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1. Òåîðèÿ

1.1. Òåîðåòè÷åñêèå âîïðîñû

I. Ïðîèçâîäíûå è äèôôåðåíöèàëû.

1. Ñðåäíÿÿ ñêîðîñòü èçìåíåíèÿ ôóíêöèè íà îòðåçêå. Ìãíîâåííàÿ ñêî-
ðîñòü èçìåíåíèÿ ôóíêöèè â òî÷êå. Ïðîèçâîäíàÿ ôóíêöèè â òî÷êå.

2. Òåîðåìà î ïðèðàùåíèè ôóíêöèè, èìåþùåé ïðîèçâîäíóþ.

3. Òåîðåìà î íåïðåðûâíîñòè ôóíêöèè, èìåþùåé ïðîèçâîäíóþ.

4. Êàñàòåëüíàÿ ê ãðàôèêó ôóíêöèè â òî÷êå. Íåîáõîäèìîå è äîñòàòî÷-
íîå óñëîâèå ñóùåñòâîâàíèÿ êàñàòåëüíîé. Óðàâíåíèå êàñàòåëüíîé.

5. Àðèôìåòè÷åñêèå ñâîéñòâà ïðîèçâîäíûõ: ïðîèçâîäíàÿ ñóììû, ïðî-
èçâåäåíèÿ, ÷àñòíîãî.

6. Ïðîèçâîäíûå îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé (òàáëèöà ïðîèçâîä-
íûõ).

7. Òåîðåìà î ïðîèçâîäíîé ñëîæíîé ôóíêöèè.

8. Ïðîèçâîäíàÿ îáðàòíîé ôóíêöèè.

9. Ïàðàìåòðè÷åñêè çàäàííûå ôóíêöèè. Òåîðåìà î ñóùåñòâîâàíèè ôóíê-
öèè îäíîé ïåðåìåííîé, çàäàííîé ïàðàìåòðè÷åñêè. Ïðîèçâîäíàÿ ôóíê-
öèè, çàäàííîé ïàðàìåòðè÷åñêè. Êàñàòåëüíàÿ è íîðìàëü ê ãðàôèêó
ôóíêöèè, çàäàííîé ïàðàìåòðè÷åñêè.

10. Òåîðåìà Ôåðìà (íåîáõîäèìîå óñëîâèå ýêñòðåìóìà).

11. Òåîðåìû Ðîëëÿ, Ëàãðàíæà è Êîøè.

12. Ïðàâèëà Ëîïèòàëÿ-Áåðíóëëè ðàñêðûòèÿ íåîïðåäåëåííîñòåé.

13. Äèôôåðåíöèàë ôóíêöèè â òî÷êå. Íåîáõîäèìîå è äîñòàòî÷íîå óñëî-
âèå äèôôåðåíöèðóåìîñòè. Äèôôåðåíöèðóåìîñòü è ëèíåàðèçàöèÿ.

14. Äèôôåðåíöèàë ñëîæíîé ôóíêöèè. Èíâàðèàíòíîñòü ïåðâîãî äèôôå-
ðåíöèàëà.

15. Ìíîãî÷ëåí Òåéëîðà (Ìàêëîðåíà). Ôîðìóëà Òåéëîðà ñ îñòàòî÷íûì
÷ëåíîì â ôîðìå Ïåàíî.

16. Ôîðìóëà Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â ôîðìå Ëàãðàíæà.

17. Ðàçëîæåíèå ïî ôîðìóëå Ìàêëîðåíà ôóíêöèé: sinx; cosx; ex; shx;
chx; (1 + x)α; ln(1 + x); arctgx.

18. Äèôôåðåíöèàëüíàÿ ôîðìà ôîðìóëû Òåéëîðà-Ìàêëîðåíà.
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II. Èññëåäîâàíèå ôóíêöèé è ïîñòðîåíèå ãðàôèêîâ

1. Ïîâåäåíèå ôóíêöèè íà ãðàíèöå îáëàñòè îïðåäåëåíèÿ. Ãîðèçîíòàëü-
íûå, âåðòèêàëüíûå è íàêëîííûå àñèìïòîòû. Òåîðåìà î íåîáõîäèìîì
è äîñòàòî÷íîì óñëîâèè ñóùåñòâîâàíèÿ àñèìïòîò.

2. Òåîðåìà î äîñòàòî÷íîì óñëîâèè ìîíîòîííîñòè ôóíêöèè.

3. Òåîðåìà î äîñòàòî÷íîì óñëîâèè ýêñòðåìóìà â òåðìèíàõ ïåðâîé ïðî-
èçâîäíîé.

4. Òåîðåìà î äîñòàòî÷íîì óñëîâèè ýêñòðåìóìà â òåðìèíàõ âòîðîé ïðî-
èçâîäíîé.

5. Âûïóêëûå è âîãíóòûå (âûïóêëûå ââåðõ) ôóíêöèè. Íåðàâåíñòâî Èåí-
ñåíà). Ëåììà î ãðàôèêå âûïóêëîé ôóíêöèè è õîðäå.

6. Íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå âûïóêëîñòè ôóíêöèè, èìåþùåé
âòîðóþ ïðîèçâîäíóþ.

1.2. Òåîðåòè÷åñêèå óïðàæíåíèÿ

1. Íàéäèòå ïðîèçâîäíûå ïðèâåäåííûõ íèæå ôóíêöèé â òî÷êå x0 = 0 èëè
äîêàæèòå, ÷òî îíè íå ñóùåñòâóþò:

à) y =

{
e−1/x

2

, x 6= 0,
0, x = 0;

á)y =

{
e−1/x

3

, x 6= 0,
0, x = 0;

â) y = [x], y = {x}; ã)∗∗ y =


0, x � èððàöèîíàëüíî,
1

n
, x = m

n −
íåñîêðàòèìàÿ
äðîáü.

2. Ôóíêöèè f(x) è q(x) äèôôåðåíöèðóåìû â òî÷êå x0. ×òî ìîæíî ñêàçàòü î

äèôôåðåíöèðóåìîñòè â ýòîé òî÷êå ôóíêöèé: ϕ = f+q, ϕ = fq, ϕ =
f

q
?

3. Ôóíêöèè f(x) è q(x) äèôôåðåíöèðóåìû â òî÷êå x0. ×òî ìîæíî ñêàçàòü î

äèôôåðåíöèðóåìîñòè â ýòîé òî÷êå ôóíêöèé: ϕ = max

(
f(x), q(x)

)
, ϕ =

|f |, ϕ = min(f, 1)?

4. Ñëåäóåò ëè èç äèôôåðåíöèðóåìîñòè êâàäðàòà ôóíêöèè äèôôåðåíöèðó-
åìîñòü ôóíêöèè?

5. Ñëåäóåò ëè èç äèôôåðåíöèðóåìîñòè êóáà ôóíêöèè äèôôåðåíöèðóåìîñòü
ôóíêöèè?
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6. Ïóñòü f(x) � ìîíîòîííàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ íà íåêîòîðîì èí-
òåðâàëå. Áóäåò ëè äèôôåðåíöèðóåìà îáðàòíàÿ ôóíêöèÿ?

7. Ïîêàçàòü, ÷òî ïðîèçâîäíàÿ äèôôåðåíöèðóåìîé ôóíêöèè ìîæåò íå áûòü
íåïðåðûâíîé ôóíêöèåé. Êàêîãî ñîðòà ðàçðûâû ó íåå ìîãóò áûòü?

2. Èíäèâèäóàëüíûå çàäàíèÿ

Âàðèàíò �1

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =


√
1 + ln

(
1 + x2 sin

1

x

)
, x 6= 0,

1, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y =
2

3

√
(arctg ex)3;

á) y = xarcsinx;
â) f(x) = ϕ(arcsin(ψ)), ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè íà R;

ã)

{
x(t) = t4 + 1,

y(t) = t3 + t
â òî÷êå M(2, 2);

ä) x4 + x = y5 + y2 â òî÷êå M(1, 1).

3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y =
3
√
x2 − 20 â

òî÷êå ñ àáñöèññîé x0 = −8.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y = x ln |x+
√
x2 + 3| −

√
x2 + 3.

5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→0

ln(cos ax)

x2
; á) lim

x→∞
x3 · e−x2.

6. Ðàçëîæèòå ôóíêöèþ f(x) =
1− x+ x2

1 + x+ x2
ïî ôîðìóëå Ìàêëîðåíà äî o(x3).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

ex − 3

√
1 + 3x+

9

2
x2

x3
.
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8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
y = 1 + 3

√
2(x− 1)2(x− 7) íà îòðåçêå [−1, 5].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =
x2 − 3x+ 3

x− 1
; á) y = ln

x

x+ 2
+ 1.

Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

{
αx+ β, x 6 1,

x2, x > 1
áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y = 3

√
x2 + 2x+ 5, x = 0, 97.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y =
c

cosx
äèôôåðåíöèàëüíîìó

ñîîòíîøåíèþ y′ − tg x · y = 0?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y = a3x.

5. Äîêàæèòå íåðàâåíñòâî ex > 1 + x ïðè x > 0.

6. Îïðåäåëèòå îòíîøåíèå ðàäèóñà îñíîâàíèÿ ê âûñîòå öèëèíäðà, èìåþùåãî
ïðè äàííîì îáúåìå íàèìåíüøóþ ïîëíóþ ïîâåðõíîñòü.

Âàðèàíò �2

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =

{
sin
(
ex

2 sin 5
x − 1

)
+ x, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y =
1

2
ln
(
e2x + 1

)
− 2 arctg ex;

á) y = (ctg 3x)2e
x

;
â) f(x) = n

√
ϕ2(x) + ψ2(x), ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè íà R;
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ã)

{
x(t) =

3
√
1−
√
t,

y(t) =
√

1−
√
t

â òî÷êå M(1, 1);

ä) y3 − y = 6x2 â òî÷êå M(1, 2).

3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y =
1 +
√
x

1−
√
x
â

òî÷êå ñ àáñöèññîé x0 = 4.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y = arctg(shx) + sh x · ln shx.

5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→0

ln cosx

ln cos 3x
; á) lim

x→0

(
1

x
− 1

arcsinx

)
.

6. Ðàçëîæèòå ôóíêöèþ f(x) = e2x−x
2

ïî ôîðìóëå Ìàêëîðåíà äî o(x3).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

√
1 + 2x− ex + x2

ln(1 + x)− sinx
.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
y = x− 4

√
x+ 5 íà îòðåçêå [1, 9].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =
4− x3

x2
; á) y = (x− 2)e3−x.

Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

α + βx2, x < 1
1

x
, x > 1

áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y = 3

√
x, x = 26, 46.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y = − 1

3x+ c
äèôôåðåíöèàëüíî-

ìó ñîîòíîøåíèþ y′ = 3y2?
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4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y =
x

2(3x+ 2)
.

5. Äîêàæèòå íåðàâåíñòâî ex > ex ïðè x ∈ R.

6. ×åðåç òî÷êó P

(
1

2
, 2

)
ïðîâåñòè ïðÿìóþ òàê, ÷òîáû ñóììà äëèí ïîëîæè-

òåëüíûõ îòðåçêîâ, îòñåêàåìûõ åþ íà êîîðäèíàòíûõ îñÿõ, áûëà íàèìåíü-
øåé.

Âàðèàíò �3

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =

x2 cos
4

3x
+
x2

2
, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y = ln (ex + 1) +
18e2x + 27ex + 11

6(ex + 1)3
;

á) y = xe
tg x

;

â) f(x) = arctg

(
ϕ(x)

ψ(x)

)
, ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè íà R;

ã)

{
x(t) = sin2 t,

y(t) = cos2 t
â òî÷êå M

(
3

4
,
1

4

)
;

ä) x4 + y4 − 8x2 − 10y2 + 16 = 0 â òî÷êå M(1, 3).

3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y = 8 4
√
x − 70 â

òî÷êå ñ àáñöèññîé x0 = 16.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y = arccos
x2 − 1

x2
√
2
.

5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→0

ch 2x− 1

x2
; á) lim

x→0

(
1

x2
− 1

sin2 x

)
.

6. Ðàçëîæèòå ôóíêöèþ f(x) =
√
1− 2x+ x3 − 3

√
1− 3x+ x2 ïî ôîðìóëå

Ìàêëîðåíà äî o(x3).
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7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

ln(1 + x)− x
x2

.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè

y =
10x

1 + x2
íà îòðåçêå [0, 3].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =
x2 − 4x+ 1

x− 4
; á) y =

e2(x−1)

2(x− 1)
.

Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

−
1

x
, x 6 −1

α + βx2, x > −1
áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y =

√
x2 + x+ 3, x = 1, 97.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y = ln(c+ ex) äèôôåðåíöèàëüíî-
ìó ñîîòíîøåíèþ y′ = ex−y?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y = lg(x+ 4).

5. Äîêàæèòå íåðàâåíñòâî ln(1 + x) > x− x2

2
ïðè x > 0.

6. Ïî âçàèìíî ïåðïåíäèêóëÿðíûì óëèöàì ê ïåðåêð¼ñòêó äâèæóòñÿ äâå ìà-
øèíû ñî ñêîðîñòÿìè 30 êì/÷ è 40êì/÷. Â íåêîòîðûé ìîìåíò âðåìåíè
îíè íàõîäÿòñÿ íà ðàññòîÿíèè 10 êì îò ïåðåêð¼ñòêà. ×åðåç êàêîå âðåìÿ
ïîñëå ýòîãî ðàññòîÿíèå ìåæäó ìàøèíàìè ñòàíåò íàèìåíüøèì?

Âàðèàíò �4

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =

arctg

(
x3 − x 3

2 sin
1

3x

)
, x 6= 0,

0, x = 0.
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â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y =
2
(√

2x − 1− arctg
√
2x − 1

)
ln 2

;

á) y = (tg x)4e
x

;

â) f(x) = (ϕ(x))ψ(x), ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè íà R;

ã)

{
x(t) = sin3 t,

y(t) = cos3 t
â òî÷êå M

(
1

8
,
3
√
3

8

)
;

ä) xy − 3
√
xy2 + 6 = 0 â òî÷êå M(2, 1).

3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y = 2x2 − 3x + 1
â òî÷êå ñ àáñöèññîé x0 = 1.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y = ln
(
cos2 x+

√
1 + cos4 x

)
.

5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→0

ln(1 + x)− x
tg2 x

; á) lim
x→0

(sinx · ln ctg x).

6. Ðàçëîæèòå ôóíêöèþ f(x) =
x

ex − 1
ïî ôîðìóëå Ìàêëîðåíà äî o(x2).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

sh 2x− 2 shx

x3
.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
y = 3

√
2(x+ 1)2(5− x)− 2 íà îòðåçêå [−3, 3].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =
2x3 + 1

x2
; á) y = 3− 3 ln

x

x+ 4
.

Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

{
(x+ α) · e−βx, x < 0

αx2 + βx+ 1, x > 0
áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?
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2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y = x11, x = 1, 021.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y =
√
x2 − cx äèôôåðåíöèàëüíî-

ìó ñîîòíîøåíèþ
(
x2 + y2

)
dx− 2xydy = 0?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y =
√
x.

5. Äîêàæèòå íåðàâåíñòâî ln(1 + x) < x ïðè x > 0.

6. Òî÷êè A è B ñ àáñöèññàìè 2 è −2 ðàñïîëîæåíû íà ïàðàáîëå y =
1

2
x2.

íàéäèòå íà ýòîé ïàðàáîëå òî÷êó, ñóììà êâàäðàòîâ ðàññòîÿíèé êîòîðîé
äî òî÷åê A è B áûëà áû íàèìåíüøåé.

Âàðèàíò �5

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =

sinx · cos 5
x
, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y = 2(x− 2)
√
1 + ex − 2 ln

√
1 + ex − 1√
1 + ex + 1

;

á) y = (cos 5x)e
x

;
â) f(x) = logϕ(x) ψ(x), ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè íà R;

ã)

{
x(t) = t− sin t,

y(t) = 1− cos t
â òî÷êå M (π, 2);

ä) x · e
x
y2
−1 − 2y = 0 â òî÷êå M(4, 2).

3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y =
x2 − 3x+ 6

x2
â

òî÷êå ñ àáñöèññîé x0 = 3.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y = ln
(
x+

√
1 + x2

)
−
√

1 + x2 arctg x.

5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→π

4

ln tg x

ctg 2x
; á) lim

x→+∞

(
x · ln

(
2

π
arctg x

))
.
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6. Ðàçëîæèòå ôóíêöèþ f(x) = ln cosx ïî ôîðìóëå Ìàêëîðåíà äî o(x4).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

ex − 1− x
x2

.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè

y = 2x2 +
108

x
− 59 íà îòðåçêå [2, 4].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =
(x− 1)2

x2
; á) y = −(2x+ 1)e2(x+1).

Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

{
α + βx, x < 0

α cosx+ β sinx, x > 0
áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y = 3

√
x, x = 1, 21.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y = x(c − lnx) äèôôåðåíöèàëü-
íîìó ñîîòíîøåíèþ (x− y)dx+ xdy = 0?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y =
2x+ 5

13(3x+ 1)
.

5. Äîêàæèòå íåðàâåíñòâî ln(1 + x) >
x

x+ 1
ïðè x > 0.

6. ×èñëî 204 ðàçëîæèòå íà 3 ñëàãàåìûõ, òàê ÷òîáû äâà èç íèõ îòíîñèëèñü
êàê 1 : 7, à ïðîèçâåäåíèå òð¼õ ñëàãàåìûõ áûëî íàèáîëüøèì.

Âàðèàíò �6

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =

x+ arcsin

(
x2 sin

6

x

)
, x 6= 0,

0, x = 0.
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â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y =
eαx(α sin βx− β cos βx)

α2 + β2
;

á) y = (x sinx)8 ln(x sinx);
â) f(x) = ϕ(ψ(ϕ(x))), ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè íà R;

ã)

{
x(t) = (t− 1)2 · (t− 2),

y(t) = (t− 2)2 · (t− 1)
â òî÷êå M (−2,−4);

ä) 3sin(yx
2) − 3x(y − π)− 1 = 0 â òî÷êå M(1, π).

3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y =
√
x − 3 3

√
x â

òî÷êå ñ àáñöèññîé x0 = 64.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y =
ln |x|
1 + x2

− 1

2
ln

x2

1 + x2
.

5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→1

xx − 1

lnx
; á) lim

x→+∞
x2 · e−x3.

6. Ðàçëîæèòå ôóíêöèþ f(x) = sin(cosx − ex) ïî ôîðìóëå Ìàêëîðåíà äî
o(x4).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

cosx− 1 +
x2

2
x4

.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè

y = 3− x− 4

(x+ 2)2
íà îòðåçêå [−1, 2].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =
x2

(x− 1)2
; á) y =

e2(x+2)

2(x+ 2)
.

Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

αx, x 6 1
x− β
2

, x > 1
áó-

äåò:
à) íåïðåðûâíà íà R;
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á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y = x21, x = 0, 998.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y = etg
x
2 äèôôåðåíöèàëüíîìó

ñîîòíîøåíèþ y′ sinx = y ln y?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y = 23x+5.

5. Äîêàæèòå íåðàâåíñòâî 1− 2 lnx 6
1

x2
ïðè x > 0.

6. Òðåáóåòñÿ èçãîòîâèòü ÿùèê ñ êðûøêîé, îáú¼ì êîòîðîãî áûë áû ðàâåí
36ì3, ñòîðîíû îñíîâàíèÿ îòíîñèëèñü áû êàê 1 : 3. Êàêîâû äîëæíû áûòü
ðàçìåðû âñåõ ñòîðîí, ÷òîáû ïîëíàÿ ïîâåðõíîñòü ÿùèêà áûëà íàèìåíü-
øåé?

Âàðèàíò �7

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =

{
tg
(
2x

2 cos 1
8x − 1 + x

)
, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y =
eαx(β sin βx− α cos βx)

α2 + β2
;

á) y = (x− 5)chx;
â) f(x) = ϕ

(
sin2 x

)
+ ψ

(
cos2 x

)
, ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè

íà R;

ã)

x(t) = ln sin
t

2
,

y(t) = ln sin t
â òî÷êå M

(
ln

√
2

2
, 0

)
;

ä) 2x2 − 4xy + y2 − 2x+ 6y − 3 = 0 â òî÷êå M(3, 4).

3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y =
x3 + 2

x3 − 2
â òî÷êå

ñ àáñöèññîé x0 = 2.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y = ln
(
ex +

√
e2x − 1

)
+ arcsin ex.
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5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→0

x · arcsinx2

x cosx− sinx
; á) lim

x→+∞

(
π − 2 arctg

√
x
)
·
√
x.

6. Ðàçëîæèòå ôóíêöèþ f(x) = cos(cosx − 1) ïî ôîðìóëå Ìàêëîðåíà äî
o(x4).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

ch 3x+ cos 3x− 2

x4
.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
y = 3

√
2x2(x− 3) íà îòðåçêå [−1, 6].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =

(
1 +

1

x

)2

; á) y = ln
x

x− 2
− 2.

Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

{
5x+ 1, x 6 1

αx2 + x+ β, x > 1

áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y =

3
√
x2, x = 1, 03.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y =
1 + x

1− x
äèôôåðåíöèàëüíîìó

ñîîòíîøåíèþ y′ =
1 + y2

1 + x2
?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y = sin(x+ 1) + cos 2x.

5. Äîêàæèòå íåðàâåíñòâî ex > 1 + ln(1 + x).

6. Íàéäèòå ðàäèóñ îñíîâàíèÿ öèëèíäðà íàèáîëüøåãî îáú¼ìà, âïèñàííîãî â
øàð ðàäèóñà R.
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Âàðèàíò �8

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =

arctg x · sin 7

x
, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y = eax
(

1

2a
+
a cos 2bx+ 2b sin 2bx

2 (a2 + 4b2)

)
;

á) y = (x3 + 4)tg x;

â) f(x) =

(
ψ(x)

ϕ(x)

)10

, ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè íà R;

ã)

x(t) = t2 + t+ 1,

y(t) =
t3

3
+
t2

2
+ t+ 1

â òî÷êå M (1, 1);

ä) 3x2 + 2xy + 2y2 + 3x− 4y = 0 â òî÷êå M(−2, 1).

3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y = 2x2+3 â òî÷êå
ñ àáñöèññîé x0 = −1.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y = x
√

4− x2 + a arcsin
x

2
.

5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→0

x− sinx

tg x− x
; á) lim

x→+0
x2 ·

(
ln

1

x

)3

.

6. Ðàçëîæèòå ôóíêöèþ f(x) = sin(cosx − 1) ïî ôîðìóëå Ìàêëîðåíà äî
o(x6).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

tg x− sinx

x3
.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè

y =
2
(
−x2 + 7x− 7

)
x2 − 2x+ 2

íà îòðåçêå [1, 4].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =
12− 3x2

x2 + 12
; á) y = (2x+ 5)e−2(x+2).
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Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

{
x3, x 6 1

αx+ β, x > 1
áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y = x6, x = 2, 01.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y =
b+ x

1 + bx
äèôôåðåíöèàëüíîìó

ñîîòíîøåíèþ y − xy′ = b
(
1 + x2y′

)
?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y =
3
√
e2x+1.

5. Äîêàæèòå íåðàâåíñòâî
lnx

x− 1
6

1√
x
ïðè x > 0, x 6= 1.

6. Íà ãèïåðáîëå
x2

2
− y2 = 1 íàéäèòå òî÷êó, áëèæàéøóþ ê òî÷êå (3, 0).

Âàðèàíò �9

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =

2x2 + x2 cos
1

9x
, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y = x+
1

1 + ex
− ln (1 + ex);

á) y = xsinx
3

;

â) f(x) = ln
ϕ(x)

ψ(x)
, ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè íà R;

ã)

{
x(t) = t5 · (t− 1),

y(t) = t5 · (t+ 1)
â òî÷êå M (0, 2);

ä) x3 + y2 + 2x− 6 = 0 â òî÷êå M(−1, 3).
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3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y =
x29 + 6

x4 + 1
â

òî÷êå ñ àáñöèññîé x0 = 1.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y = ln tg
x

2
− x

sinx
.

5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→0

ln

(
1 + x

1− x
− 2x

)
x− sinx

; á) lim
x→+∞

x2 · 2−x.

6. Ðàçëîæèòå ôóíêöèþ f(x) =
x

e2x − 1
ïî ôîðìóëå Ìàêëîðåíà äî o(x2).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

√
1 + 2x+ 3

√
1 + 3x− 2 4

√
1 + 4x

x2
.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
y = x− 4

√
x+ 2 + 8 íà îòðåçêå [−1, 7].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =
9 + 6x− 3x2

x2 − 2x+ 13
; á) y =

e3−x

3− x
.

Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

{
αx+ 1, x < 1

β + x, x > 1
áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y = 3

√
x, x = 8, 24.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y =
3
√
2 + 3x− 3x2 äèôôåðåíöè-

àëüíîìó ñîîòíîøåíèþ yy′ =
1− 2x

y
?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y =
4 + 15x

5x+ 1
.
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5. Äîêàæèòå íåðàâåíñòâî cosx > 1− x2

2
ïðè x ∈ R.

6. Íà ïàðàáîëå y = x2 íàéäèòå òî÷êó, áëèæàéøóþ ê òî÷êå A

(
2,

1

2

)
.

Âàðèàíò �10

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =

x2 cos2
11

x
, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y = x− 3 ln
((

1 + ex/6
)√

1 + ex/3
)
− 3 arctg ex/6;

á) y = (x2 − 1)shx;
â) f(x) = ϕ (ex) · eψ(x), ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè íà R;

ã)

{
x(t) = 1− t2,
y(t) = t− t3

â òî÷êå M (0, 0);

ä) y4 − 4x4 − 6xy = 0 â òî÷êå M(1, 2).

3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y = 2x+
1

x
â òî÷êå

ñ àáñöèññîé x0 = 1.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y = 2x+ ln | sinx+ 2 cosx|.

5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→0

tg x− x
ln3(1 + x)

; á) lim
x→0

(
1

sinx
− 1

x

)
.

6. Ðàçëîæèòå ôóíêöèþ f(x) = ecosx−1 ïî ôîðìóëå Ìàêëîðåíà äî o(x4).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

tg x− x
sinx− x

.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
y = 3

√
2(x− 2)2(5− x) íà îòðåçêå [1, 5].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y = − 8x

x2 + 4
; á) y = 2 ln

x

x+ 1
− 1.
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Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

{
αx2 + βx+ 1, x < 1

−1, x > 1
áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y = x7, x = 1, 996.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y =

√
ln

(
1 + ex

2

)2

+ 1 äèôôå-

ðåíöèàëüíîìó ñîîòíîøåíèþ (1 + ex) yy′ = ex?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y = lg(3x+ 1).

5. Äîêàæèòå íåðàâåíñòâî chx > 1 +
x2

2
ïðè x ∈ R.

6. Íàéäèòå íàèáîëüøóþ ïëîùàäü ïðÿìîóãîëüíèêà, äâå âåðøèíû êîòîðîãî
ëåæàò íà îñÿõ OX è OY ïðÿìîóãîëüíîé ñèñòåìû êîîðäèíàò, òðåòüÿ â
òî÷êå (0, 0), à ÷åòâ¼ðòàÿ íà ïàðàáîëå y = 3− x2.

Âàðèàíò �11

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =

2x2 + x2 cos
1

x
, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y = x+
8

1 + ex/4
;

á) y = (x4 + 5)ctg x;
â) f(x) = ϕ

(
sinx2

)
+ ψ

(
cosx2

)
, ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè

íà R;
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ã)


x(t) =

t+ 1

t
,

y(t) =
t− 1

t

â òî÷êå M

(
3

2
,
1

2

)
;

ä) x5 + y5 − 2xy = 0 â òî÷êå M(1, 1).

3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y = −2
3
· x

8 + 2

x4 + 1
â

òî÷êå ñ àáñöèññîé x0 = 1.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y =
√
ctg x−

√
tg3 x

3
.

5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→0

sin 2x− 2x

x2 · arcsinx
; á) lim

x→0

(
1

x
− 1

ex − 1

)
.

6. Ðàçëîæèòå ôóíêöèþ f(x) = sin(ex− 1) ïî ôîðìóëå Ìàêëîðåíà äî o(x3).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

5
√
1 + 5x− 1

4
√
1 + 4x−

√
1 + 2x

.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè

y =
4x

4 + x2
íà îòðåçêå [−4, 2].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =

(
x− 1

x+ 1

)2

; á) y = (4− x)ex−3.

Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

{
αx2 + x+ β, x < 1

1, x > 1
áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y = 3

√
x, x = 7, 64.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y = tg ln 3x äèôôåðåíöèàëüíîìó
ñîîòíîøåíèþ

(
1 + y2

)
dx = xdy?
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4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y = 75x.

5. Äîêàæèòå íåðàâåíñòâî tg x > x+
x3

3
ïðè 0 < x <

π

2
.

6. Íàéäèòå óãëîâîé êîýôôèöèåíò ïðÿìîé, ïðîõîäÿùåé ÷åðåç òî÷êó A(1, 2)
è îòñåêàþùåé îò ïåðâîãî êîîðäèíàòíîãî óãëà òðåóãîëüíèê íàèìåíüøåé
ïëîùàäè.

Âàðèàíò �12

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =


ln cosx

x
, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y = ln
(
ex +

√
e2x − 1

)
+ arcsin e−x;

á) y = (sinx)5x/2;
â) f(x) =

√
ϕ3(x) + ψ3(x), ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè íà R;

ã)

{
x(t) = ln

(
1 + t3

)
,

y(t) = t− arctg t
â òî÷êå M (0, 0);

ä) arctg
y

x
= ln

√
x2 + y2 â òî÷êå M(1, 0).

3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y =
x5 + 1

x4 + 1
â òî÷êå

ñ àáñöèññîé x0 = 1.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y = ln

∣∣∣∣∣x+
√
x2 + 1

2x

∣∣∣∣∣.
5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→0

tg x− x
arcsinx− ln(1 + x)

; á) lim
x→0

(
1

x arctg x
− 1

x2

)
.

6. Ðàçëîæèòå ôóíêöèþ f(x) = ex·ln(1−x) ïî ôîðìóëå Ìàêëîðåíà äî o(x4).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

1 + x cosx−
√
1 + 2x

ln(1 + x)− x
.
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8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè

y = −x
2

2
+

8

x
+ 8 íà îòðåçêå [−4,−1].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =
3x4 + 1

x3
; á) y = − e

−2(x+2)

2(x+ 2)
.

Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

{
α + βx3, x < 1

2x+ 1, x > 1
áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y =

√
4x− 1, x = 2, 56.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y = −
√

2

x2
− 1 äèôôåðåíöèàëü-

íîìó ñîîòíîøåíèþ 1 + y2 + xyy′ = 0?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y =
x

9(4x+ 9)
.

5. Äîêàæèòå íåðàâåíñòâî arctg x 6 x ïðè x > 0.

6. Íàéäèòå äëèíó áîêîâîé ñòîðîíû òðàïåöèè, èìåþùåé íàèìåíüøèé ïåðè-
ìåòð ñðåäè âñåõ ðàâíîáåäðåííûõ òðàïåöèé ñ çàäàííîé ïëîùàäüþ S è
óãëîì α ìåæäó áîêîâîé ñòîðîíîé è íèæíåì îñíîâàíèåì.

Âàðèàíò �13

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =

6x+ x sin
1

x
, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.
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2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y = x− e−x arcsin ex − ln
(
1 +

√
1− e2x

)
;

á) y = (x2 + 1)cosx;
â) f(x) = 2ϕ(x)·(1+ψ(x)), ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè íà R;

ã)

{
x(t) = t(1− sin t),

y(t) = t cos t
â òî÷êå M (0, 0);

ä) y5 + y3 + y + x = 0 â òî÷êå M(−3, 1).

3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y =
x16 + 9

1− 5x2
â

òî÷êå ñ àáñöèññîé x0 = 1.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y = 3

√
x+ 2

x− 2
.

5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→0

esinx − ex

sinx− x
; á) lim

x→1
x

1
x−1 .

6. Ðàçëîæèòå ôóíêöèþ f(x) = ex−2x
2

ïî ôîðìóëå Ìàêëîðåíà äî o(x3).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

ex −
√
1 + 2x

ln cosx
.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
y = 3

√
2x2(x− 6) íà îòðåçêå [−2, 4].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =
4x

(x+ 1)2
; á) y = 2 ln

x+ 3

x
− 3.

Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

{
x2 + 2, x 6 −1
α + βx, x > −1

áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå

çíà÷åíèå y =
1√

2x2 + x+ 1
, x = 1, 016.
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3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y =
3
√
x− lnx− 1 äèôôåðåíöè-

àëüíîìó ñîîòíîøåíèþ lnx+ y3 − 3xy2y′ = 0?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y = lg(1 + x).

5. Äîêàæèòå íåðàâåíñòâî sinx >
2

π
x ïðè 0 6 x 6

π

2
.

6. Íàéäèòå êîíóñ íàèáîëüøåãî îáú¼ìà ñ äàííîé îáðàçóþùåé b.

Âàðèàíò �14

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =


ex

2 − cosx

x
, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y = x− ln(1 + ex)− 2e−x/2 arctg ex/2 −
(
arctg ex/2

)2
;

á) y = 19x
19

x19;
â) f(x) = ψ2(x) · ln(ϕ(x)), ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè íà R;

ã)


x(t) =

t3 + 1

t2 − 1
,

y(t) =
t

t2 − 1

â òî÷êå M

(
3,

2

3

)
;

ä) xy + ln y = 1 â òî÷êå M(1, 1).

3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y = 3
(

3
√
x− 2

√
x
)

â òî÷êå ñ àáñöèññîé x0 = 1.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y = arctg
x2 − 1

x
.

5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→+0

lnx

ln sinx
; á) lim

x→+∞

(
2

π
arctg x

)x
.

6. Ðàçëîæèòå ôóíêöèþ f(x) =
√
1 + 2x+ x2 − 3

√
1 + 3x− x2 ïî ôîðìóëå

Ìàêëîðåíà äî o(x3).
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7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

3 cosx+ sinx− 3 3
√
1 + x

ln(1− x2)
.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè

y =
−2x(2x+ 3)

x2 + 4x+ 5
íà îòðåçêå [1, 4].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y = 8
x− 1

(x+ 1)2
; á) y = (2x− 1)e2(1−x).

Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

{
αx2 + βx+ 1, x 6 1

3x+ 2, x > 1
áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y = 3

√
x, x = 8, 36.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y = a +
7x

ax+ 1
äèôôåðåíöèàëü-

íîìó ñîîòíîøåíèþ y − xy′ = a
(
1 + x2y′

)
?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y =
4

x
.

5. Äîêàæèòå íåðàâåíñòâî sinx > x− x3

6
.

6. Íàéäèòå âûñîòó êîíóñà íàèìåíüøåãî îáú¼ìà, îïèñàííîãî îêîëî øàðà R.

Âàðèàíò �15

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =

{
ex sin

5
x − 1, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.
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2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y =
ex

3

1 + x3
;

á) y = x3
x · 2x;

â) f(x) = ϕ2(x) · ln
(
1 + ψ2(x)

)
, ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè

íà R;

ã)

{
x(t) = et · sin t,
y(t) = et · cos t

â òî÷êå M (0, 1);

ä) x2 + y2 = x3 + y3 â òî÷êå M(1, 1).

3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y =
1

3x+ 2
â òî÷êå

ñ àáñöèññîé x0 = 2.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y = ln |x2 − 1| − 1

x2 − 1
.

5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→+0

ln sinx

ctg x
; á) lim

x→0

(
2

π
arccosx

) 1
x

.

6. Ðàçëîæèòå ôóíêöèþ f(x) =
x

e3x − 1
ïî ôîðìóëå Ìàêëîðåíà äî o(x2).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

(1 + x)
1
x − e

x
.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè

y = − 2(x2 + 3)

x2 + 2x+ 5
íà îòðåçêå [−6, 1].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =
1− 2x3

x2
; á) y = −e

−(x+2)

x+ 2
.

Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

{
αx2 + β, x < −1
x3 + x, x > −1

áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?
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2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå

çíà÷åíèå y =
1√
x
, x = 4, 16.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y = a tg

√
a

x
− 1 äèôôåðåíöèàëü-

íîìó ñîîòíîøåíèþ a2 + y2 + 2x
√
ax− x2y′ = 0?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y =
5x+ 1

13(2x+ 3)
.

5. Äîêàæèòå íåðàâåíñòâî sinx < x− x3

6
+

x5

120
.

6. Íàéäèòå âûñîòó ïðàâèëüíîé òðåóãîëüíîé ïðèçìû íàèáîëüøåãî îáú¼ìà,
âïèñàííîé â øàð ðàäèóñà R.

Âàðèàíò �16

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =

{
3x

2 sin 2
x − 1 + 2x, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y =
1

m
√
ab

arctg

(
emx ·

√
a

b

)
;

á) y = (sin
√
x)e

1/x

;
â) f(x) = ϕ2(ψ(5x)), ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè íà R;

ã)


x(t) =

3t

t3 + 1
,

y(t) =
3t2

t3 + 1

â òî÷êå M (0, 0);

ä) 2y ln y = x â òî÷êå M(2e, e).

3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y =
x

x2 + 1
â òî÷êå

ñ àáñöèññîé x0 = −2.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y = arctg
(
tg
x

2
+ 1
)
.
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5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→+0

ln(1− cosx)

ln tg x
; á) lim

x→0
(cosx)

1
x2 .

6. Ðàçëîæèòå ôóíêöèþ f(x) = ln cos 2x ïî ôîðìóëå Ìàêëîðåíà äî o(x4).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

(1 + x)x − 1

x2
.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
y = 3

√
2(x− 1)2(x− 1) íà îòðåçêå [0, 4].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =
4

x2 + 2x− 3
; á) y = 2 ln

x

x− 4
− 3.

Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

{
αx2, x < 0

x2 + βx, x > 0
áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y = x7, x = 2, 002.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y =
4

√√
x+
√
x+ 1 äèôôåðåí-

öèàëüíîìó ñîîòíîøåíèþ 8xy′ − y = − 1

y3
√
x+ 1

?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y = a2x+3.

5. Äîêàæèòå íåðàâåíñòâî sinx+ tg x > 2x ïðè 0 < x <
π

2
.

6. Íàéäèòå ñòîðîíû ïðÿìîóãîëüíèêà íàèáîëüøåé ïëîùàäè, âïèñàííîãî â

ýëëèïñ
x2

a2
+
y2

b2
= 1 òàê, ÷òî ñòîðîíû ïðÿìîóãîëüíèêà ïàðàëëåëüíû îñÿì

ýëëèïñà.
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Âàðèàíò �17

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =


√
1 + ln

(
1 + 3x2 cos

2

x

)
− 1, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y = 3e
3
√
x
(

3
√
x2 − 2 3

√
x+ 2

)
;

á) y = xe
ctg x

;
â) f(x) = sin

(
ϕ2(x)

)
+ cos

(
ψ2(x)

)
, ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíê-

öèè íà R;

ã)

{
x(t) = t sh t,

y(t) = t ch t
â òî÷êå M (0, 0);

ä)
√
x+
√
y = 2 â òî÷êå M(1, 1).

3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y =
x2 − 3x+ 3

3
â

òî÷êå ñ àáñöèññîé x0 = 3.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y = ln
∣∣∣2x+ 2

√
x2 + x+ 1

∣∣∣.
5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→+0

3 + ln x

2− 3 ln sin x
; á) lim

x→+0
(1 + x)lnx.

6. Ðàçëîæèòå ôóíêöèþ f(x) = sh
(
cos 2x− e2x

)
ïî ôîðìóëå Ìàêëîðåíà äî

o(x3).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

(1 + x)
1
x − e(1− x

2
)

x2
.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè

y = x2 − 2x+
16

x− 1
− 13 íà îòðåçêå [2, 5].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =
4

3 + 2x− x2
; á) y = −(x+ 1)ex+2.
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Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =


3x+ 2, x 6 0

αx2 + x+ β, x ∈ (0, 1)

2x, x > 1
áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y =

√
4x− 3, x = 1, 78.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y = (x+1)ex
2

äèôôåðåíöèàëüíî-
ìó ñîîòíîøåíèþ y′ − 2xy = 2xex

2

?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y = sin(3x+ 1) + cos 5x.

5. Äîêàæèòå íåðàâåíñòâî lnx >
2(x− 1)

1 + x
ïðè x > 1.

6. Íàéäèòå öèëèíäð íàèáîëüøåãî îáú¼ìà, ïåðèìåòð îñåâîãî ñå÷åíèÿ êîòî-
ðîãî ðàâåí a.

Âàðèàíò �18

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =

{
ex sin

3
5x − 1, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y = ln

√
1 + ex + e2x − ex − 1√
1 + ex + e2x − ex + 1

;

á) y = xe
cos x

;
â) f(x) = arcsin

(
ϕ(x) + ψ2(x)

)
, ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè

íà R;

ã)

{
x(t) = 2sin

2 t,

y(t) = 2cos
2 t

â òî÷êå M (1, 2);

ä) x
2
3 + y

2
3 = 1 â òî÷êå M(1, 0).
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3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y =
2x

x2 + 1
â òî÷êå

ñ àáñöèññîé x0 = 1.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y = ln
∣∣cos√x∣∣+√x tg√x.

5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→π

4

3
√
tg x− 1

2 sin2 x− 1
; á) lim

x→+0
(arcsinx)tg x.

6. Ðàçëîæèòå ôóíêöèþ f(x) = ch(cosx − 1) ïî ôîðìóëå Ìàêëîðåíà äî
o(x4).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

cos
(π
2
cosx

)
sin
(
sin2 x

) .

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
y = 2

√
x− 1− x+ 2 íà îòðåçêå [1, 5].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =
x2 + 2x− 7

x2 + 2x− 3
; á) y =

ex+3

x+ 3
.

Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

{
αx3, x 6 1

x+ β, x > 1
áó-

äåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y = 3

√
x, x = 0, 98.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y =
2x

x3 + 1
+

1

x
äèôôåðåíöèàëü-

íîìó ñîîòíîøåíèþ x
(
x3 + 1

)
y′ +

(
2x3 − 1

)
y =

x3 − 2

x
?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y =
√
e3x+1.

5. Äîêàæèòå íåðàâåíñòâî 2x · arctg x > ln(1 + x2) ïðè x 6= 0.
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6. Íàéäèòå âûñîòó êîíóñà íàèáîëüøåãî îáú¼ìà, âïèñàííîãî â øàð ðàäèóñà
R.

Âàðèàíò �19

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =


2tg x − 2sinx

x2
, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y = esinx
(
x− 1

cosx

)
;

á) y = x2
x · 5x;

â) f(x) = ψ2(x) · arctg(ϕ(x)), ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè íà
R;

ã)

{
x(t) = t3 + 2t2 + t,

y(t) = −t3 + 3t− 2
â òî÷êå M (0,−2);

ä) ey = ln y + e

x

2 â òî÷êå M(2, 1).

3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y = −2
(

3
√
x+ 3

√
x
)

â òî÷êå ñ àáñöèññîé x0 = 1.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y = ex(cos 2x+ 2 sin 2x).

5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→0

cos(sinx)− cosx

x2
; á) lim

x→+0
x

1
ln sh x .

6. Ðàçëîæèòå ôóíêöèþ f(x) = sh(chx−1) ïî ôîðìóëå Ìàêëîðåíà äî o(x6).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

ln
(
1 + x3

)
− 2 sinx+ 2x cosx2

sinx3
.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
y = 3

√
2(x+ 2)2(1− x) íà îòðåçêå [−3, 4].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =
1

x4 − 1
; á) y = ln

x

x+ 5
− 1.
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Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

{
αx2 + 1, x < 0

β + x2, x > 0
áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y = x5, x = 2, 997.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y = ex+x
2

+ 2ex äèôôåðåíöèàëü-
íîìó ñîîòíîøåíèþ y′ − y = 2xex+x

2

?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y =
11 + 12x

6x+ 5
.

5. Äîêàæèòå íåðàâåíñòâî ln(1 + x) >
arctg x

1 + x
ïðè x > 0.

6. ×åðåç êàêóþ òî÷êó ýëëèïñà
x2

a2
+
y2

b2
= 1 ñëåäóåò ïðîâåñòè êàñàòåëüíóþ,

÷òîáû ïëîùàäü òðåóãîëüíèêà, îáðàçîâàííîãî ýòîé êàñàòåëüíîé è ïîëî-
æèòåëüíûìè ïîëóîñÿìè OX è OY, áûëà íàèìåíüøåé?

Âàðèàíò �20

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =

arctg

(
3x

2
− x2 sin 1

x

)
, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y =
ex

2

(
(x2 − 1) cosx+ (x− 1)2 sinx

)
;

á) y = xe
sin x

;
â) f(x) = ϕ(sinx) · ψ3(x), ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè íà R;

ã)

{
x(t) = e−t,

y(t) = t3
â òî÷êå M (1, 0);

ä) x4 + y4 = 2x2y2 â òî÷êå M(2, 2).
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3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y =
1 + 3x2

3 + x2
â

òî÷êå ñ àáñöèññîé x0 = 1.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y = x(sin lnx− cos lnx).

5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→0

sin(tg x)− sinx

x3
; á) lim

x→π
2−0

(π − 2x)cosx.

6. Ðàçëîæèòå ôóíêöèþ f(x) = ech 3x−1 ïî ôîðìóëå Ìàêëîðåíà äî o(x4).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

x ·
√
1 + sin x− 1

2
ln
(
1 + x2

)
− x

sin3 x
.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè

y = −x
2

2
+ 2x+

8

x− 2
+ 5 íà îòðåçêå [−2, 1].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y = −
(

x

x+ 2

)2

; á) y = −(2x+ 3)e2(x+2).

Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

{
αx2 + βx+ 1, x 6 −1
2x+ 3, x > −1

áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y =

5
√
x2, x = 1, 03.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y = −x cosx + 3x äèôôåðåíöè-
àëüíîìó ñîîòíîøåíèþ xy′ = y + x2 sinx?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y = lg(2x+ 7).

5. Äîêàæèòå íåðàâåíñòâî x3 + 3x+ 6x · lnx+ 2 > 6x2 ïðè x > 1.

6. Íàéäèòå íàèáîëüøóþ ïîëíóþ ïîâåðõíîñòü öèëèíäðà, âïèñàííîãî â øàð
ðàäèóñà R.
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Âàðèàíò �21

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =

{
e

(
x
3
2 sin 2

x

)
− 1 + x2, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:
à) y = arctg(ex − e−x);
á) y = (tg x)ln(tg x)/4;
â) f(x) = ψ3(ϕ(2x)), ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè íà R;

ã)

x(t) = t2 + 6t+ 5,

y(t) =
t3 − 54

t

â òî÷êå M (0, 55);

ä) y = 1 + x · ey â òî÷êå M(−1, 0).

3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y = 14
√
x−15 3

√
x+

2 â òî÷êå ñ àáñöèññîé x0 = 1.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y =

(√
x− 1− 1

2

)
· e2
√
x−1.

5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→0

th 2x− tg 2x

x3
; á) lim

x→π
2−0

(tg x)cosx.

6. Ðàçëîæèòå ôóíêöèþ f(x) = sh
(
e2x − 1

)
ïî ôîðìóëå Ìàêëîðåíà äî o(x3).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

esinx −
√
1 + x2 − x cosx

ln3(1− x)
.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè

y = 8x+
4

x2
− 15 íà îòðåçêå

[
1

2
, 2

]
.

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =
x3 − 32

x2
; á) y = − e

−2(x−1)

2(x− 1)
.
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Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

{
αx2 + β, x 6 0

x3 + 1, x > 0
áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y = x4, x = 3, 998.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y =
1√

sinx+ x
äèôôåðåíöèàëü-

íîìó ñîîòíîøåíèþ 2 sinx · y′ + y cosx = y3(x cosx− sinx)?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y = 2kx.

5. Äîêàæèòå íåðàâåíñòâî x4 + 8x+ 12x2 · lnx > 8x3 + 1 ïðè x > 1.

6. Íàéäèòå íàèáîëüøóþ ïëîùàäü òðàïåöèè, âïèñàííîé â ïîëóêðóã ðàäèóñà
R òàê, ÷òî íèæíèì îñíîâàíèåì òðàïåöèè ñëóæèò äèàìåòð ïîëóêðóãà.

Âàðèàíò �22

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =

 3

√
1− 2x3 sin

5

x
− 1 + x, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y = 3e
3
√
x
(

3
√
x5 − 5

3
√
x4 + 20x− 60

3
√
x2 + 120 3

√
x− 120

)
;

á) y = xe
arctg x

;

â) f(x) = ln
1 + ϕ(x)

ψ2(x)
, ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè íà R;

ã)

{
x(t) = (t− 1)2(t− 2),

y(t) = (t− 1)2(t− 3)
â òî÷êå M (−2,−3);

ä) y = x+ arctg y â òî÷êå M(1− π

4
, 1).
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3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y = 3 4
√
x −
√
x â

òî÷êå ñ àáñöèññîé x0 = 1.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y = cosx · ln tg x− ln tg
x

2
.

5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→0

x (ex + 1)− 2 (ex − 1)

x3
; á) lim

x→+∞

(
3x2 + 3x

) 1
x .

6. Ðàçëîæèòå ôóíêöèþ f(x) = ex·ln(1+2x) ïî ôîðìóëå Ìàêëîðåíà äî o(x4).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

esinx + ln(1− x)− 1

2−
√
4 + x3

.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
y = 3

√
2(x+ 2)2(x− 4) + 3 íà îòðåçêå [−4, 2].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =
4(x+ 1)2

x2 + 2x+ 4
; á) y = ln

x− 5

x
+ 2.

Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =


3x+ 4, x 6 0

αx2 + x+ β, x ∈ (0, 1)

1− 2x, x > 1
áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y =

√
1 + x+ sinx, x = 0, 01.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y =
x

x− 1
+ x2 äèôôåðåíöèàëü-

íîìó ñîîòíîøåíèþ x(x− 1)y′ + y = x2(2x− 1)?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y =
x

x+ 1
.

5. Äîêàæèòå íåðàâåíñòâî
√
1 + x > 1 +

x

2
− x2

8
ïðè x > 0.

6. Íàéäèòå íàèáîëüøèé îáú¼ì öèëèíäðà, ïîëíàÿ ïîâåðõíîñòü êîòîðîãî ðàâ-
íà S.
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Âàðèàíò �23

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =

x2e|x| sin
1

x2
, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y = − e3x

3 sh3 x
;

á) y =
(
x8 + 1

)thx
;

â) f(x) = 5
√
ϕ2(x) + ψ3(x), ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè íà R;

ã)

{
x(t) = 2 cos3 t,

y(t) = 2 sin3 t
â òî÷êå M (2, 0);

ä) x− y = arcsinx− arcsin y â òî÷êå M

(
1

2
,
1

2

)
.

3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y =
3x− 2x3

3
â

òî÷êå ñ àáñöèññîé x0 = 1.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y =
√

3 + x2 − x ln
∣∣∣x+√3 + x2

∣∣∣.
5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→0

sh(tg x)− x
x3

; á) lim
x→0

(
tg x

x

) 1
x2

.

6. Ðàçëîæèòå ôóíêöèþ f(x) = e2x+x
2

ïî ôîðìóëå Ìàêëîðåíà äî o(x3).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

√
1 + x · sinx+ ln cosx− x

3
√
1− x3 − 1

.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè

y = x2 + 4x+
16

x+ 2
− 9 íà îòðåçêå [−1, 2].

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =
3x− 2

x3
; á) y = (x+ 4)e−(x+3).
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Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

{
3x− 2, x 6 1

αx2 + x+ β, x > 1
áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y = 3

√
3x+ cosx, x = 0, 01.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y =
x

cosx
äèôôåðåíöèàëüíîìó

ñîîòíîøåíèþ y′ − y tg x− secx?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y = log3(x+ 5).

5. Äîêàæèòå íåðàâåíñòâî
2

2x+ 1
− ln

(
1 +

1

x

)
< 0 ïðè x > 0.

6. Íàéäèòå íàèáîëüøóþ ïîëíóþ ïîâåðõíîñòü öèëèíäðà, âïèñàííîãî â øàð
ðàäèóñà R.

Âàðèàíò �24

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =


ln(1 + 2x2 + x3)

x
, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y = arcsin e−x −
√

1− e2x;
á) y = x29

x

29x;

â) f(x) = tg
ϕ2(x)

ψ(x)
, ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè íà R;

ã)

{
x(t) = 2(t− sin t),

y(t) = 2(1− cos t)
â òî÷êå M (2π, 4);

ä) y = cos(x+ y) â òî÷êå M(−1, 1).
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3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y =
x2

10
+3 â òî÷êå

ñ àáñöèññîé x0 = 2.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y =
√
x− (1 + x) · arctg

√
x.

5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→0

sin(thx)− x
x3

; á) lim
x→0

(
1 + ex

2

)cthx

.

6. Ðàçëîæèòå ôóíêöèþ f(x) = sin
(
sh 2x− e2x

)
ïî ôîðìóëå Ìàêëîðåíà äî

o(x3).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

cosx−
√
1− x2

sinx− x
.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè

y =
4

x2
− 8x− 15 íà îòðåçêå

[
−2,−1

3

]
.

9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =
x2 − 6x+ 9

(x− 1)2
; á) y =

ex−3

x− 3
.

Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

{
αx3 + βx2 + 1, x 6 1

2x+ 4, x > 1
áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå

çíà÷åíèå y = 4

√
2x− sin

πx

2
, x = 1, 02.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y = (x + 1)n (ex − 1) äèôôåðåí-

öèàëüíîìó ñîîòíîøåíèþ y′ − ny

x+ 1
= ex(1 + x)n?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y =
1 + x

1− x
.
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5. Äîêàæèòå íåðàâåíñòâî 2
√
x > 3− 1

x
ïðè x > 1.

6. Íàéäèòå âûñîòó êîíóñà íàèìåíüøåãî îáú¼ìà, îïèñàííîãî îêîëî øàðà ðà-
äèóñà R.

Âàðèàíò �25

1. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè

f(x) =


cosx− cos 3x

x
, x 6= 0,

0, x = 0.

â òî÷êå x0 = 0 ïî îïðåäåëåíèþ.

2. Íàéäèòå ïðîèçâîäíûå ôóíêöèé:

à) y = −1
2
e−x

2 (
x4 + 2x2 + 2

)
;

á) y = (cos 2x)ln(cos 2x)/4;
â) f(x) = arccos(ϕ(x) · ψ(3x)), ãäå ϕ è ψ äèôôåðåíöèðóåìûå ôóíêöèè
íà R;

ã)

{
x(t) = 2 cos3 t,

y(t) = 3 sin3 t
â òî÷êå M

(
1

4
,
9
√
3

8

)
;

ä) x sin y − cos y + cos 2y = 0 â òî÷êå M(1, 0).

3. Ñîñòàâüòå óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y =
x2 − 2x− 3

4
â òî÷êå ñ àáñöèññîé x0 = 4.

4. Íàéäèòå äèôôåðåíöèàë dy ôóíêöèè y = x arctg x− ln
√
1 + x2.

5. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ:

a) lim
x→0

sh(tg x)− sinx

x3
; á) lim

x→+∞
x

1√
x .

6. Ðàçëîæèòå ôóíêöèþ f(x) = cos(ch 2x − 1) ïî ôîðìóëå Ìàêëîðåíà äî
o(x4).

7. Íàéäèòå ïðåäåë ôóíêöèè, èñïîëüçóÿ ôîðìóëó Òåéëîðà

lim
x→0

√
1 + 2x3 − cosx4

sinx− x
.

8. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
y = 3

√
2(x+ 1)2(x− 2) íà îòðåçêå [−2, 5].
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9. Ïðîâåäèòå ïîëíîå èññëåäîâàíèå ôóíêöèè è ïîñòðîéòå å¼ ãðàôèê:

a) y =
x3 − 27x+ 54

x3
; á) y = ln

x+ 6

x
− 1.

Äîïîëíèòåëüíûå çàäà÷è

1. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ ôóíêöèÿ f(x) =

{
αx2 + x+ β, x 6 1

3− x2, x > 1
áóäåò:
à) íåïðåðûâíà íà R;
á) äèôôåðåíöèðóåìà íà R;
â) íåïðåðûâíî äèôôåðåíöèðóåìà íà R?

2. Çàìåíÿÿ ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéäèòå ïðèáëèæåííîå
çíà÷åíèå y =

√
x2 + 5, x = 1, 97.

3. Ïðîâåðüòå, óäîâëåòâîðÿåò ëè ôóíêöèÿ y = 2
sinx

x
+ cosx äèôôåðåíöè-

àëüíîìó ñîîòíîøåíèþ x sinx · y′ + (sinx− x cosx)y = sinx · sinx− x?

4. Íàéäèòå ïðîèçâîäíóþ n-ãî ïîðÿäêà ôóíêöèè y =
7x+ 1

17(4x+ 3)
.

5. Äîêàæèòå íåðàâåíñòâî ln(1 + x) <
x√
1 + x

ïðè x > 0.

6. Â êîíóñ, ðàäèóñ îñíîâàíèÿ êîòîðîãî ðàâåí R, à âûñîòà H, âïèñàí öè-
ëèíäð íàèáîëüøåãî îáú¼ìà. Íàéäèòå ðàäèóñ îñíîâàíèÿ è âûñîòó ýòîãî
öèëèíäðà.
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