy4YeHHOE MY-
KEM YJOBOJIbCTBUE OLEHHUBAETCS YHUCIOM 2, a MOJIYYEHHOE KEHOH YJIO-
BoJibcTBUE — yuncioM 0. Eciu myx ocranercst qoma (i = 1), a )xeHa noii-
IET BTOCTU K cBoell Mame (j = 3), TO MOJYyYEHHOE MYXEM YJIOBOJIBCT-
BUE — 4YuciaoM (—1), a momydeHHOE >KEHOH YyJOBOJIbCTBUE OILIEHUBAETCS
gucioM 3. OcraBliuecs ciydyad OLEHHUBAIOTCA aHAJIOrM4YHO. KTorosas
MaTpuIila UTPbl UMEET CIICAYIOIIUN BUI:
(2,2) (2,00 (-L3)
C=|G3,-1) (3,1 (1,1)

0,2) (-L-1) (1,3)
BriOop mepBoii, BTOpOH WM TPEThEM CTPOKHM MY>KEM O3HayaeT, YTO OH,
COOTBETCTBEHHO, OCTA€TCsA JoMa, MAET K CBOCM MaMe MM HUAET K MaMe
»KeHbl. BBIOOp MEpBOT0, BTOPOTO WJIM TPETHETO CTOJIONA KEHOU O3HAYaerT,
YTO OHA, COOTBETCTBEHHO, OCTAETCS AOMA, UAET K MaM€ MYy>Ka WU HUIET
K CBOCH MaMe.
Hanecém Ha mockocts (a,b) Touku (a;,by), i,j = 1,2,3 (cM. puc. 10.4).

ms . 3| M k, ________ U — Touka yronuu

. : e

Ll

: ! mli

o me &

i 1 . :r msi

| E my
-1 12 3 a
S ma

Puc. 10.4

MaxkcumanbabiMu 10 [lapeTro mapamu cTparteruii sIBISIIOTCS T€, KOTO-
PBIM COOTBETCTBYIOT TOUKH Mg, My, Ms. Touke my = (1;3) COOTBETCTBYET
napa ctpareruit (i = 3, j = 3); Touke m; = (2;2) COOTBETCTBYET Iapa cTpa-
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teruii (i = 1, j = 1); Touke ms = (3;1) cooTBETCTBYET mapa cTpareruii (i = 2,
j = 2). Takum 00pa3oM, MakcuMalibHOe 110 [lapeTro moBeneHue B JTaHHOM
IpUMepe 03HAYAET, YTO OHU JIOJKHBI OBITH BMECTE.

Haiiném Touky yronuu

U - (amaxabmax):

rae a, .. max a; = 3,b,.. max b; =3.
bimxkaniien K Hell TOYKOW U3 MHOKecTBa Ilapero-MakCUMaJIbHBIX TOYEK
{mg,my,ms} siBISIETCS TOuka m; = (2;2), KOTOpPOW COOTBETCTBYET IMapa
ctpareruii (i = 1, j = 1). Ota mapa cTpaTeruii AMKTYEeT UTPOKAM OCTAThCS
Joma.

MmuoxectBo D, onpenensiemoe dhopmynamu (10.2), ayist paccMarprBae-
MOM UTpbI pUBeIeHO Ha puc. 10.5.

b
my 3 | . o U — TOUKa yTOIHH
my i
27 V — uneanbHas TOUKa
1 T I7’}’15
-1 1 2 3 a
mg 1 my

Puc. 10.5
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11. Apourpaxkuas cxema Hama

[Ipeamnonoxum, 4TO UTPOKU TOPTYIOTCS O TOM, KaKyl0 TOYKY MM BbI-
Opath U3 MHOXKecTBa D, onpenaensiemoro dhopmysoit (8.4) u3 maparpada 8.
OHU MOTYT COTJIaCHUTHCS Ha MaKCUMaJIbHBIC 110 [lapeTo TO4kKM 3TOro MHO-
xkectBa. OHaKO MPHU BHIOOPE KOHKPETHOW TOYKH M3 MHOXKECTBA MAaKCH-
MaJbHBIX 110 [lapeTo Touek BO3HUKAET MpobiieMa, MOCKOIbKY YBEIHUYCHHE
BBIUTPHIIIIA OJHOTO WIPOKAa YMEHBINAET BBIMTPHIN Apyroro. OmIHUM U3
CrIoCOOOB BBIXOJa M3 JTOTO TYyIHUKa SIBISETCS oOOpalieHue HUIrPOKOB
K apOuTpy — OECHPHUCTPACTHOMY IMOCTOPOHHEMY JIUIlY, KOTOPOE MOKET
pa3peiuTh KOH(MIUKT, TPEeAJIOKUB UTPOKaM HEKOTOpoe pelieHue. Mare-
MaTUYECKH 3TO O3HAYAET, YTO UMEETCA apOUTpa)xKHasi cxema, KOTopasi CBsI-
3BIBACT C KaXKJOW WTPOM JIBYX JIHMI] C HECTPOTHUM COTIEPHUYECTBOM CIHH-
CTBEHHBIM IUIATEXK UTPOKAM.

[TepeiinémM K pacCMOTpPEHHIO apboumpadichou cxemvt Howa. Pemenue,
MOJIy9aeMoe TI0 3TOH cxeMe, OyJeM HasbIBaTh apOUmMpaXNCHbIM peuleHuem
Howa.

Jlns kaxmoro MHoxectB K — R° paccMoTpuM MHOXkecTBO N(K) Tex
TOYEK TUIOCKOCTH, KaKJasl U3 KOTOPBIX JOMUHHPYETCS HEKOTOPOW TOUKOM
u3 MHOXecTBa K, TO ecTh (cM. puc. 11.1)

NK) = {(x,y) € R 3(u,y) € Kiu>x,v >y} (11.1)

y

%7

Puc. 11.1

OTMeTuM HEKOTOphIe cBoMcTBa MHOXKecTBa (11.1).

2. Eciin MHOkeCTBO K SIBISIETCSI KOMITAKTOM, TO MHOECTBO N (K) siB-
JII€TCS 3aMKHYTBIM.

B camoMm gene, mycTh MOCIEAOBATEIBLHOCTh TOYEK (X,,),) € NK) u
(XuVn) = (x,y). Torga cyiecTByeT MOCHENOBATENBHOCTh TOYEK (U,,V,) € K
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TaKas, 9TO Uy, > X, V, = VY, IIOCKOTBKY MHOXECTBO K SIBIISIETCS KOMITAKTOM,
TO, TIEPEXO/Is1, €CIIN HY>KHO, K MOAMOCIIEIOBATEILHOCTH, MOKHO CUUTATh, YTO
(Up,vn) = (u,v) € K. 151 ipeieIbHBIX TOYEK BBITTOJTHEHBI HEPABEHCTBA U > X,
v > y. CaengoBaTenbHO, IpeaenbHas Touka (x,y) € N(K).

3. Ecnu mHOXecTBO K SIBIISIETCS BBIMTYKJIBIM, TO BBIMTYKJIBIM SIBJISICTCS
1 MHOXeCTBO N (K).

B camom nene, nycts aBe Touku (x;,y;) € N(K). Torna Haitnytcst nse
TO4YKU (u;,v;) € K Takue, 4To u; > X;, v; = y;. [loaromy nis moboro yucia
A € [0,1] BeimonHeHbl HepaBeHCTBa Auy + (1 — A)uy > Axy + (1 — A)xp, Avy +
+ (1 =AW, > Ay; + (1 — A)y,. Otcrona u u3 Toro, uto Touka (Ax; + (1 — A)x,,
M+ (1 =A)») € K cnenyer, uro Touka (Au; + (1 — Aun, Avy + (1 —A)w,) € NMK).

4. s mo6oro MHOMkecTBa Z C R Touka B = (B1,B,) € R°0603HauNM

Z+B ={(xy) e Rlx=u+B,y=v+pyrI (u,y)eZ}.

Torma N (K+ B)= NK) + B.

B camoM zene, umeeM (x,y) € SK)+ B < (x — B, v — Bo) e NK) &
S u>x— By, v=y— B, 1 HeKoTopor Toukd (u,v) € K & up>x, vi>y
171 HeKOTopoit Touk (u1,v)) € K+ B < (x,)) € MK+ B).

5. Hna moboro MHOXecTBA Z C R u JUIsL 000K MaTPHIIBI

a, da

1

A=( TR 06osHaunM AZ = {(xy) € R2| X=anu+ apv,y =ayu+
ay, dy

+ apv:A(u,y) € Z}.

O D) eC - - D) e C D) IO

N(AK) = ANK).

B camom nene, mycth Matpuinia A UMEET HeOTpHUIIaTeNIbHbIE KOd(huIm-
entbl. Torma (x.,y:) € ANK) = xv = anu + apv, y+ = aqu + apv
JU1s HeKOTOpor Toukd (u,v) € NK) = x4 = anpu + apv, v+ = anu + ayyv
IIPU HEKOTOPOH TOYKE (14,V), YAOBICTBOPSIOIICH HEPABEHCTBAM X > U, Y 2> V

7T HEKOTOPO# TOUKH (x,)) € K = x > x;, ¥ > y, JUIS HEKOTOPOH TOYKH
(x'y) € AK = (x1,y4) € SAK).

-1 O O -1
OGparnas marpuna A~ = 4 C|m AT = b MMEET I10-

0 b a 0
JOXKUTENbHBIE KOAPPUIIMEHTHI. M3 TOJIBKO YTO JOKAa3aHHOTO BKJIFOYCHHS
cienyer, uto A NAK) € NUA(4AK)) = S(K). Otcrioga monydnM, 4rto

N (AK) c ANK).
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Onpeneienne 1. MuoxxectBo K  R® Ha3pIBaeTCS CUMMETPHYHBIM OT-
HOCHUTEJIBHO OUCCEKTPHUCHI MEPBOTO KOOPJAWHATHOIO YIJIa, €CIU U3 TOTO,
qTO TOuKa (x,)) € K cinenyet BkitoueHue (1,x) € K.

6. Eciu MuOKecTBO K R sBIIsieTcst CUMMETPUYHBIM OTHOCHUTEITLHO OmC-
CEKTPHUCHI TIEPBOIO0 KOOPAMHATHOTO YIia, TO CUMMETPUYHBIM OTHOCUTEIILHO
OUCCEKTPUCHI IEPBOTO KOOPAWHATHOTO yTJIa SBJSIETCS MHOXKECTBO N(K).

B camom mene, mycth Touka (x,)) € N(K). Torma u3 dopmynst (11.1)
CIEeAyeT, 4TO U > X, V > ) JJIsl HeKoTopou Touku (u,v) € K. 3 cumMmerpun
MHOXecTBa K cieayet, uto Touka (v,u) € K. OTcrona, UCHOJb3ysl HEpa-
BEHCTBA V >y M U > X, IOTy4IUM BKII0UeHHE (),X) € N(K).

3ameuanne 1. Byxem roBoputs, 4to Touka (x,y) € R’ JOMHHHpYeET
no [Tapero Touky (a;b) € R*, ecnux > a u y > b, npuuéM X0Ts ObI B OJHOM
U3 3TUX HEPABEHCTB CTOUT 3HAK CTPOTOro HEPABEHCTBA.

ApbOutpaxkHas cxema Hpaiiia 1 KakJ10r0o BBIMYKIJIOrO KoMIakTa K C Ru
JUTS KaK10M Toukd (x,)) € N(K) yKa3bIBaeT €UHCTBEHHYIO TOUKY (Xx,)x) €
€ K, KoTopasi UHTepIPEeTUPYyETCs Kak onTUMajbHas cutyanus. B dopmanu-
30BaHHOM BHjIe apoutpaxHoe pemieHue Homa sisnsiercst pyHkuumein F, KoTo-
pas KaXJIOMy BBITyKIOMYy KoMmakty K — R° W kaxaoi Touke (x)) €
€ AN(K) cTaBUT B COOTBETCTBUE E€AMHCTBEHHYIO TOUKY (x+,)+) € K. Bynem
0003HauaTh

(%) = FI(x,0);K] = (Fu[(x,0): K] F) [(x,):K]).

Cuuraercs, 9T0 apOUTPaKHOE PEIICHHUE JOKHO yIOBIECTBOPSTH Clie-
JYIOIIUM YCIIOBHSIM.

Venosue 1 (umousuoyanvuas payuouanvHocms). Jns mo00M TOYKH
(x,y) € N(K) BBINIOJIHEHBI HEPABEHCTBA

x S F[(xy)iK], y < Fy[(x,0):K].

Vcnosue 2 (konnekmusnas payuonanronocms). s mo00u TOUku (x,))
e N(K) He cymectByeT Touku (#,v) € K Takoi, 4TOOBI OHA JOMHUHUPOBAJIA
no I[Tapero Touky F[(x,y);K].

Venosue 3. Tlyets K u K| — BbIyKIIble KOMIAkTh, F u F') — ap6ut-
paxubie pemenuss Hama Ha Hux. Ilycth cymiecTByer nuHelHOe mpeoOpa-
30BaHUE

x1=ox+BLyi=oy+ P, o >0,0,>0 (11.2)
TaKoe, 4To
Ky = {(x1,y1) € RExi=oux+ By, y1 =y + B, (x,0) € K}, (11.3)
Torna
F(oux + Bis ooy + B2)iKi] = auFaf (x,):K] + B,
FV(oux + Brsoy + BoiKi] = 0By [(x,0):K] + Ba. (11.4)
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CMBICIT 3TOTO YCJIOBHUS 3aKJIIOYAETCS B TOM, YTO apOUTpakHOE pellie-
HUE HE JJOJDKHO 3aBUCETh OT BhIOOpa Hadayia OTCYETAa M OT MaciuTadba u3-
MEpPEHUU BBIUTPBILICH.

3ameuyanme 2. V3 Bujga nuHelHOro mnpeooOpazoBanus (11.2) uwus
CBOMCTB 4 1 5 MHOkecTBa N(K) clieryeT paBeHCTBO

N(Kl) - {(xlayl) € R2: xl =oux T Bls yl = Y + B27 (xay) € N(K)}

Venosue 4 (cummempus). Ecnn MHOXKECTBO K CHMMETPUYHO OTHOCH-
TEJIbHO OHCCEKTPUCHI MEPBOr0 KOOpAMHATHOrO yria, To F[(4,1);K] =
F\[(t,1);K] nns nro0oit Toukw (4,f) € N(K).

Vcnosue 5 (nezasucumocmv om nocmoponnux anemeprnamus). 1lyctb
BBINTYKJIbIA KOMNAKT K+ C K W 1711 HEKOTOpor TOYKH (x,y) € N(K+) BbI-
noyiHeHo ycnoBue F[(x,y);K] € K+ Torma F[(x,y);K+] = F[(x,));K].

Jpyrumu cioBamu, J00aBJICHUE HOBBIX MCXOJIOB HE JOJKHO MEHSTh
MPEANOYTECHUE CTAPBIX.

Teopema 1. Ilycte MHOXeECTBO K SBIISIETCS BBITYKJIBIM KOMITAKTOM.
Torga apburpaxnoe peurenue Hoia cymecTByeT u eIMHCTBEHHO.

Joka3zareabceTBo. [ kaxaou Touku (x,y) € N(K) paccMoTpum ciie-
JYIOIIYIO0 ONTUMU3AIMOHHYIO 3a]1a4y:

w(x,y) =max(u —x)(v—y); (u,v) e K,u>x,v=>y. (11.5)

N3 Toro, uto MHOXkECTBO K SIBISETCA KOMIAKTOM, CIECAYET, YTO pEIIe-
Hue (up,vo) B 3aaade (11.5) cymectByeT. Bo3MOXXHBI 1Ba Citydas.

[Tycte w = w(x,y) > 0. IlokaxkeMm, 4TO MakCUMaJbHOE 3HAUYCHHUE B 33]1a4e
(11.5) nocturaercs B €TUHCTBEHHOM TOYKE Uy = X+, Vo = y+. OTMETUM, UTO
B pacCMaTpyMBAEMOM CITy4dae BBIIIOJIHEHBI HEPABEHCTBA Uy > X, Vo > . [o-
yCTUM, YTO CYHIECTBYET emé Touka (u;,v;) € K, u; > x, v; > y Takas, 4To
w = (U1 —x)(vi—y) = (o—x)(vo— ).

[Ipu w > 0 dyHKIIMSA W/t IBISIETCS CTPOTO BBIMYKIION mpu ¢ > 0. DT0
3HAYHUT, uTo ecmu O <A <1wmt,>0, %> 0, TO

w w w w w
T (=), <xtl +(1 X)tz :>w<(7» 1 +(1 x)tzj(ktl+(l Mt,).
Bo3emém ¢; = u;—x, i = 0,1. Torma w/t, = v;— y. OTcroaa v U3 IpeablayIero
HEpaBEHCTBA MOJYYHUM, YTO

w < (Avi—=p) + (1 =2)vo— )M —x) + (1 = A)(uo—x)) =

= (v + (1 = A)vo—py)(Auy + (1 — Aup— x).

Komnakt K siBisiercs BoimykiabiM. [loatomy Touka (Au; + (1 — A)ug; Avy +
+ (1 -2y € K.
B aT1oii Touke 3HaueHue 1eneBoi Gynkiuu B 3aaa4de (11.5) 6onbmie w. Ilo-
JY4YUIIU TPOTUBOPEYHE.

107



[Ipu w = 0 MakcUMallbHOE 3HAYEHUE JIOCTUTAETCS JIMOO MpH U = X, JIH-
00 nipu v = y. IIycTth u = x. [1o710%KUM B 3TOM ciiy4dae

X+ =X, y»=max{z: z >y, (x,z) € K}. (11.6)
AHAJIOTUYHO TIPU V = ) TOJI0KUM
X+ =max{z:z2x, (z,y) € K}, y==y. (11.7)

Takum o6pazom, kaxmon Touke (x,y) € N(K) mocTtaBuiiv B COOTBET-

CTBUE €IMHCTBEHHYIO TOUKY (X,)+) € K. O003HauUM

xx = F[(x,0):K], y« = Fy[(x,y);K]. (11.8)
[TokaxxeMm, yto pemienue (11.8) ynosnerBopsieT chopMyIupOBaHHBIM YCIIO-
BUSIM [—5.

Vcnoeue 1. HepasenctBa x < Fi[(x,y);K], y < F)[(x,y);K] nns nro0oit
ToukH (x,)) € N(K) cnenyrot u3z popmymn (11.5)—(11.8).

Vcnosue 2. Ilycthb A1t HEKOTOPO#M TOUKH (Xo,)0) € N(K) HaWAETCSA TOYU-

Par
Ka (u,v) € K takas, uro (u,v) > F[(x,,1,); K]= (%, y.).

Ecmu u > x« mv>y«, To W= (X« — X0)(yx— y0) < (1t — x0)(V — yp). ITO He-
PaBEHCTBO MPOTUBOPEUYUT JOMYIICHUIO, YTO W €CTh MaKCUMAaJIbHOE 3Have-
HUe 1eyeBoit hyukiuu B 3anade (11.5).

Ilycts, Hanpumep,

M>X*I/IV:y*. (119)
Ecm w = w(xo,y0) > 0, TO xo < x+ = F\[(X0,50);K] 11 yo < y= = F\[(x0,)0);K].
OTcroia MOIYyYUM, UTO U > X+ > Xo U V = Vx> ). CneqoBaTenbHO, W = (Xx —
— X0)(y+— yo) < (U — x0)(V — y9). ITO HEPABEHCTBO MPOTHUBOPEUUT JIOIYIIIEC-
HUIO, 9TO W €CTh MaKCUMaJbHOE 3HAYCHHWE I1eJIeBOM (PYHKIMHM B 3a/Jade
(11.5).

ITycte w = 0. Torma Ttouka (xx,)+«) ompeaensiercs OJHOU U3 (PopmyJl
(11.6) wmm (11.7). Ecnu x+ > xo, y« = )y, TO nepBoe HepaBeHCTBO B (11.9)
MPOTUBOPEUYUT OMPEACICHUIO TOUYKU (X+,V+) hopmymoit (11.6). ITycTh x+ =
= Xo ¥ y=>y,. Toraa uz (11.9) cnenyer HepaBeHCTBO 0 = (x+ — Xo)(y* — Vo) <
< (u — x0)(v — ypy), KOTOPOE MPOTUBOPEUUT JAOMYIICHHIO, 4UTO W = ( ecTh
MaKCUMaJIbHOE 3HAaYeHUE 1eIeBoi GyHKImH B 3amade (11.5).

Vcnosue 3. Ilycts obmacte K| momydaercss u3 o6gactd K ¢ IIOMOIIBIO
auHenHoro npeobpazoanusa (11.2) u3amaéres dopmynoi (11.3). Torma
touka F(oux + Br;any + B2);K] sBIseTCs pelieHueM 3a1auu

wy = max(u; — ax — Br)(vi— oy — Ba)s(uy,v1) €
eKl,ulzoclx-FBl, VIZOLZ)/—'_BZ- (1110)
[Toncraisist crona u; = oyu + B, vi = apv + B, MOAYyYUM CIEIYIONIYIO 3a-
nagy:
w; =max(o,(u —x)o(v—y)); (u,v) € K, oqu = ox, ayv > o).
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Otcrona, yuuTtbiBasi, 4To uncia o, > 0, OyjeM uMeTh

w,
L =max(u—x)(v—y));u,v)eK, u>x, v y.
(X’IG‘Z
w,
CnenmoBartebHO, L =w=w(x,y). [loatomy, ecmu w > 0, To 3amada
o,

(11.5) umeer emuHcTBeHHOE pemieHue. CieaoBaTeNIbHO, €IUHCTBEHHOE
pemenue umeet v 3aaada (11.10) u BeimosHeHs! paBeHcTBa (11.4).

Ecomm w = 0, To w; = 0. IlycTs, HanmpuMep, MaKCUMAJIBHOE 3HAYEHUE
B 3amaue (11.10) mocruraercsa mpu u; = oyx + PBy. Torma B 3amaue (11.5)
MaKCHMaJIbHOE 3HaueHue aocturaercs npuu = x. W3 dopmynsr (11.6)
UMeeM, 4TO

F P oux + Brsony + Ba)iKi] = oux + Br = ouFu[(x,y):K] + B,
F Y (oux + Brsowy + Ba)iKi] = max { £ f2 agy + Poy(oux + Biyf) € K1} =
=max{o,z + B0z + B1 = oy + Bo,(x;z) € K} =
= aymax{z:z>y,(x;z) € K} + B =
= oF[(x,0);K] + o

Vcnosue 4. 1lycth MHOXKECTBO K CUMMETPUYHO OTHOCUTEIIHO OMCCEKT-
pUCBHI TIEPBOrO KOOpAuHATHOro yria. Torga m mMHOxkecTBO N(K) sBisieTcs
CUMMETPUYHBIM OTHOCUTENBHO 3TOM OuccekTpuchl. g Touku (4,f) € N(K)
3amaya (11.5) umeer Bua

w=max(u—1)(v—1); (uv) e K,u>t,v=>t.

HonycTtum, uto w = (uy — £)(vo — t) JIs1 HEKOTOPO# TOUKH (19,Vo) € K,
up > t, vo = t. Paccmotpum Touky (f.f), rae f= 0,5u, + 0,5v. Torna u3 BbI-
MyKJIOCTU MHOXecTBa K cienyet, uto Touka (f.f) € K u f > t. [lanee,

(F= (=)= (=1’ = 0.25((uo— 1) + (o~ D)2 (o~ )(vo— 1) = w.
3HaKa CTPOroro HEpaBEHCTBA 3/IeCh OBITh HE MOXKET. PaBEHCTBO K€ BbI-
MOJTHSIETCSI TOTJIA U TOJBKO TorAa, Koraa (uy—t) = (vo— t) < up = vo. Takum
00pa3oM, BBIIIOJIHEHO PABEHCTBO [ (£,1);K] = F,[(,¢);K] nns moboro ¢ € R.

Yenosue 5. IlycTh BBINYKIIBIA KOMOAKT K+ C K 1 1711 HEKOTOPOU TOYKH
(x,y) € N(K+) BoinmonHeHo ycnoBue F[(x,y);K] € K+. DTO 3HauuT, 4TO pe-
menue (uo,vo) 3anaun (11.5) nexut Bo MmHOXKecTBe K+ — K. CienoBaTeib-
HO, d9Ta TOouYKa OyJeT SBIAThCS pemieHrneM 3amauu (11.5) u npu ycnoBun
(u,v) € K+. Crano ObiTh, TpeOyeMoe paBeHCTBO F[(x,y);K+] = F[(x,y);K]
BBITIOJTHECHO.

JIokaxeM Tenepb eouHcmeeHHOCmb apoumpadxcno2o peuwenus Howa.
[Iycts umeeTcst QpyHKIMENH L, KOTOpas KaXXJOMY BBIMTYKJIOMY KOMIIAKTY
K c R* u xaxioii Touke (x,)) € N(K) CTaBUT B COOTBETCTBUE CIHHCTBEH-
Hy10 TOuKy L[(x,y);K] € K. [TokaxeM, 4TO €ClIu OHa yJOBJIETBOPSET YCIIO-
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BUsiM -5, TO oHa coBmamaet ¢ pyHkuuen F[(x,y);K], onpenensemoit dhop-
mynamu (11.5)—(11.8).

3adukcupyeM TOUKy (xo,)0) € N(K) u 0603HaUNM

U% = Fi[(x0.0);K], V(()) = F)[(x0,00);K];
u = L (x0.0);K], v' = Ly[(x0,y0);K]. (11.11)

PaccmoTpuM BHauaze cirydail, Korja ONTHMaIbHOE 3HAYCHHE I1€JICBON
dbyukiuu B 3an1aue (11.5) w(xg,yo) = 0. Pa3zdepém paznuunbie ciydau, KOTO-
peie crienytotT u3 gopmya (11.6) u (11.7).

[TycTs xo = uo, yo = vo. Torma u3 ycnoBus 1, npumeHEHHOTO 17151 QYHK-
wuu L[(x,y);K], momydnm, 4To o = xo < u’, vo = yo < v'. Eciu x0Ts1 6Bl
B OJIHOM U3 3THX HEPABEHCTB CTOUT 3HAK CTPOTOro HEPABEHCTBA, TO MOJY-
YUM MPOTUBOPEUHE C YCIOBUEM 2, MPUMEHEHHBIM K QyHKUMU F[(x,y);K].
Cl1e/10BaTeIIBHO, B PACCMATPUBAEMOM CIIydae uy = u", vo =1'.

ITycts, HampuMep, Xy = Uy, Yo < vo. Toraa u3 yciaoBus 1, NpUMEHEHHOTO
st yskupn L[(x,y);K], momyuanm, 4to uy = xo < 1, yo < v". Eciu vy <V,
TO TOJYYUM IPOTUBOPEUYHUE C YCIOBUEM 2, MPUMEHEHHBIM K (QYHKIIMH
F[(x,y);K]. CnenoBarenbHO, Xy = Uy < u’, Vo < V< . Hy»xHo paccMoTpeTh
Clly4yai, KOorjja B OJTHOM M3 ATHUX HEPaBEHCTB CTOMT 3HAaK CTPOTOro Hepa-
BeHcTBa. Torma, ecmn uy = u’, T0 V' < V. [Tomyyum npoTuBOpEUHE
C ycIoBHeM 2, mpUMeHSHHbIM K dyukiuu L[(x,y):K]. UTak, xo = 1y < u’,
Yo < VO < Vo, Vo <.

Paccmorpum Touky (u',v') € K, rae u' = 0,5u + 0,54°, vl = 0,5, +
+0,5v". Torma ™ > 0,5x, + 0,5x0 = xo, V' > 0,5y0 + 0,5v0 = yo. Cnenona-
TensHO, (1 — xo)(v' — o) > 0. DTO HEPABEHCTBO NMPOTUBOPEUYUT TOMY, UTO
B pacCMaTpUBaeMOM CITydae ONTHMAJIbHOE 3HAYCHHE IICIICBOM (PYHKIIUU
B 3a7a4e (11.5) paBHO HYJIIO.

Cry4ait x < tg, Yo = Vo pACCMaTPUBAETCS AaHAIOTUYHO.

Paccmotpum tenepp mpumMep, KOrjaa ONTUMAaJIbHOE 3HAYCHUE LIETEBOU
dbyukiuu B 3agade (11.5) w(xg,y0) > 0. B aTom cityuae xo < ug, yo < V. Ilo-
Ka)KeM, YTO

(x —uo)(vo—yo) + (v — vo)(uo— xo) < 0 niist Bcex Touek (x,y) € K. (11.12)

Bozbpmém mo0yto Touky (x,)) € K u moboe uncio 0 < A < 1. Torna sro-
0ast Touka (x),)5) € K, vae x, = up + AMx — tp), Yo = vo + My — vp). Umeem (up—

— X0)(Vo — ¥0) = (xa — x0)(¥n. — yo) = (1o — x0)(vo — yo) T A[(x — uo)(vo— yo) +
+ (¥ — vo)(to— x0)] + A2(x — uo)(y — Vo). OTcroma momyanm, uto (x — uo)(Vo— Vo) +
+ (y — vo)(uo— X0)] + A(x — up)(y — vo) < 0.
Yerpemitsist uucino A — 0, momyyum HepaBeHcTBO (11.12).

N3 nepasenctna (11.12) cnegyeT, 4To MOMYIIOCKOCTh

G = {(x,y) € R*: (x — ug)(vo— o) + (v — vo)(tto— x0) 0} (11.13)
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coaepkuT komnakT K. Jlanee, CylecTByeT YUCIO a > 2 TaKoe, YTO KOM-
nakT K COAEp>KUTCS B MPAMOYTONBbHUKE | X—Xo | < a(uy — Xo), | ¥ — Yo | <
< a(vy—yo). Takum obpaszom, K < K., r1ie
K. = {(x) € R (x —uo)(vo— o) + (v = vo) tto — xo) < 0;
| x —xo| < a(uo—xo), | ¥ —yo| < a(vo—yo)}.
[TocTpoum nuHelHOE TpeoOpa3oBaHue
_ XX _ V=W _ _
X = N = = X=Xy +xUy —X), Y=, + 1 (v, = )- (11.14)
Uy— X, Yoo

[Ipu 3TOM mpeoOpazoBanumn BeIpaskeHue (x — uo)(Vo— Vo) + (v — vo)(uo — Xo) =
= (to—x0)(x1 — D(vo—y0) + (vo—y0)(1 — D)(tto—x0) = (tto—x0)(Vo— y0)(xX1 + y1—2).
CnenoBarenbHo, npu npeodpazoBanuu (11.14) mHOokecTBO K. mepexoauT
B0 MHOKecTBO K™ = {(x1,01) € R xi + < 2; | x1| <a, |y | <a}. Hanee,
npu nipeodpazoBanuu (11.14) Touka (xo,yp) nepexoaut B Touky (0,0), a Touka
(uo,v0) — B TOUKY (1,1).

Kommakr K sBIseTCS CUMMETPUYHBIM OTHOCUTENBHO OMCCEKTPHCHI
NEPBOro KOOpAMHATHOTO yria. [1oaTomMy M3 yclioBusl 5 MOMyYUM paBEHCTBO
LV[(0,0):K'] = L,"[(0,0);K"]. W13 ycnosus 2 cnenyer, uto L,'[(0,0;K'] = 1,
LY[0,0:,K 7= 1.

C nomompsio npeodOpazoBanus (11.14) BepHéMCcs K mEpeMEHHBIM (X,)).
N3 ycnosus 3 nomyyum

L (xo0);K:] = (tto— x0)LV[(0,0);K7 + x0 = (10— x0)1 + X0 = uho,
Ly[(x0y0):K:1 = (vo— yo)L, [(0,0:K7] + yo = (vo— yo) 1 + yo = v,
OTcro/ia ¥ U3 yCJaoBUS 5 MOTYyYUM, YTO
L [(x0,90);K] = L[ (x0,10);K] = 1o = Fi[(x0,00);K],
Ly[(x0,y0);K] = Ly[(x0,0);K+] = vo = F)[(x0,00);K].

3ameuanue 3. V3 ycnoBus 2 cnemayer, 4To i JiF0OOM TOYKH (X,)) €
eN(K) apOurpaxnoe pemenne Hnama (11.8) siBasercss mMakcuMalbHOM
o ITapeTto Toukon MHOXkecTBa K.

IIpumep 1. Paccmorpum npumep 4 u3 naparpada 8.

IToctpoum apobutpaknoe pemienue Homa. Ha puc. 11.2 u3zo0pakeHsl
MHOXecTBa D 1 NX(D). MuoxecTBo N (D) nexut Hrke jomaHot ABCF.

MakcumanbabiMu 110 [TapeTo ToukaMu MHOXKECTBA D SIBISIIOTCS TOUKU
otpe3ka BC, KOOpAUHATHI KOTOPBIX 3aJal0TCAd COOTHOLIEHUAMHU b = 4 — a,
1 <a < 3.Ha orpeske BC dynkuust (u —x)(v—y) = —u’ + (4—y + X)u — (4 —
— y)x. IlloaTomy 3anmava (11.5) npunumaer Bua

fu)=—-u'+@A -y+x)u—max, 1 Su<3, u>x,u<4d—y. (11.15)
MakcumanbHoe 3HaueHue QyHKIUM f{u) JOCTUTAETCS B TOUKE
_4-y+x

S
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Puc. 11.2

OtMeTtuMm, 4TO 1 JIr00OM TOukH (x,y) N €(D) BBINOJHEHO He-
paBeHCTBO x + )y < 4. [loaTomy

(x,y)eN(D):xSu*=(4_yT+xj <4-y, (11.18)

Cayuari 1. Iycts 1 < u« < 3. Cornacuo dopmyne (11.16), ato ycnoBue
BBITIOJIHEHO ISl TeX TOoUeK (x,)) € N(D), y koTopeiX | x —y | £ 2. B atom
cllydae TOYKa U+ yJIOBJIETBOpseT orpaHuueHusM B 3agade (11.15). TloaTo-

My pEIIeHHEM 3TOH 3amaun OyAeT Touka u«. Jlamee, v« = 4 — u«. Takum 00-
pasom,

(x,») €N(D), |x=)|<2= F[(x,y); D]=
4—y+x 4+y—x
:%9 Fy[(xsy)aD] :%°

OtmeTtum, 4TO v+ — ux = X — y. [lo3TOMY NpH MOCTPOEHUHU 1Sl TOUKH (X,)’)
apouTtpaxkHoro peuienus Hoaia Hy>XKHO MPOBECTH MpsIMyI0 @ — b = x — y 10
nepecedeHus e€ c npsimoit a + b = 4. Touka nepeceueHust OYIET SBISTHCS
MaKCUMaJIbHOM 1o Harry ToukoM /u1st UCXOIHOM TOYKH (X,)).

3apaua 1. PazoOpath ocTaBmmecs ciaydau.
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12. MHoromarosbie mNO3MIMOHHbIE UTPbI
¢ MOJIHO MHGopMaL el

PaccMmoTpenre mo3UIMOHHBIX UTP C MOTHON MHGOpMAIUEH U C KOHEY-
HBIM YHUCJIOM IIaroB HAYHEM C MPUMEDA.

Ipumep 1. PaccMoTpum crenyromryto urpy. Ha nmepBoM xoay nepBbiii
UTPOK BBIOMpaeT oaHo u3 uncen x € {1,2}. Ha Bropom xomy BTOpOH UTpoOK
BbIOMpaeT oAHo u3 ymcen y € {1,2}. Ha Tperbem X0oay nepBbIi UTPOK BHIOU-
paet ogHO u3 umcen z € {1,2}. [locie 3Toro BTOpoil UrPoOK IUIATUT MIEPBOMY
cymmy, paBHywo M(x,y,z), tne M(2,1,1) = 5; M(1,1,2) = —-1; M(2,1,2) = 2;
M@,1,1)=-2; M(1,2,1)=3; M(2,2,1)=2; M(1,2,2) =—4; M(2,2,2) =6.

[IpoBeném dopmanuzanuio 3agaun. [locTpoum nepeBo Urpbl (CM.
puc. 12.1).

Puc. 12.1

B HmwxHEUW BeplIMHE XOJ JENacT NEPBbIM UIpoK. B cruemyromux aByx
BEPIINHAX XOJ MPUHAJIEKUT BTOPOMY MIPOKY. B mocnenyromumx 4eTbIpéx
BEpIIMHAX XOJ JEJIACT MEPBbIA UIPOK. B KOHEYHBIX BOCBMH BEPIIMHAX
yKa3aHa BEJIMYMHA BBIUTPHIIIA IEPBOIO0 UTPOKA, €CJIM B PE3YJIbTAaTE BHIOO-
POB UTPOKOB OYyJET peain30BaHa 3Ta KOHEUHAas BEPIIUHA.

Yeptéx, momoOHbIN puc. 12.1, Ha3pIBaeTCs cesazanHbim epagom. I'pad
UTpbl, N300pakEHHBIN Ha puc. 12.1, ausercs nepeBom. ['pad B urpe mon-
KEH SIBISTHCS JEPEBOM, YTOOBI B KOHIIEBBIX BEPIIMHAX OBLI OJHO3HAYHO
OMPENENIEH BBIMTPHILI MEPBOTO UIPOKA, MOCKOJBKY B AEPEBE Kaxaas Ko-
HEYHas BEPIIMHA OJHO3HAYHO OMNPEIEISAET MyTh, COEAUHAIOIMN €€ C Ha-
4aJioM.
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PaccmoTpum uepwl ¢ noanou ungopmayueti.

IIpumep 2. Paccmorpum urpy u3 npumepa 1. Cauraem, 4To NpH BbI-
oope uncna y € {1,2} BTOpoif UTPOK 3HAET, KAKOE YHCIIO X HA TIEPBOM XOIY
BBIOpAJT TIEPBBII UTPOK. ['€OMETpUYECKH 3TO 03HAYAET, YTO BTOPOM UTPOK
3HAET, B KaKOM M3 JBYX BEpIIMH Tpada HaXOAUTCS TOYKA IOCiE BHIOOpA
nepBoro urpoka. [lanee, mpu BeiOope uucia z € {1,2} Ha TpeTbeM X0y
MIEPBBIN UTPOK MMOMHUT CBOM BBIOOP X M 3HAET BHIOOP, CACTaHHBIN BTOPBHIM
UrpokoM. ['eoMeTpruyuecKn 3TO 03HAYAET, YTO MEPBBIA UTPOK 3HAET, B Ka-
KOW U3 YETBIPEX BEPIIUH I'pada HAXOAUTCS TOUKa MOCJEe BHIOOpA, CACTIaH-
HOT'O BTOPBIM UTPOKOM.

Crparerueii BToporo urpoka HazoBéMm ¢Qyskuuio f: {1,2} — {1,2}.
Hampumep, f(1) = 2, f(2) = 1. Ilpu Takoil cTpaterud BTOPO UTPOK OEPET
YUCIIO ) = 2, €Clii NEepBbId UTPOK BO3BMET x = 1. Ecnu e nepBblii UTPOK
BO3BMET X = 2, TO BTOpOoW Urpok Oepér ymcio y = 1. OTrmerum, 4TO
y BTOPOTO UIpOKa UMeeTcs 2° = 4 BO3MOXHBIX CTpaTernii. BrimuieM ux:
) =12)=1LA1)=1A2)=2[1)=2,/2)=1; A1) =2,/2) = 2.

[Ipu onpeneneHuu CTpaTeruy NEPBOrO UTPOKA Mbl JOJIKHBI YKa3aTh
npaBuja, COrIaCHO KOTOPBIM OH JOJKEH BBIOMpPATh YMCIO X Ha MEPBOM
XOJly M YMCJIO z Ha TpeTheM. Ha mepBoM Xoly NEpBBI UTPOK BBIOMpPAET
x € {1,2}. ®opMallbHO 3TO MOXKHO 3alKCaTh C MOMOIIBIO (PYHKIIUU
¢: {0} = {1,2}, To ectb ©(0) = 1 unu @(0) = 2. Ha TpeTbeM xoay cTpare-
TSl IEPBOTO UTPOKa JOJKHA YKa3bIBaTh, YTO €My OpaTh B KaXAOW U3 ye-
ThIpEX Toyek MHoxkectBa W = {(1;1),(1;2),(2;1),(2;2)}. CnenoBaTennHoO,
HYXHO yKa3aTh QyHkuuio y: W — {1,2}. CtpaTerueit nepBoro urpoka siB-
asietcs mapa GyHKUun g = (Q;y).

B pe3ynbraTte BEIOpaHHBIX CTPATEruil peannu3yeTcss KOHKPETHas KOHEY-
Has BepirHa rpada urpsl. [lycts, Hanpumep, ¢(0) = 1, y(w) = 1 npu Jro-
oomw € W, af(l) =1, (2) = 1. Torna peanusyercsi KOHEUHAs! BEPIIIUHA,
BBIMTPBIII MEPBOTO UTPOKA B KOTOPOMl paBeH —2 (cM. puc. 12.2). Takum
o0Opa3oM, 3HaYeHUE (PYHKIIMU BBIUTPHIIIA IIEPBOTO UTPOKA HA ITUX CTpaTe-
rusix N(g,f)=-2.

Borurcnum yucno crpareruil y nepBoro urpoka. Mmeem, uto ¢(0) = 1
w @(0) = 2. [lanee, yuClIO 3JIEMEHTOB y MHOXECTBA W PaBHO YETBHIPEM.
CrnenoBaTenbHO, YHMCIO BO3MOXHBIX GyHKuud y: W — {1,2} paBHO
2* = 16. YMHOKHM 3T0 4uci0 Ha 2 (38 cuéT QYHKUHH @) H IOIYHM, YTO
YUCJIO BO3MOXHBIX CTPATErUil MEPBOrO0 UrpoKa paBHO 32. MOXKHO 3amucaTh

Marpuiy urpsl A = {a;}, i =1,32; j =1,4 1 ucKaTh e CEIIOBYIO TOUKY.
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Puc. 12.2

B cooTBeTcTBUU ¢ 00IIUM MOIXO0M Mapa crpareruit (go,fo) Ha3bIBaET-
Csl ce0l060ll MOYKOL B PacCCMaTPUBAEMOMN UTPE, €CIU ISl IFOOBIX CTpaTe-
T'Yil g ¥ f BBITIOJIHEHO HEPABEHCTBO
N(g.fo) < N(go,/0) < N(go:f)- (12.1)
[Tokaxkem, uto mapa crpareruit go = {@(0) = 2; y(2;1) = 1, y(2;2) = 2,
y(1;1) = 1, y(1;2) — mo0ble pomycTuMble 3HadeHusd}, fo = {f(1) = 1;
A2) =1} aBnsgercs cemioBoit Toukoit. Imeem, uto N(go.fo) =5 (cm. puc. 12.3).

Puc. 12.3

Bo3bMém cTpateruto f# fo. [lycts A2) = 2. Torna N(go.f) = 6 > 5 = N(go./0).
Ecmm f(2) =1, To N(go.f) = 5.

Bo3emém cTpareruro neporo urpoka g # go. Ecimm ¢(0) = 1, To N(g./o)
MOXET MPUHUMATh OJTHO M3 3HaueHu {—2;—1;3;—4}, Kakxa0e U3 KOTOPHIX
menbie mata. [Tycts ¢(0) =2 ny(2;1) =2. Torma N(g,fo) =2 <S5.
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IIpumep 3. IlycTe MOJENH UTPBI NpEACTABIEHA HA puc. 12.4.

) 1 3 —4

Uy
Puc. 12.4

Crparerueit BToporo urpoka sisnsercst Gpyukmus f: {Vy;V2} — {1;2}.
Crparerueit neporo urpoka ssisiercss pynkuus g: {Up} — {1;2}. Takum
o0pa3oM, y MepBOro Urpoka JBe CTpAaTeruu, a y BTOporo — 4ersipe. Mar-
puLa UTrphl IpuBeAeHa B Tadu. 12.1.

Tabnuya 12.1
Martpuna BoIMTPbIIIA

f(Vl): 19 f(Vl): 19 f(Vl):za f(Vl):za

Crpareruu V) =1 V) =2 A =1 =2
g8(Up) = 1, -2 -2 -1 ~1
g(Up) =2 3 —4 -3 —4

HOKa)KeM, qTo BpaCCMOTpeHHOﬁ HUIpe CYIICCTBYCT CCAJIOBAsA TOYKaA

B UHCTBIX cCTparerusx. B camom gene, minmaxa, =—2 U maxming, =
0<j<4 0<i<2 Y 0<i<2 0<j<4
— 2ay=-2.

@opmMaau3anuda Uurp ¢ moJaHou uagopmaumein. Cuyuraem, 4To 3aJaHO
MHOXECTBO X U €ro pa3OUeHHUE Ha HEMYCThIC MOJMHOKECTBA

X=XuXiuXou...UX,, XinX,=Dnpui#j. (12.2)

n
3agano MHOro3HauHoe orobpaxenue 1 : UXI. —>X wu byukuus f; X —> R,
i=1
i=l,n.
Ilpasuno uepwi. Irpa HaunHaeTCA M3 HaYalubHOM no3uimu x € X. Ecin
x € X, i=1,n, To x0x memaer i-it urpok. OH BbIGHpaer Touky x; € T(x). Ecin
BBIOpaHHAs TOYKA X| € X, TO XOJ ENAET j-il UTPOK U Tak aanee. Eciu kakon-
TO UT'POK BBIOEPET TOUKY X; € Xy, UTPa OCTaHaBIMBaeTCs. YTOOBI UCKITIOUUTH

116



ClTydail «GalUKIMBaHUS» UTPBI, TpeOyeM, uTtoOsl 1(X;)N\X; = & mist moboro
i=1,n. TO 3HAYUT, YTO UTPOK HE MOKET CaM C€OE «IOANACOBBIBATH.

3ameuanne 1. Ha puc. 12.5 mHOo)kecTBO X = Xy U X; U X,. IIpaBuio
nepexoja ykasplBaeTcs cTpenkoi. Buaum, uro T(X,) N X, # .

Puc. 1— 2.5

Omnpenenenne 1. Crparerueid i-ro Mrpoka Has3bIBaeTcs (PyHKIUS
gi: X;— X rakas, uro g{x) € T(x) nus moboro x € X.
[Tycte BeIOpanbl crpateruu g;, i=1,n. Torma, ecnu urpa HauyMHaeTCA

U3 HAayaJlbHOTO COCTOSIHUS Xy € X, BbIOpaHHBIN HAOOp CTpaTErwil MOJHO-
CTBIO ONpeAeNsieT MapThio. MHOXKECTBO MPONAEHHBIX MO3MIMUK (MapTus,
TpaeKTopusi) 0003HAYUM S(X0;21,. . .,2n)-

Urpoku paszieleHbl Ha e Tpynmnbl. IlepByio rpymmy o6oszHauum N,
a BTopyto — N . [Tonoxum

F(xy;8/5---,8,)= sup fi(2),ie N';
z€S(Xy;815+,&n) (12 3)
F(xy;8,.-,g,)= _mf  f(z),ieN".

z€S (X938 5-»2y)
[{enb KaXa0T0 i-ro UTPOKA 3aKIFOYAETCS B MAKCUMM3ALMH F{(X0;21,. . .,2n)-
Ipumep 4. IIycTb MHOKECTBO X = {X1,X2,X3,X4,X5,X6,X7,X8,X0,X10,X11,X12 } »
Xo = {x9,.X10,X11,X12}, X1 = {X1,X4,X5,X6,X7,X3}, X2 = {X2,x3}. [IpaBua nepexo-
Jia TIpUBEICHBI B Ta0m. 12.2.

Tabnuya 12.2
Martpuua nepexoaon

CTpaTeFI/II/I X1 X2 X3 X4 X5 X6 X7 X3
T(x) {x2, X3} | {x4, X5} | {x6, X7, X5} | {x0} | {xo} | {x10} | {x10, X11} | {x12}
gl(X) X2 — — X9 X9 X10 X10 X12
2@ [ - [ x v | - -1 -1 -"T-
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Torna Tpaektopus S(xp;21,22) = {X1,X2,X5,X9} (cM. puc. 12.6).

X1
Puc. 12.6

B ta6mn. 12.3 3aganbl 3Ha4eHUST QYHKIIUHA
Tabnuya 12.3
3Havennst QyHKUUM BBIUTPbILIA

Crpareruu X9 X10 X11 X12
q(x) 1 0 -1 —3

[{ens mepBOTO WTpOKa 3aKIFOYACTCS B TOM, YTOOBI B MOMEHT OKOHUYAHUS
Urpbl 3HaYeHue QyHKIUU g(Xx) ObUIO KaK MOXHO OoJibinM. Llens BTOporo
UTPOKA 3aKJIF0YAeTCS B MUHUMHU3AINN B MOMEHT OKOHYAHHUS WTPBI 3TOTO
3Ha4YeHUA g(x).

[Tonoxum fi(x) = —10, f(x) = —10 npu x € X/ Xy = {x1,X2,X3,X4,X5,X6,X7,X3 }
u fi(x) = g(x), fo(x) = —q(x) npu x € X,. Torga st MOOBIX CTpaTeruit g, u g,
BBITIOJTHEHO

F(x,;8,8)= sup fi(2)=q(x)

s
xeX,

2€8(%:81,82)
Fy(x:8,,8,) = Zes&‘(};g 1,g2)f2(z) ==q(¥)],_y, -

CrnenoBaresbHO, 002 UTPOKa MaKCUMHU3UPYIOT cBOU GyHKIUU F(X0;21,22)
1 F>(x0;g1,22). B atoit urpe N' = {1}, N = {1}.

Onpenenenne 2. HaGop crpareruii gio,i =1,n Ha3BIBACTCS MOYKOIL
pasHogecust Hawia no omHowenuro K HauaibHoUu NO3UyuU Xy, €CIu JJIs JTk0-
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Goro i=1,n ¥ [ M0G0} CTPATErnH g; i-r0 UTPOKA BHITOIHCHBI HEPABEH-
CTBa
Fix0381" @it &i&is e s8n) S Flx0s@1 s oGt & sgint s ). (12.4)
Onpenenenne 3. HaGop crpateruii g, i=1,n HasbiBaeTCs moukoil ab-

contomuoz2o pasnogecusi Hrwa, ecnu HepaBeHCTBa (12.4) BBITTOTHEHBI
JUIS TI000M HaYaJIbHOW ITO3MIMU X, JUJIS JII000ro i =1,_n A JUIa 11000
CTpPaTEeruu g; i-ro urpoka.

Omnpenenenne 4. IlocnenoBarenbHOCTh TOYEK Xo € X, x; € T(xp), x5 €
e T(xy), ..., xx € T(x-1) ¥ x; € X, HA3BIBACTCS napmuetl.

Teopema 1 (Llepmesio — ¢on Heiiman [2. C. 27-28]). IlycTp BpinoJi-
HEHBI CJIEYIOIINUE YCIOBUS:

1) kaxmoe u3 MHOXeECTB {fi(x): x € X} R, i=1,n COCTOHT U3 KOHEHU-
HOT'O YUCJIA TOYECK;

2) CyHIECTBYET IIEJIO€ MOJOXKHUTEIBHOE YHCIIO 7 TaKOe, YTO B JIFOOOU
HapTUH {X(,X1,...,.X;x U X; € Xp} KOJIMYECTBO TOYEK HE MPEBOCXOAUT 3TOTO
qucia m.

Torna urpa uMeeT TOUKy abCOIIOTHOTO PABHOBECHSI.

Hoka3arenabcTrBo. Jloonpenenum 7(x) = x st a1000i1 Touku x € Xp.
JU1s1 KaXK10T0 MHOXKECTBA Y C X MOJ0KUM

T'(V={yeX Ty cY}. (12.5)
PaccmoTpum MHOK€ECTBa
Co=Xo, C, =T (Co)UCo,....Cp=T ' (Cp-t)UC 1. (12.6)
HOCTpOGHHBIe MHOKECTBA YIOBJICTBOPAIOT CICAYIOIIUM CBOMCTBaM:
CicCic...cCy (12.7)
T(Cy) < Cy nnsi Beex k=1,m; (12.8)
C,=X. (12.9)

Bxmtouenust B (12.7) odyeBunnbl. JlokazaTenbcTBO BKIIOUeHUS (12.8)
npoBeaéM uHaAykuuen no uncny k. [lycts £ = 1. Bo3pméM Touky x € T(C)).
Torna x € T(y) npu Hekotopom y € Cy. Orcrona u u3 (12.6) cinenyer, 4To
BO3MOYKHBI JIBa CJIy4asi.

Cayuait 1. llycte y € Cp. Tormax € T(y)=y € Co C.

Cnyuaii 2. Iycts y € T'(C,). Toraa u3 dopmyinst (12.5) cneayer, 4To
X € T(y) - C()C Cl.

Jomyctum, uro BkitoueHue (12.6) gokazaHo Jj1si HEKOTOPOro HoMepa k.
[TpoBepum ero st Homepa k + 1. I[Tycts Touka x € T(Cy+ ). Torna x € T(y)
npu HekoTopoM ¥ € Ci i1 =T~ (C)UCy. OTCIONA CIIEYeT, YTO BO3MOYKHEI
7IBa CITy4asl.
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Cayuaii 1. llycte y € Cy. Tornax € T(y) < T(Cy) < Cr < C+1.

Cnyuaii 2. Ilyets y € T'(Cy). Toraa u3 dopmyist (12.5) cnexyer, 4To
X € T(y) - CkC Ck+1.

Hoxaxem BkiatoueHue X < C,, U3 KOTOPOro OyJeT cleqoBaTh PaBEH-
ctBo (12.9). domyctum, 4TO CylIECTBYET Touka o € X u yy ¢ C, =
=T 1(Cm_l)qu_l. CnenoBarenbHo, yo € T l(Cm_l). U3 nocnennero coot-
HOIIIEHUs, TpuMeHsis Gopmyny (12.5), momyuum, uto 7()y) & C,_1. Ctamno
OBbITh, cyniecTByeT Touka y; € 1(yo) uy; € C,-1. [Iponomxkas 3ToT mpouecc
Janbliie, MOCTPOUM IMOCIEN0BATENBHOCTh TouekK Vo & Cy,; v1 € T(Vo) Uy &
¢ Co1;€TO) U € Couty oos Vm € T(Ym-1) 1y & Co. CrienoBatenbHoO,
MOCTPOWJIM TAPTUIO C KOJTUYECTBOM TOUEK ; OOJIBIINM, YeM 1.

N3 Brmouenus (12.8) crnemyer, 4To HUrpy MOXKHO paccMaTpHUBATh
Ha KaxaoMm MHoxectBe Cy. Ecnu gy,..., gi,..., g, — CTpaTeruu UrpokoB Ha X,
TO CyKeHHe X Ha MHOectBo Cy Gynem o6osnadars g1V,..., g®,..., g, ®.

B cuity aToro 3amedanusi 0yJieM CTpOUTh CTPATETUu MOCIEA0BATENBHO,
nepexojst oT MHOkecTBa Cy K MHOKECTBY Cj .

0 .7
Jlitst Toukn x € Cy momoxum, 4to g ”(x) = x amst mo6oro i=1,n. Torma

g""(x) = x. Cnenosarensro, Fi(x;g",....g") = fix),ie N'mie N
Crtpoum crparerun Ha MHoxkecTBe C;. Ecim Touka x € Cp, To mojaraem
2"(x) = g!”°x). Hycts Touka x € C/C,. Toraa x € X; Ipu HEKOTOPOM

HOMepe i. Xox AenaeT i-it urpok. OH BeIOMpaeT TOUKy y € 7(x) Tak, 4TOObI
max( f;(x); f,(»)) = max max( f,(x); f,(z)) npuie N",

min( f;(x); f;(¥)) = max min(f;(x); f,(z)) npuieN".  (12.10)

(1)0

[Tonoxum g; "(x) =y. Torna

F . (Do 10 Moy max(fl(x),fl (y)) npr S N+:
g, g g ) =y o
min(f;(x);f,(y)) npuie N".
[Tokaxxem, 4TO MOCTPOCHHAS CTPATETUSI SIBISETCS TOYKON aOCOIIOTHOTO
paBHOBecusi Ha MHOkecTBe (). Eciam touka x € Cp, TO 3TO OYEBUJIHO.
ITycts Touka x € C,/Cy. Torga x € X; npu HekoTopoM j. X0 Aenaer j-i
urpok. 3aduxcupyem 000 HoMep i. BoisCHUM, Kak MeHsAeTCS (PyHKIUS
Fieg,. gV, g
Ilycte i = j. Xox nenaer i-il urpok. IlycTh OH BBIOpal HEKOTOPYIO
crparernio g'. Toraa g'(x) =z € T(x) € C,. COraacHO MOCTPOCHHOIT
crparernu umeeM, 4o g (x) =y € T(x) € Cy. U3 dhopmyin (12.10) cremy-
€T, UTO

1B10) 184} 1 180} O
Fiegi™ . gt gV g™ g =

120



max(/,(x): /() mpm i € N*, _ [max(f,(x): /() npmi € N*, _

min(f,(x)if(z)) mpuie N~ |min(f,(x);f,(y)) mpuie N-
1)0 1)0 1)0
:Fl(xagl() 33gl()3 ())

Ilycte i #j. Torna nobast cTtpareru gi(l) = gi(o), KOTOpas KaKJ10M TOUKE

x € Cy CTaBUT B COOTBETCTBUE TOUKY g,-(o)(x) = x. [TorTomy
. (DO (D (DO — . (DO (1)0 (1o
Fix;g1 70 e n@n ) =FA6g0 g 8 )- .

[Ipeanonoxum, 4To Ha MHOXKeCTBE C; MOCTPOEHBI CTPATETUU gl() yeees
gi(k)o,...,g,,(k)o, KOTOpBIC SBJISIOTCS TOYKOM aOCOMIOTHOro paBHOBecHs Hoama
Ha MHOXecTBe Cy. [Toctponm Ha MHOXKeCTBE Cyti. Bo3bMEM TOUKY X € Ciyy.

IIycts TOouka x € C;. Torma x € X; nipu HekotopoMm i. [lonmaraem

(+1)0, N _ (k)0

g T(x)=g " (x).

PaccmoTrpum cimydait, korna touka x€ Cyyy / Ci.. Torma x € X; npu He-

KoTopoM i. BossméMm Touxy g (x) = y € T(x) Tax, uT06HI
(k)0 (k)0

max(f,(x); F,(y; "5, g0, ... )=

= max max(f,(); F(z.8"- g g,"") mpuie N7,

DR 4]

. (k)0 (k)0 (k)0 (12'1 1)
min(f;(x); F,(1;8, 5. n 8 5een &, )=
] . . k)0 k)0 k)0 . _
:ngzg()mln(ﬁ(x),E(z,gf 0 ,g" g™ npuie N .
OTMeTHM, YTO JIJIs JIFOOOM CTpaTeruu gl(kﬂ),. . .,g,-(k+1),. ) .,gn(k ) KOTOpast

Ha MCPBOM HIAre rnepeBOJAUT TOUYKY X € Ck+1 B HCKOTOPYIO TOYKY Z, BBLIIIOJI-
HCHO PaBCHCTBO

(k1 Kt 1 ke
F(g™,. g%, g ") =
max(f;(x);F,(z;g",...g\" ) npuie N, (12.12)
min( f,(x);F,(z:g",....g"" ) nmpu i e N”.
3necs g1),....g.") cyxenne crparernun g,“ V..., g,*"V Ha MHOXECTBO C,
[okaxem, uro mocrpoennas crparerms g °,....g, """ sBasercs

TOYKON aOCcoMOTHOTO paBHOBecus: Hamra Ha MHOXecTBe Cyrj. DTO 3HAYMT,
qTO JiJ1s1 1I000M TOUKU X € Cj+1 BBIIIOJIHEHO HEPABEHCTBO
. (k+1)0 (k+1) (k+1)0 . (k+1)0 (k+1)0 (k+1)0
Fi(x,g 7.8 SR )< Fix;g L g ) (12.13)
JUIs1 TF000M cTpaTeruu gi( ) i-ro Urpokxa.

Ecnu Touka x € Cj, To HepaBeHcTBO (12.13) ciemyer u3 paBeHCTB

g,-(kﬂ)o(x) = gi(k)o(x) JUTsl BeeX i=1,n U U3 UHIYKIIMOHHOTO MPEIOI0KEHUS.
ITyctb Touka x € Cyyi/ Ci. Torna x € X; npu HekoTopoM j. Xo[ Aenaer
Jj-# urpok. 3adgukcupyem Jiro00it HoMmep i. BrisicHuM, kak MeHsieTcs (PyHK-

k+1 k+1 k+1
wust Fieg &Y, g, g ).
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Ilycts i = j. Xox nenaer i-il urpok. IlycTh OH BBIOpal HEKOTOPYIO
crparermo g\* . Torma g*(x) = z € T(x) € C;. CormacHo crparerun
g )=y e T(x) e C\.. U3 popmyn (12.11) cenyer, uto

F(X'g(k+l)0 g(k+1) g (k+1)0) _
(g, L, g,

max( f;(x); F(z;g"°,....g"",...,g") mpu ie N*, -
(k)0 =

min(f,(x);F,(z:¢{"....g" ... g"") npu ie N-

< N3 IIPCAINOJIOKCHUS HHAYKIIUU U U3 <

~ |mepasenctBa b <c¢=> min(a;b) <min(a;c)|

max(f;(x);F;‘(Z;gl(k)or")gi(k)os"'s gf,k)o) HpH iEN+,
min( f,(x); F(z;g"°,...g"°,...g""° ) npu ie N~

max(f;(x):F,(y:g" 5.8’ gy ") mpm ie N,
min( f;(x); F,(y:g/",...g*" ... g."°) npu ie N~

(k+1)0 (k+1)0)

_ . (k+1)0
=F(x; g yeen G, -
Iycts i # /. Torma s mo6oii crpaternn g i-ro UrpoKa BBIOIHEHO
. (kD)0 k+l k+1)0
F(xg",..,g",...,g,""")=| cornacno (12) |=

IA

IA
Il

max(f,(x);F, (y;g"°,...g",....g""") npu je N*, _

min(f, (x):F, (78" g, g°) IPUjENT

< A3 IIPEATIONOXKEHHA HHIYKLKH

< <
U U3 HepaBeHCTBa b < ¢ = min(a;b) < min(a;c)

max(f, (sF, (g g g, ) mpuj e N,

min( f,(x);F (y;gl(k)o,...,gﬁ.k)o,...,gik)o) npuje N~
sz(x; gl(k+1)o,...’gj(k+1)o,.”’gn(kﬂ)o).

Teopema noka3zaHa.

3apauya 1. Jlokazath 3Ty Teopemy, KOTJa i JIFOOOro WMIpoKa IuiaTa
3aaérca popmynon

F(x:8,---8,) = Zfz(z)a i=Ln.
z€S(X)381 »-8n)

OTMeTuM, 9TO cyMMa B 3TOM (opmyJie KOHEUHA, TTOCKOJIBKY YHCIIO XOJI0B
W, CJEIOBATEIIbHO, YMCIO MNPOHJICHHBIX MO3ULIHMHN SIBISIETCS KOHEYHBIM
YUCJIOM.
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Onpenenenue S. Virpa Ha3pIBACTCA USPOU C HYEBOU CYMMOU, ECITU

Z f,(x)=0 B Kaxxgou Touke x € X.
i=1
PaccmoTpuMm urpy AByX WUIPOKOB C HyseBod cymmoi. Torma fi(x) =
= fix), fi(x) = —fix), N = {1}, N = {2}. 3adukcupyem aBe CTpaTeTHH g
ug,. Torma
Fi(x;g,8,)=_max )f1(Z) = max f(x);

zeS(x;81,.82 zeS(x;81,8,)
F, (x; = min = min (- =
2(x,g1,g2) zeS(x;gl,gz)fz(Z) zeS(x;g ,gz)( f(x))

=— Smax S(x)=-F(x;8,,8,)-
ze (x’g17g2)

O6o3naunm F(x;g1,2>) = F(x;g21,22). HepaBenctna (12.4) npuHUMaroT BUJl
F(x;g1.8:) S Fxgi’,2), (—Filx;g1.82) < (-Fi(x;g1".2).
[ostomy F(x;g1,2,)) < F(x;g1°.2") < Fi(x;g1".22).

N3 noka3zaHHOM TEOPEMBI CIEAYET, YTO B UTPE JIBYX WUTPOKOB C HYJIE-
BOM CyMMOM C KOHEYHBIM YHCJIOM IIIaroB U C MOJHON HWHGOpMaIKeil Bce-
rja CylIeCTBYET CEeMJIOBasi TOUYKa. Eciin MHOXKECTBO X COCTOUT U3 KOHEY-
HOTO YKCJIA TOYEK, TO YHCIIO CTPATETHM y KaXKJIOr0 U3 ABYX UTPOKOB KO-
HEYHO. 3aHYMEpPYeM CTpaTeruu MEepBOro Urpoka OYyKBOH i, a CTpaTeruu
BTOpOro Urpoka — OykBoil j. Ilmaty 0603Hauum a;;. [orydnm MaTpuyHyro
UTpy, KOTOpast UMEET CEIJIOBYIO TOUKY B UMCTBIX CTPATETHUSX.

IIpumep 5. 3agana marpuiia

53 1 4
27 2 0
A= .
3 2 3 3
4 0 2 5

I xo00. IlepBsiit urpok BeIOUpaeT au60 (1-10 1 2-10) cTpoku, MO0 (3-10
1 4-10) CTPOKH U COOOIIaeT 0 CBOEM BHIOOPE BTOPOMY UTPOKY.

11 x00. Btopoii urpok BeiOupaet au6o (1-it u 2-it) ctonoduel, 1160 (3-i
1 4-11) cTONOIIBI M COOOIIAaeT O CBOEM BHIOOPE IMIEPBOMY HTPOKY.

111 x00. TlepBbIil UTPOK BHIOMPAET KOHKPETHYIO CTPOKY M3 paHEe BbI-
OpaHHBIX U COOOIIAET O CBOEM BHIOOPE BTOPOMY UTPOKY.

1V x00. BTopoil Urpok BbIOMpAET KOHKPETHBIM CTOJIOCI] U3 paHEE BbI-
OpaHHBIX.

[lycTp B MTOre MOMy4YMsIace i-si CTpoKa M j-i crondewn. Bearpsim nep-
BOT'0 PaBEH 4ucCly a;. ['pad urpsl n3o0paxén Ha puc. 12.7.

IIpuBeném peuienue B 3Tou urpe. Ha epBom X011y nepBblii UTPOK BbI-
oupaetr 3-t0 u4-10 cTtpoku. Ha BTOpoM X0my BTOpOM WUIpPOK BHIOMpAET
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1-ii u 2-i1 cronOupbl. Ha Tperbem Xomy nepBblil UTPOK BBIOMPAET TPETHIO
cTpoky. Ha 4yeTBEpTOM XOAYy BTOPOI UTPOK BBEIOMPAET 2-i1 CTONOEN,.
S 3 2 7 1 4 2 0 3 2 4 0 3 3 2 5

1\ 2 I\ 2 3\ 4 3\ 4/ 1\ 2 I\ 2 3\ 4 3\ 4

(1)
12 [ 12 34

Puc. 12.7

Pemienue 3Toit urpsl puBeieHO Ha puc. 12.8.

Puc. 12.8
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13. Ilo3uuMOHHBIE UTPHI C HEMOJIHON MHPpOpPMaLHEH
U KOHEYHBIM YHCJIOM IIAT0B

PaccMmoTpenre mo3UIMOHHBIX UTP C HEMOJHON MH(pOpManmuer u KoHed-
HBIM YHUCJIOM IIaroB OTPAaHUYUM PUMEPAMH.

Ipumep 1. Paccmorpum npumep 3 u3 naparpada 12. B uém monens
UTPBI NpeicTaBieHa Ha puc. 13.1.

Puc. 13.1

PaccmotpuMm citywaii, korja BTOpOM WTPOK HE 3HAET O BBIOOpE, Cre-
JJAHHBIM TNEPBBIM UTPOKOM. B 3TOM ciydae Monenbs Urpbl OpeACcTaBiICHA
Ha puc. 13.2.

Puc. 13.2

Bropou urpok, zemnasi CBOM X0/, HE 3HA€T, B KAKOW M3 BEPUIWH, IPUHAJJIC-
KaIIUX MHOXKECTBY V, oH HaxoauTtcs. [Ipuxoaum K OHATHIO uHpopmayu-
OHHO20 MHOXMCECmaa.
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Crparerueii BTOporo urpoka smisiercs ¢ynkmums f: {V} — {1;2}.
Crparerueit nepBoro urpoka sigisercs ¢pynkaus g: {Up} — {1;2}. Takum
o0pa3oM, y MEpPBOr0 M y BTOPOTO HMIPOKOB HMEETCS IO JIB€ CTPATETHH.
Martpuna urpsl npeacrasieHa B Tadi. 13.1. [TokaxeM, 4Tto cenyioBoil To4-
KU B YUCTBIX CTPATErHsIX B paCCMOTPEHHOMN UIpe He cyliecTByeT. B camom

JIene, minmaxa, =—1, maxmina, =—2.
0</<2 0<i<2 0<i<2 0<j<2 Y

Tabnuya 13.1
Martpuna BeIMrpbiia ajsi npumepa 1
Crparerus [N =1 =2
gy =1 —2 —1
g(Up) =2 3 —4

IIpumep 2. Paccmorpum urpy uz npumepa 1 naparpada 12 B ciemayto-
et moaudukaruu. [lets BoiOupaer uucio x € {1;2}. Bacs, 3Has x, BbI-
oupaer unucio y € {1;2}. Ilpuxogur Maina, >xena Iletu, u, He 3Has, Kak
OHM UTpajiu JI0 ITOro, BeiOMpaet uncio z € {1;2}. [locne storo Bacs mna-
TUT UM CyMMY, paBHyt0 M(x,y,z). Tak kak Iletst u Mama cocTaBisitoT OqHy
CEMBIO C OJTHUM OFOKETOM, TO 11e7b Y HuX ojaHa. CiienoBaTenbHO, OHHU CO-
CTaBJISIIOT OJHOTO UTpoKa. Mojiesib UTpbl H300pakeHa Ha puc. 13.3.

Uo
Puc. 13.3

Ha tperpeM Xomy mepBbI UTPOK HE 3HAET, B KAKOW W3 BEPIIUH, MPU-
HaJJIexKaux MHOKecTBY Ui, oH HaxoguTca. OnsaTh TPUXOIUM K HOHSITHIO
UH(OPMAIMOHHOTO MHOYKECTBA.
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Crparerueit BToporo urpoka sisisiercst pyakmus f: {Vy;Va} — {1;24. Tlep-
BBIM UIPOK HE PA3IMYacT BEPILIUHBI, Haxoasamuecs Bo MHOxecTBe U). I1oaro-
My CTpaTerveu nepporo urpoka ssisercs pynakmus g: {Up, U} — {1;2}.

Takum o00pazom, KaxJblii U3 UTPOKOB MMEET IO YEThIPE CTPATETHUHU.
Martpuna urpsl npejacrasiesa B Tadi. 13.2.

3ameuanue 1. YMeHpieHne nHpOpManuu MPUBEIO K YMCHBIIICHHUIO
Pa3MEpPHOCTU MATPUIIbl UTPBI, YTO SIBJISIETCA MPOSIBICHUEM CIIEYIOIIETO
NPUHLUIIA: YeM MeHblle 3Haellb, meM jle24e Ha Ymo-mo peuumscs.

ITokaxxem, 4TO CEeMJIOBOM TOYKHM B YUCTBIX CTPATETHUSX B PACCMOTPEHHON

Urpe He cyluecTByeT. B camom nenne, minmaxa, =5, a maxmina, = 2.
0<j<4 0<i<4 7 0<i<4 0<j<4 Y

Tabnuya 13.2
MaTtpuna BeIMTpbIlIA AJs1 npuMepa 2

Crpareruu Sry=1, |(frv)=1, |AV)=2, |f(V)=2,
f) =1 f)=2 |f)=1 |[fV)=2
gl =1,gUn =1 ~2 =2 3 3
gUy)=1,g(U)=2 -1 -1 —4 —4
gl =2,gU) =1 S 2 S 2
g(Un) =2, g(U1) =2 2 6 2 6

IIpumep 3. PaccMOTpUM U3MEHEHHYIO UTPY U3 MPEIBIAYIIETO TPUME-
pa. Ha BTOpOoM XOIy BTOpOH WrpoK, HE 3Has X, BelOupaeT y € {1;2}.
Ha Tpethem Xoay mepBbId WTPOK, HE 3HAs O BHIOOPE BTOPOTO HIPOKA

U HE TTOMHS X, BbIOUpaeT yucio z € {1;2}. Mouenb urpsl n3oOpakeHa
Ha puc. 13.4.

Puc. 13.4
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Crparerueii BTOporo urpoka smisercs ¢ynkums f: {V} — {1;2}.
Crparerueit nepBoro urpoka sigisiercst byukius g: {Up; U} — {1;2}.

Takum 00pa3om, Kaxabli M3 UTPOKOB HUMEET I10 YETHIPE CTPATErHH.
Martpuna urpsl npusegeHa B Tadun. 13.3.

Tabnuya 13.3
Marpuna BeIMrpbia ajsi npumepa 3

Crpareruu fN=1 fN=2
gy =1, gl =1 -2 3
gl = 1,g(U) =2 —1 —4
g(Uy=2,gU)=1 5 2
gy =2,8(U) =2 2 6

HMmeem minmaxa, =5, a maxmina, = 2. CieqoBaTenbHO, CEII0BOM
0<j<2 o<i<4 Y 0<i<4 0<j<3 Y

TOYKH B YUCTBIX CTPATETHUSIX B ITOM UTPE HE CYILIECTBYET.

IIpumep 4. Ha BTOpOM X011y BTOpOW UTPOK, HE 3HAS X, BBIOUPAET ) €
e {1;2}. Ha TpeTbem X0y MEPBBIA UTPOK, IOMHS X U 3HASI O BEIOOPE BTO-
poro urpoka, BbiOMpaeT umciio z € {1;2}. Moaenp urpsl uzo0OpaxeHa
Ha puc. 13.5. Y nepBoro urpoka 32 crpareruu, a y BTOporo — 2.

-2 -1 3 -4 5 2 2 6

______________________

~
e —— - il Y S ——— _-_—-

Uo
Puc. 13.5

IIpumep 5. Ha mepBoM XOomay MepBBIi WUTPOK BHIOMpAET YUCIO X €
€ {1;2}. Ha BTOpOoM XOay BTOpOH WIpOK, 3Has X, BbIOMpaeT y € {1;2}.
Ha Tperbem X0y HepBbIi UIPOK, MOMHS X, HO HE 3Has O BEIOOpE BTOPOTO
UTpOKa, BeIOMpaeT unciio z € {1;2}. Monenb urpsl n3o0paxkeHa Ha puc. 13.6.
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Puc. 13.6

Crparerueit Broporo urpoka sisnsercs Gyukumus f: {Vy;V2} — {1;2}.
Cmpamezueu nepgozo uepoka sisnsierca Gpynkuus g: {Up;Uy;Uy b — {1524,
Takum 00pa3oM, BTOpOH HUIPOK MMEET YEThIPE CTPATETUHU, A MEPBBIA —
BOCEMb.

IIpumep 6. B nepBbIit X0 NEepBbIN UTPOK BhIOUpaeT yucio x € {1;2}.
Ha BTOpOM X0y BTOpOM UIPOK, HE 3Had X, BeiOUpaeT y € {1;2}. Ha Tpetb-
eM XOAy MEePBbI UTPOK, 3HAsE O BBIOOpE BTOPOTO UIPOKA, HO HE MOMHS X,
BbIOMpaeT uucio z € {1;2}. Moaenb urpsl nzo0pakena Ha puc. 13.7.

Puc. 13.7
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Hpumep 7. IlepBblii UTPOK — OAMH 4YEIO0BEK. BTOpOW UIrpoK — 3TO
MYK M JKeHa. Bce Tpoe cuasT B pa3HbIX KOMHaTax. BHauane cybs BXOAUT
B KOMHATy K [IEPBOMY HIPOKY U MpEeUiaraeT €My BbIOpaTh YHUCIO X €
€ {1;2}. Ecnu nepBblil UTpOK BbIOpan 4ucio x = 1, Cyabs UIET K KEHE
U mipejyiaraeT ei BeiOpath uncio y € {1;2}. Ecnu ke nepBblid UTPOK BbI-
Opai 4ucio x = 2, To CyJpsi UAET K MyXKY U MpeAsiaraeT eMy BbIOpaTh 4HC-
a0 y € {1;2}. Ilocne Toro, Kkak BbIOpAHO YHCIIO Y, CYAbS UAET K OCTaB-
emMycsi Cynpyry M npejaraer emy BelOpaTh yucio z € {1;2}. Ilocne sto-
ro Cynmpyru IUiaTsT mepBoMy UTpoky cymmy M(x,y,z), tae M(1,1,1) = 0,
M2,1,1) = 4, M(1,1,2) = 2, M(2,1,2) = 0, M(1,2,1) = 6, M(2,2,1) = 5,
M(1,2,2) =8, M(2,2,2) = 6. Moaens urpsl n3odpakena Ha puc. 13.8.

Crparerueit BToporo urpoka sisnsercst pynakmus f: {Vy; V> — {1;2}.
Crpaterueit neporo urpoka sisiercst pynkuus g: {Up} — {1;2}. Takum
o0pa3oM, BTOPOIl UTPOK UMEET YEThIPE CTpATEeruu, a nepBbii — JaBe. Mar-
puLa UTpkI IIpeacTaBieHa B Tadi. 13.4.

Tabnuya 13.4
Marpuina BeIMrpbiiia ajsi npumepa 7

f(Vl): 13 f(Vl): 1’ f(Vl):za f(Vl):za

Crpareruu V) =1 V=2 =1 Ay =2
2(Uy) =1 0 6 2 8
2(Uy) =2 4 0 5 6

HMmeem minmaxa, =4, a maxminag, =0. CienoBaTenpHo, CEUIOBOU
0<j<4 o<i<2 Y 0<i<2 0<j<4 Y

TOYKH B YHACTBIX CTPATETUSIX B ’TOM UTPE HE CYIIECTBYET.

Puc. 13.8
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BbryrciiiM OnTHMaabHBIE CMEIIAHHBIE CTPATeTMH WIPOKOB B 3TOM
npuMepe. YToOb! HANTH ONTUMAIBHYIO CMEIIAHHYIO CTPATerdio A;’ = Ao,
L) = 1 — A IepBOro WMrpoka M 3HAYEHHE V, LEHBl UIPhl PACCMOTPUM
mpu 0 <A < 1 pyHKIHIH

vi=0A+4(1 -A)=4(1 - L), v, =61 +0(1 — L) =64,
v3=2A+5(1-X)=5-31,v;=8L+6(1 —L)=6+2A.
I'padky 3TUX NPSAMBIX JIMHHK, 3aHYMEPOBAHHBIX COOTBETCTBYIOIIUMHU

nudpamu, puBeIeHb! Ha puc. 13.9.
A

y

1

>)V

0,4 1
Puc. 13.9

[Tockonbky 4(1 —A)<5-3Au4(l —-A)<6+2Anpu0<A <1, 10
v(A) =min(4(1-A1);6A;5—-3X;6+2A) =min(4(1-1X);61) =

_ 4—4) pu 0 <A <0,4,
6% mpu 0,4 <A <1.

ITosTromy v, = max = v(0,4)=2,4,a MY =04, 20"=0,6.

UtoObl HAWTH ONTUMAJILHYIO CMEIIAHHYIO CTPATErui0 BTOPOTO UTPOKa,
3alMILIEeM CUCTEMY YPaBHEHUN
Opy + 62+ 23 + 8y = 2,45
4u+ 0+ Spus+ 6y =2,4; ittt =1.
PemenneM 310l cUCTEMBI SBISIOTCS dHCiIa ulo = 0,6, uzo = 0,4, l,l30 =

0
= Uy = 0. OnTuManbHbIE CMEIIaHHbBIE CTPATErvH MPUBEECHBI B Ta0.13.5.
Tabnuya 13.5
OHTI/IMaJIbH])Ie CMCIIAaHHbIC CTpaTeFI/II/I

Crpa- |f(V)=1,|fV)=1,|fV)=2,| V) =2, _ _

terun | (Vo) =1 | V) =2 | AV)=1| fVo)=2 g(Up) =1 | g(lp) =2

Bepo- |6 0,4 0 0 0.4 0.6
SATHOCTh
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14. 3agayu a1l CaMOCTOATEILHOIO PellIeHM S

Ipumep 1 (Mogesib PbIHKA € ABYMSl NPOU3BOAUTEISAMI TOBAPOB).
[TycTh Ha ppIHKE KAaKOTO-TO TOBapa 3aBUCHMOCTH CIPOCa ¢ OT LIEHBI p
(pyHKyus cnpoca) SABISIETCS TUHEUHOM

q:b—ép,OSpSQ
a

HNmeercs nBa IMPOU3BOJUTCIIAA TOBApaA. C‘II/ITaeM, 4qTO IIpH 3aJJaHHOM
HCHC p, CJIOKMBIIICMCSI Ha PBIHKC, -1 IMPOU3BOJAUTCIIb ITOCTABJISACT

b
Ha PBIHOK KOJIMYCCTBO TOBAapa, PaBHOTO (¢, ngxl., X; > 0. Torma coBo-

KyIHOE  KOJHMYECTBO TOBapa, BBICTABJICHHOI'O  HA PBIHOK, paBHO
b

q=p—(x,+x,). Llena p« popmupyeTcss U3 ycJIOBUS PAaBHOBECHS MEXKIY
a

CIIPOCOM U IIPEIIOKEHUEM:

b b
b——p.=p.—(x +x,).
a a
Orcroa HaX0aUM, YTO
a
ps= Ttxtx
+x, +x,
[TpuOBLIB i-TO TPOU3BOIUTENS PABHICTCS
X.

i
(1+x +x,)

3agaua 1.1. Cuumraem, 4TO HMMEETCS OpraH, KOTOPBIA IUJIAHUPYET,
CKOJIBKO KX/l MPOU3BOJUTENH JOJDKEH MOCTAaBUTh HA PHIHOK TOBapa.
DTO 3HAYMUT, 4TO OH BbIOMpaeT uucna x; > 0. [Ipu 3TOM OH X0YeT, 4TOObI
IPUOBLIL Y KOKIOT0 MPOU3BOAUTENS ObLTa KaKk MOKHO Oombiie. [lomyunm
3a/1auy

b
gi(‘x19‘x2) = P«q,; :p*zgxi :abf;(xlaxz)a fi(xl’x2) =

J,(x,,x,) > max, f,(x,,x,) > max, x, 20,x, 0. (14.1)

HeobxomumMo uccnenoBarb, CyIIeCTBYIOT U MakCcuMaibHble 1o Creil-
tepy u 1o I[lapeto Touku B 3agaue (14.1).

3agaua 1.2. 3apukcupyem yucio A > 0 u paccMOTpUM 3aaady

J1(x,x,)+ Af,(x,,x,) &> max, x;, 20,x, 20.

CyllIeCTBYET JIM pEIIEHUE B 3TOU 3a1a4e?

3agaya 1.3. Cunraem, 4TO KaxIblii U3 MPOU3BOJIMUTEIICH CaMOCTOSI-
TEIbHO BBIOMPAET KOJWYECTBO IMOCTABISIEMOTO WM Ha PIHOK TOBapa,
CTPEMSICh MOJMYYUTh KaK MOXKHO OOJbIITyI0 mpuObuib. [lomyunm G6eckoanu-
IWOHHYIO UTPY
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I'= {i =1,2;[0,40),[0,+20); f,(x,,x,), f, (XI’XZ)}‘

HyHO HCCemoBaTh, CYImECTBYIOT &Im crpaterun x> >0, x” >0
IPOU3BOAUTENCH, KOTOpBIE SIBIAIOTCA CHUTyaluel paBHoBecus mo Hamry
B urpe I'.

Ilpumep 2 (3axaya o BKJIaje MO JABYM BAJIOTHBIM cueram). Bxuan-
YUK, UMESI CYMMY JIEHET, paBHYIO N p., 1enuT e€ Ha aABe yactu xN u (1 — x)N,
0 < x £ 1 mxnanér Ha BamoTHbE BKIaAbl. [lycTh Kypc i-ii BatOThI
110 OTHOIIIEHUIO K pyOit0 paBeH K;, aMpOLEHT I10 BKJIAJAy COCTaBISIET
D;100 % ronoBeix, i = 1,2. Ob603HauuM yepe3 L; Kype i-ii BaTIOTHI 110 OTHO-
HICHUIO K pyOmto uepe3 roxa. Yepe3 roa y BKIAJUMKa OKaKETCS CymMMa
B pyOJIsIX, paBHast

L L
N| x(1+D)——+10-x)1+D,)—=*=
( 1)1{1 (I—x)( 2)K2
O003HaYUM
1 .
b, L il
K

[lenp BKIaAUMKa 3aKJIIOYAETCS B MAKCMMU3AIMU WUTOTOBOU pyOsEBOM
cymMblI AeHer. [loaTomy nmeem 3agauy

f(x,y,y,)=x+0(1-x)y, >max,0< x <1. (14.2)
3agaua 2.1. Cuuras, uto 0 < q; <y; < b;, i = 1,2, Hy)KHO HallTU CTpaTeTrun
BKJIATUMKA, IPUMCHSSI KPUTEPHH, pACCMOTPEHHBIC B TIEPBOM Taparpade.
3apmaya 2.2. CyurtaeMm, YTO OTHOIICHHS ); KypCOB BaJIOT SIBJISIOTCS
CIIy4allHbIMM BEJIMYMHAMU C U3BECTHBIMM MATEMATUYECKUMM OKUJIAHUSIMHU
M(y;) = m; n noka3zarenamu kosapuauuu V; = M((y;— m;)(y;— m;)) ciydaii-
HBIX BEJIWYUH )| U ),. PaccmoTpute 3amadyy 00 ONTUMAIbHOM CTpaTeruu
BKJIQTUMKA, UCIOJB3Ysl KPUTEPUM OKUAEMOT0 3HAYEHUSI W MaTeMaThuye-
CKOT'0 OKUJIaHUSI — JIUCTIEPCUU.
IIpumep 3 (3agaua o aABYX cTpesikax). /[Ba OJWHAKOBO METKHX
CTpejKa JeJalT IMATh IIaroB I10 HANpaBJICHUIO K MUILICHU. BeposSTHOCTH

S Nz "
MOpaXEHUs MUIIEHW HA S IIare paBHA g,S=O,5. Kaxnplii U3 CcTpenkoB

UMEET 10 OJIHOM IyJie B pybe. OMH U3 CTPEJIKOB (MEPBBIM UTPOK) MOXKET
YCHBIIIATh BBICTPEN JAPYroro (BTOpod WUIpok). BTopol Urpok HE MOXKET
OMPECNIUTh BBICTPEIWI JIU MEPBBIM UTPOK WM HET. Bbrayuciaum Beposdr-
HOCTh TOT0, YTO k-1 UTPOK MOMAAET B MUIIICHb TIEPBBIM.

Crayuaii 1. IlycTh niepBbIii UTPOK CTPEJISIET HA i-M, a BTOPOU HAa j-M IIa-
re, npuyéMm i <j. Torna BEposATHOCTH @;; TOTO, YTO NEPBBIM UTPOK MONAAET
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I y
B MUIICHbL PAHbIIC BTOPOI'0, paBHA g BCpOfITHOCTB b,-j TOT0, 4YTO BTOPOH

1)J
UTPOK MOPA3UT MUILIEHb PaHbIIE MIEPBOr0, paBHA l—g 5 OHna sBIISIETCSA

I
IMPOU3BCACHHUCM BCPOATHOCTH l—g HCIIOIIaAaHWs B MHUIICHb IICPBBIM

UTPOKOM Ha BEpOSITHOCTh % TIOTIa/IaHUsI B MUIIIEHb BTOPHIM UTPOKOM.
Cayuaii 2. Ilycth BTOpPOW UTPOK CTPENSIET HA j-M IlIare, Mpu4yeM mep-

BBII UTPOK emI¢ HEe CTPEJISUT 10 MUIIICHU. Y CIIBIIIAB BBICTPET BTOPOTO WT-

pOKa, TIEPBBIA CTPEJISET MO MUIICHU HA MATOM Iare. Torma BEpOSTHOCTH

. . J
bij TOT'0, YTO BTOPOH HUI'POK IIOIAJCT B MUIIICHb PAHBIIC IICPBOT'O, PABHA g .

BCpOHTHOCTB a;; Toro, 410 HepBBII\/'I HUI'POK IMOPA3UT MUIICHb PAHBIIC BTOPO-
J
ro, paBHa l_g . Ona sBnsercs BCPOATHOCTBIO HCIIONAJaHA B MUIICHDb

BTOPBIM UTPOKOM.
Cnyuati 3. IIycTh UTPOKU CTPENAIOT OJHOBPEMEHHO, TO €CTh I = j. Tor-

i
na a; = bl.j = g .Takum oGpazom,

] -
ij_l_g npu j <1,

I L
ay.:§ npui< j, a

i)J .. J ..
b.=|1-—|=npui<j,b. == nupuj<i.
T

3agaua 3.1. L{eap mepBOro Urpoka 3akjro4acTCs B MAKCUMHU3allUM Be-
pOSATHOCTH @;;. CunTast BTOPOro HIpoOKa MOMEXOH, pacCMOTPHUTE 3ajady 00
ONTUMAJIbHOW CTPaTEruu MEPBOTO HUIPOKA, MPUMEHSISI KPUTEPUHU, MTPE-
cTaBjeHHbIe B naparpade 1. PaccMoTpute aHanoruyHyro 3aaady Ijisi BTO-
pOTO UrpoKa.

3amaua 3.2. [lesp mepBOro Wrpoka 3aKIOYAETCs B MAKCUMHU3ALUU
pa3sHOCTU BEPOSATHOCTEN a;; — b;. BTOpoil Hrpok 3Ty pa3HOCT MUHUMU3HU-
pyer. Halinure pemenne 3ToM MaTpuaHON UTPHI.

3apaua 3.3. [l OumaTpuyuHoOi urpsl (a,;b;;) OCTpoiiTe apOUTPAKHYIO
cxemy Houa.

IIpumep 4 (3agaua o ronke Boopy:keHui [15]). Paccmorpum nByx
MOTEHIMAIBHBIX MPOTUBHUKOB, HA BOOPY>KEHUU KOTOPBIX HAXOSATCS CTpa-
Teruyeckue pakeThl. Kaxknas u3 CTOPOH CUMTAET, YTO MPOTUBHUK MPEI-
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MPUMET TOMBITKY YHUYTOXKUTh €r0 PAKEThl MyTEM HAHECEHUS NEPBOrO
yaapa. Hu ogHa U3 CTOpOH HE IIaHUPYET cama HAaHECTH yaap NEpPBOU, OJI-
HAKO HEJIOBEPUE MEXY HUMM BEIIMKO. DTO IPUBOIUT K TOMY, YTO KayKJasl
U3 CTOPOH LIEHHOCTHh CBOMX PAKET BUJWT HE B UX KOJIMYECTBE, & B HANEK-
HOocTH. Han€KXHOCTh ompenensaeTcs NMOTEHIMAIOM PAaKET, KOTOPBIA OCTa-
HETCS MOCJie MEePBOro yjapa NPOTUBHUKA, KOO 3TUM OCTaBIIMMCS MOTEH-
AAJIOM CTOPOHA MOXET HAHECTH OTBETHBIA yJap IO NPOTHBHUKY. Eciu
paccuuThiBacMas BEJIMYHMHA OCTABLIErOCS MOTEHUMANA PAKET HE YIOB-
JIETBOPSET CTOPOHY, TO OHA YBEJIMYMBAET KOJUYECTBO CBOMX paker. [Ipo-
HCXOJUT TOHKA BOOPYKECHUM.

IlycTh y mepBOM CTOPOHBI UMEETCS X PAKET, HA KAXKIOW U3 KOTOPBIX
HaxXoJuTCsl Mo n 00erosioBok. Bropast cropoHa oOnamaer y pakeTami.
Ha kaxmoit e€ pakere HaXOIUTCS IO M OOETOIOBOK.

B pesynberare pa3BeapIBaTENIbHBIX JAHHBIX MEPBOM CTOPOHE M3BECTHO
0 KaXJIOM pakeTe MPOTHUBHUKA, B KAKOW 00JIaCTU S OHA HaXOAMUTCS PaBHO-
BEPOATHO. HaiiEM BEpOATHOCTD ITOPAKEHUS ITOU PAKETHI.

O06o03HaUMM uepe3 u BEPOSTHOCTh BBIBOJIA PAKETHI MEPBOM CTOPOHBI
B 3aJaHHYI0 TOUKY. [lociie Toro, kak pakera BbIBEJECHA B 3aJAHHYIO TOUKY,
OOEroJIOBKM OTHENSIIOTCS, PA3IETAIOTCA W B3PBIBAKOTCS, MOKPHIBASI B3PbI-
BOM BCIO 00Ojacth S. CoObITHE, 3aKITFOYAIONICECs B MOPAKCHUH 11N MPO-
TUBHHMKA, COCTOUT W3 JABYX COOBITHH: 1) BBIBOJ pakeThl, HecyIllel 6oero-
JIOBKH, B 33JJaHHYIO paCU€THYIO TOUKY; 2) L[eJb HAXOAUTCS B 30HE MOpaxke-
HUS, KOTOpasi CO3JaéTcs Mocie B3pbiBa 00erogoBkU. [10ckobKy 3TH COOBI-
THSI SIBJISIFOTCSI HE3aBUCUMBIMHU, TO BEPOATHOCTh MOPAKECHUS LIEIU POTUB-
HUKa OJHOW OOErojoBKOM paBHA MPOU3BEIAECHUIO BEPOSTHOCTEN ITUX CO-
OBITHI, TO €CTh PaBHA up. 311ECh p — BEPOATHOCTh HACTYIUIEHUSI BTOPOIO
coObITusi. OHa paBHa

_ IInomank 30HBI HOpaKEHUS
[Tonomanpe 30461 S

[lycth g — 3apsa oaHOM 00ErojOBKU. 30Ha MOpaXeHus ABisieTcs ce-

4
poii, 00bEM KOTOPOIl MPOMOPIIMOHAJIEH 3apsily, TO €CTh gnR ~ g . Orclo-
Jla CIeyeT, 4To IUIOMWAAb 30HbI nopaxkenus nR’ ~3/q” . IlycTh oOmwmii 3a-

psil, KOTOPBIA HECET O/1HA pakeTa, paBeH Q. Torna g == u, cleaoBaTeb-
n

1

2

HO, IUIOIIAAb 30HBI MOPaKEHHs TR ~$. Crano ObITh, BEPOATHOCTH
n
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u
MOPaXCHUA LCJIN OAHOH 00EroJIOBKOH paBHaﬁ . Bcero Y IIEpBOU CTOPO-

n
HBI 11X 00EroJIOBOK. ITU OOETOJIOBKU paCTpEECHBI MO Y 1AM MPOTUB-
Huka. Crtajgo ObITh, B CPEJHEM Ha OAHY II€JIb MPOTUBHHUKA MPUXOJIUTCA

nx
Mo — OOEroJIOBOK.

y
CoO0pITHE, 3aKTI0YAIOIIEECs B TOM, UTO II€JIb HE OyeT MOpakeHa dTUM

nx o
KOJIN4YECCTBOM 6OCFOJ'IOBOK, COCTOUT U3 — CO6BITI/II/I, KOTOPBIC HC3aBHUCH-
y

u
MbI U BCPOATHOCTb HACTYINICHUS KaXXIO0I'0 M3 HHUX PABHA l_ﬁ . Cramno
n

OBITh, BEPOSATHOCTh TOI0, YTO II€Jb HE OyJeT mopaxkeHa, 3agaércsa ¢op-
MYJION
nx
u y

3/ 2
n

DTa BEpOSITHOCTh OINPEEISET 0TI OCTABLIMXCSA PAKET Y BTOPOIl CTOPOHBI
MI0CJIE€ HAHECEHUS TPOTUBHUKOM MepBoro ynaapa. Crano ObITh, OCTABIIUNACS
MOTEHLHAJI PABEH

nx
u Yy

3/ 2
n

AHaJNOTMYHO OCTABIIMMCS MTOTEHLIUAN Y IIEPBOM CTOPOHBI PABEH

fé(xay):y 1-

ﬁ(xay):x 1_%/;—2 x

3nech yepe3 v 0003Hau€Ha BEPOSITHOCTh BBIBOJIA PAKETHI BTOPOM CTOPOHBI
B 33JJaHHYIO TOUKY.

[TockoabKy Kaxkgas U3 CTOPOH CTPEMHUTCS MaKCUMHU3MPOBATH CBOU
OCTaBIIMICS MOTEHIMAJ, TO MOJy4aeM UTPY JABYX JIMI] C HEHYJIEBOU CyM-
MOM:

ny

v
fl(x,y)zx l—ﬁ — max,

m

nx

u Yy

(x5 y)=y| 1-
LHy)=y I

—max, x=>1,y>1.
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3apaya 4.1. BpricHure, CynmiecTByeT JM Y IOJYYEHHOM MIPBI TOYKa
paBHOBecus 1o Homy.
Hpumep 5. 3agana matpuna
5.4 33 1,5 249
c-| G2 &7 (62) (0.0
113 (1) 13 (63
2,4 (7.0) (6,2) (4,5)

6umarpuanoii urpet C ={(a;;b,)};i, j= 1,4.

3agava S.1. Llenp nepBoro Urpoka 3aKjiarO4aeTcsi B MAKCUMU3ALUH d;.
CuuTas BTOPOro Urpoka rnoMexou, pacCMOTPHUTE 3a7ady 00 ONTUMAIbHOU
CTpPaTEruu MepPBOro, MPUMEHSST KPUTEPHUH, IPEACTABICHHBIE B IEPBOM I1a-
parpade. PaccMoTpuTe aHaIOrMUHYO 3a7a4y JUisl BTOPOrO UTPOKa.

3amauya 5.2. llenp mepBOro Wrpoka 3akKIOYaeTCs B MAKCUMHU3AIUU
pPa3sHOCTU BEPOSATHOCTEN a;; — b;. BTOpoil Hrpok 3Ty pa3HOCTb MUHUMU3HU-
pyer. Halinure pemenne 310l MaTpU4HOU UTPBHI.

3apaua 5.3. [l OumatpuyHOi Urpsl (a,;b;;) MOCTpoiiTe apOUTPAKHYIO
cxemy Hoia.

3agaua 6. [{ns xaxxa0il OMMaTpUYHON UTPHI, 33JJaHHON MaTpUIlaMU

o (3:4) (6:3) oo 12) (2.1 oo 8,3) (L4 |
(42) (3:6) (4. (0.0 CRVNNER)

Hauaure peureHue no Hamry.
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