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1. Òåîðèÿ

1.1. Òåîðåòè÷åñêèå âîïðîñû

I. Ôóíêöèè

1. Ôóíêöèÿ. Ñëîæíàÿ ôóíêöèÿ. Îáðàòíàÿ ôóíêöèÿ.

2. Ýëåìåíòàðíûå ñâîéñòâà - îãðàíè÷åííîñòü, ìîíîòîííîñòü, ïåðèîäè÷-
íîñòü, ÷åòíîñòü è íå÷åòíîñòü.

3. Ñâîéñòâà è ãðàôèêè îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé.

4. Îïðåäåëåíèå, ñâîéñòâà è ãðàôèêè òðèãîíîìåòðè÷åñêèõ è îáðàòíûõ
òðèãîíîìåòðè÷åñêèõ ôóíêöèé

5. Îïðåäåëåíèå, ñâîéñòâà è ãðàôèêè ãèïåðáîëè÷åñêèõ ôóíêöèé.

II. Ïðåäåë ïîñëåäîâàòåëüíîñòè

1. Ïîñëåäîâàòåëüíîñòü. Ïîäïîñëåäîâàòåëüíîñòü. Ïðåäåë ïîñëåäîâàòåëü-
íîñòè.

2. Ôóíäàìåíòàëüíûå ïîñëåäîâàòåëüíîñòè. Êðèòåðèé Êîøè.

3. Òåîðåìà Âåéåðøòðàññà î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëüíîñòè.

4. Ëåììà Áîëüöàíî-Âåéåðøòðàññà î âûäåëåíèè ñõîäÿùåéñÿ ïîäïîñëå-
äîâàòåëüíîñòè èç îãðàíè÷åííîé ïîñëåäîâàòåëüíîñòè.

III. Ïðåäåë ôóíêöèè

1. Áåñêîíå÷íî ìàëûå ôóíêöèè. Îñíîâíûå òåîðåìû î áåñêîíå÷íî ìàëûõ.

2. Ïðåäåë ôóíêöèè. Àðèôìåòè÷åñêèå ñâîéñòâà ïðåäåëîâ.

3. Ïåðåõîä ê ïðåäåëó â íåðàâåíñòâàõ.

4. Òåîðåìà î çíàêîïîñòîÿíñòâå ôóíêöèè, èìåþùåé íåíóëåâîé ïðåäåë.

5. Ýêâèâàëåíòíûå áåñêîíå÷íî ìàëûå. Òåîðåìà î çàìåíå áåñêîíå÷íî ìà-
ëûõ ýêâèâàëåíòíûìè â ïðîèçâåäåíèÿõ è îòíîøåíèÿõ.

IV. Ïðèëîæåíèå ïîíÿòèÿ ïðåäåëà ôóíêöèè

1. Èññëåäîâàíèå ïîâåäåíèÿ ôóíêöèè â ãðàíè÷íîé òî÷êå îáëàñòè îïðå-
äåëåíèÿ.

2. Ãîðèçîíòàëüíûå, âåðòèêàëüíûå è íàêëîííûå àñèìïòîòû. Íåîáõîäè-
ìîå è äîñòàòî÷íîå óñëîâèå íàëè÷èÿ àñèìïòîòû ó ãðàôèêà ôóíêöèè.
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V. Íåïðåðûâíîñòü ôóíêöèè â òî÷êå

1. Îïðåäåëåíèå ëîêàëüíîé íåïðåðûâíîñòè ôóíêöèè.

2. Òåîðåìà îá àðèôìåòè÷åñêèõ ñâîéñòâàõ íåïðåðûâíûõ ôóíêöèé.

3. Òåîðåìà î ëîêàëüíîé îãðàíè÷åííîñòè íåïðåðûâíîé ôóíêöèè.

4. Òåîðåìà î ëîêàëüíîì çíàêîïîñòîÿíñòâå íåïðåðûâíîé ôóíêöèè.

5. Òåîðåìà î ëîêàëüíîé íåïðåðûâíîñòè ñëîæíîé ôóíêöèè.

6. Òåîðåìà î ëîêàëüíîé íåïðåðûâíîñòè îáðàòíîé ôóíêöèè.

VI. Íåïðåðûâíîñòü ôóíêöèè íà îòðåçêå

1. Òåîðåìà îá îãðàíè÷åííîñòè íåïðåðûâíîé ôóíêöèè (1-ÿ òåîðåìà Âåé-
åðøòðàññà).

2. Òåîðåìà î äîñòèæåíèè íåïðåðûâíîé ôóíêöèåé ñâîèõ íàèáîëüøåãî è
íàèìåíüøåãî çíà÷åíèé (2-ÿ òåîðåìà Âåéåðøòðàññà).

3. Òåîðåìà îá îáðàùåíèè â íóëü íåïðåðûâíîé ôóíêöèè (1-ÿ òåîðåìà
Áîëüöàíî�Êîøè).

4. Òåîðåìà î ïðîìåæóòî÷íûõ çíà÷åíèÿõ íåïðåðûâíîé ôóíêöèè (2-ÿ
òåîðåìà Áîëüöàíî-Êîøè).

1.2. Òåîðåòè÷åñêèå óïðàæíåíèÿ

1. Ôóíêöèÿ îïðåäåëåíà âî âñåõ òî÷êàõ îòðåçêà [-1,1] è îáëàäàåò ñâîéñòâîì
íå÷åòíîñòè. Êàêîå çíà÷åíèå îíà ìîæåò ïðèíèìàòü â íóëå?

2. Òîò æå âîïðîñ äëÿ ôóíêöèè, îáëàäàþùåé ñâîéñòâîì ÷åòíîñòè.

3. Ìîæíî ëè óòâåðæäàòü, ÷òî ñóììà ÷åòíûõ ôóíêöèé � ôóíêöèÿ ÷åòíàÿ?
íå÷åòíàÿ?

4. Ìîæíî ëè óòâåðæäàòü, ÷òî ñóììà íå÷åòíûõ ôóíêöèé � ôóíêöèÿ íå÷åò-
íàÿ? ×åòíàÿ?

5. Ïðîèçâåäåíèå ÷åòíûõ (íå÷åòíûõ) ôóíêöèé � ôóíêöèÿ ÷åòíàÿ. Äîêàçàòü.

6. Ïðîèçâåäåíèå ÷åòíîé ôóíêöèè íà íå÷åòíóþ � ôóíêöèÿ íå÷åòíàÿ. Äîêà-
çàòü.

7. Äîêàçàòü, ÷òî ôóíêöèÿ y=sin x ïåðèîäè÷åñêàÿ è óñòàíîâèòü, ÷òî åå ãëàâ-
íûé ïåðèîä ðàâåí 2π.
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8. Äîêàçàòü, ÷òî ôóíêöèÿ y =
1

1 + x2
íå ÿâëÿåòñÿ ïåðèîäè÷åñêîé.

9. Ôóíêöèÿ y = f(x) � ïåðèîäè÷åñêàÿ ñ ïåðèîäîì T . Äîêàçàòü, ÷òî ôóíê-

öèÿ y = f(αx) � ïåðèîäè÷åñêàÿ ñ ïåðèîäîì
T

α
.

10. Ðàöèîíàëüíûå ÷èñëà r1 è r2 ÿâëÿþòñÿ ïåðèîäàìè ôóíêöèé f1 è f2. Ìîæ-
íî ëè óòâåðæäàòü, ÷òî ñóììà (ïðîèçâåäåíèå) ýòèõ ôóíêöèé ÿâëÿåòñÿ
ïåðèîäè÷åñêîé ôóíêöèåé?

11. Âñåãäà ëè ñóììà äâóõ ïåðèîäè÷åñêèõ ôóíêöèé áóäåò ôóíêöèåé ïåðèî-
äè÷åñêîé? Ðàññìîòðèòå ïðèìåð: f = sinx, g = sin(x

√
2).

12. Ôóíêöèÿ f(x) çàäàíà ñîîòíîøåíèåì f(x) =
1

1− x
. Íàéòè f(f(x)) è

f(f(f(x))).

13. Ìîæíî ëè ëîãàðèôìèðîâàòü íåðàâåíñòâà ïî÷ëåííî? Êàê è ïî÷åìó?

14. Ìîæíî ëè íåðàâåíñòâî âîçâîäèòü â êâàäðàò? Êàê è ïî÷åìó?

15. Ìîæíî ëè èçâëåêàòü êâàäðàòíûé êîðåíü èç îáåèõ ÷àñòåé íåðàâåíñòâà?
Êàê è ïî÷åìó?

16.* Ïóñòü f(x) è g(x) � ìîíîòîííî âîçðàñòàþùèå ôóíêöèè, äëÿ êîòîðûõ
âûïîëíÿåòñÿ íåðàâåíñòâî f(x) < g(x). Äîêàçàòü, ÷òî â ýòîì ñëó÷àå ñïðà-
âåäëèâî íåðàâåíñòâî f(f(x)) < g(g(x)).

17. Óñòàíîâèòå, ñóùåñòâóåò ëè îáðàòíàÿ ôóíêöèÿ äëÿ ôóíêöèé, óêàçàííûõ
íèæå, è, â ñëó÷àå ñóùåñòâîâàíèÿ, íàéäèòå åå.

y = 2x+ 3; y = x2, x ∈ (−∞, 0]; y =
1− x
1 + x

, x 6= −1.

18. Äîêàæèòå òå èç ïðèâåäåííûõ íèæå óòâåðæäåíèé, êîòîðûå âåðíû.

1. lim
n→∞

a2n = a2 ⇐⇒ lim
n→∞

an = a;

2. lim
x→x0

f(x) · g(x) = 0⇐⇒ lim
x→x0

f(x) = 0 ∪ lim
x→x0

g(x) = 0;

3.∃ lim
x→x0

f(x)

g(x)
⇐⇒ ∃ lim

x→x0
f(x) ∩ ∃ lim

x→x0
g(x) 6= 0;

4.∃ lim
x→x0

(f(x)± g(x))⇐⇒ ∃ lim
x→x0

f(x) ∩ ∃ lim
x→x0

g(x);

Óêàæèòå îøèáêè â óòâåðæäåíèÿõ, ïðåäñòàâëÿþùèõñÿ Âàì íåâåðíûìè.
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19. Äîêàæèòå èëè îïðîâåðãíèòå ñëåäóþùèå óòâåðæäåíèÿ

sinx3 = o(x2), x→ 0; 1 + x = o(
1

x
), x→ 0;

√
x+
√
x ∼ 4
√
x, x→ 0;

xn = o(xm), x→ 0⇐⇒ m < n; ln(1− sin2 x) = o(x), x→ 0.

20. Äîêàæèòå ñëåäóþùèå óòâåðæäåíèÿ

1. o(const · f) = o(f); 2. o(f) + o(f) = o(f);

3. o(f) · o(g) = o(f · g); 4. o(o(f)) = o(f).

21. Ñôîðìóëèðóéòå ñëåäóþùèå óòâåðæäåíèÿ

1. lim
x→x0−

f(x) = 1; 2. lim
x→x0+

f(x) = +∞; 3. lim
x→∞

f(x) = 1

22. Çàïèøèòå ñ ïîìîùüþ ëîãè÷åñêèõ ñèìâîëîâ ñëåäóþùèå óòâåðæäåíèÿ:
1. ×èñëî 5 íå ÿâëÿåòñÿ ïðåäåëîì ôóíêöèè f(x) â òî÷êå 1.
2. Ó ôóíêöèè f(x) íåò ïðåäåëà â òî÷êå 1.

Ýêâèâàëåíòíû ëè óòâåðæäåíèÿ 1 è 2?

23. Ôóíêöèÿ f(x) îïðåäåëåíà â ïðîêîëîòîé îêðåñòíîñòè òî÷êè x0. Äîîïðå-
äåëèòå ýòó ôóíêöèþ â òî÷êå x0 òàê, ÷òîáû îíà ñòàëà òàì íåïðåðûâíîé.
Åñëè òàêîå äîîïðåäåëåíèå íåâîçìîæíî � îáúÿñíèòå ïî÷åìó.

f(x) =
x2 − 1

x− 1
, x0 = 1; f(x) = x arctg

1

x
, x0 = 0; f(x)

√
x+ 1− 1

x
, x0 = 0;

f(x) = x·ctg x, x0 = 0; f(x) =
1− cosx

x2
, x0 = 0; f(x) =

x

x+ 1
, x0 = −1;

f(x) = arctg
1

x
, x0 = 0; f(x) = 2

−
1

x− 2 , x0 = 2; f(x) =
|x|
x
, x0 = 0.

24. Èçâåñòíî, ÷òî ôóíêöèÿ f(x) îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè: îíà íåïðå-
ðûâíà â òî÷êå x0 è â ëþáîé îêðåñòíîñòè ýòîé òî÷êè ìîæåò áûòü êàê
ïîëîæèòåëüíîé òàê è îòðèöàòåëüíîé. Ïîçâîëÿþò ëè ýòè äàííûå îïðåäå-
ëèòü çíà÷åíèå f(x0)? Äà � íàéòè ýòî çíà÷åíèå, íåò � îáúÿñíèòü ïî÷åìó
ýòîãî ñäåëàòü íåëüçÿ.

25. Óñòàíîâèòü èñòèííîñòü èëè ëîæíîñòü ñëåäóþùèõ óòâåðæäåíèé:

1. Åñëè ñóììà äâóõ ôóíêöèé íåïðåðûâíà â íåêîòîðîé òî÷êå, òî â ýòîé
òî÷êå íåïðåðûâíû ñëàãàåìûå.
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2. Ïðîèçâåäåíèå äâóõ ôóíêöèé íåïðåðûâíî â òî÷êå òîãäà è òîëüêî òîãäà,
êîãäà â ýòîé òî÷êå íåïðåðûâíû ñîìíîæèòåëè.

3. ×àñòíîå äâóõ ôóíêöèé íåïðåðûâíî â òî÷êå òîãäà è òîëüêî òîãäà, êîãäà
íåïðåðûâíû â ýòîé òî÷êå ÷èñëèòåëü è çíàìåíàòåëü è çíàìåíàòåëü íå
îáðàùàåòñÿ â íîëü.

4. Ôóíêöèÿ íåïðåðûâíà â òî÷êå, åñëè â ýòîé òî÷êå íåïðåðûâåí åå êâàä-
ðàò.

5. Ôóíêöèÿ íåïðåðûâíà â òî÷êå, åñëè â ýòîé òî÷êå íåïðåðûâåí åå ìîäóëü.

6. Ñóììà ôóíêöèè íåïðåðûâíîé â òî÷êå è ôóíêöèè ðàçðûâíîé â ýòîé
òî÷êå ÿâëÿåòñÿ ôóíêöèåé ðàçðûâíîé.

7*. Åñëè ôóíêöèè f(x) è g(x) íåïðåðûâíû â íåêîòîðîé òî÷êå, òî â ýòîé
òî÷êå íåïðåðûâíû è ôóíöèè M(x) = max{f, g} è m(x) = min{f, g}.

2. Èíäèâèäóàëüíûå çàäàíèÿ

Âàðèàíò �1

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y =

√
x4 + x2 − 2

(1− x2)(x+ 5)
.

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = ln x è g(x) =

√
x+ 3.

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) = x+1

2−x .

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: |y−1|+ |x−2| = x.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

4n2 + 1

3n2 + 2
=

4

3
.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(n+ 1)3 − (n+ 1)2

(n− 1)3 − (n+ 1)3
; á) lim

n→∞

n 5
√
n− 3
√
27n6 + n2

(n+ 4
√
n)(
√
9 + n2)

;

â) lim
n→∞

(
√
n2 − 3n+ 2− n); ã) lim

n→∞

(
3n2 − 6n+ 7

3n2 + 20n− 1

)1−n

.
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7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à)lim
x→1

(2x2 − x− 1)2

x3 + 2x2 − x− 2
; á) lim

x→16

4
√
x− 2√
x− 4

;

â) lim
x→π

2

tg 3x

tg x
; ã) lim

x→π
4

(tg x)

1

cos(3π/4− x) .

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

e2x − e3x

arctg x− x2
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =


x, x 6 0,

1− x, 0 < x 6 1,
1

1−x , x > 1;

á) f(x) =
x√

x+ 1− 1
, x 6= 0, f(0) = 1.

Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

4k2 + 6k + 1

(2k + 2)!
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn = 2, 3434 . . . 34︸ ︷︷ ︸
n ïàð

.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè
è íàéäèòå ýòîò ïðåäåë: x1 = 5, xn+1 =

√
5 + xn, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn = 1 +
n

n+ 1
cos
(πn

4

)
.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

n

√
1 + xn +

(
1

2
x2
)n
, x > 0.
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Âàðèàíò �2

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y = arccos

(
x+ 2

3x− 1

)
.

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = arcsin x è g(x) = ln x.

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) = 1− 2 sinx.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: |y|+ |x−2| = x+3.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

9− n3

1 + 2n3
= −1

2
.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(1 + 2n)3 − 8n3

(1 + 2n)2 + 4n2
; á) lim

n→∞

√
n+ 2−

√
n2 + 2

4
√
4n4 + 1− 3

√
n4 − 1

;

â) lim
n→∞

(
n+

3
√

4− n3
)
; ã) lim

n→∞

(
n2 − 3n+ 6

n2 + 5n+ 1

)n/2
.

7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à)lim
x→0

(x+ 1)3 − 3x− 1

x5 + x
; á) lim

x→8

√
9 + 2x− 5

3
√
x− 2

;

â)lim
x→π

sin2 x− tg2 x

(x− π)4
; ã) lim

x→1

(
2x− 1

x

)1/( 5
√
x−1)

.

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

35x − 2x

x− sin 9x
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =


|x− 1|
x− 1

, x 6= 1,

0, x = 1;
á) f(x) = arctg

(
1

x− 5

)
, x 6= 5, f(5) = 1.
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Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

k

(2k − 1)2(2k + 1)2
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn =
n∑
k=3

1

k2 ln2 k
.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

è íàéäèòå ýòîò ïðåäåë: x1 =
1

2
, xn+1 =

x2n + 1

2
, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn =
(−1)n

n
+

1 + (−1)n

2
.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

xn + x−n

xn − x−n
, x 6= 0.

Âàðèàíò �3

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y =
√

x2+3x−4
x4−1 .

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = ex è g(x) = arcsin x.

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) =

√
2− x− 4.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: |x+y|+ |x−y| = 1.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

4n− 3

2n+ 1
= 2.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(3− 4n)2

(n− 3)3 − (n+ 3)3
; á) lim

n→∞

√
n4 + 2 +

√
n− 2

4
√
n4 + 2 +

√
n− 2

;

â) lim
n→∞

(√
n(n+ 2)−

√
n2 − 2n+ 3

)
; ã) lim

n→∞

(
n− 10

n+ 1

)3n+1

.
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7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à)lim
x→1

x2 − 2x+ 1

2x2 − x− 1
; á) lim

x→0

√
1− 2x+ x2 − (1 + x)

x
;

â)lim
x→1

√
x2 − x+ 1− 1

tg πx
; ã) lim

x→a

(
2− x

a

)tg πx
2a

.

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

e4x − e−2x

2 arctg x− sinx
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =

{
2x− 1, |x| > 5,

ln(x+ 5), |x| < 5;
á) f(x) = ex+

1
x , x 6= 0, f(0) = 0.

Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

k + 2

(k + 3)!
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn =
n∑
k=1

arctg2 k

k2 + 1
.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

è íàéäèòå ýòîò ïðåäåë: x1 =
1

4
, xn+1 =

2x2n + 1

4
, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn =
2n− 1

n+ 1
cos

(
2πn

3

)
.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

xn+2

√
22n + x2n

, x > 0.
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Âàðèàíò �4

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y =
arcsin(0, 5− x)√
x2 − 3x+ 2

.

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = x2 + 2x− 3 è g(x) = ln x.

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) =

x− 1

x+ 3
.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: |x| − |y| = 2.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

1− 2n2

4n2 + 2
= −1

2
.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(3− n)3

(n+ 1)2 − (n+ 1)3
; á) lim

n→∞

6n3 −
√
n5 + 1√

4n6 + 3− n
;

â) lim
n→∞

(√
(n+ 2)(n+ 1)−

√
(n− 1)(n+ 3)

)
; ã) lim

n→∞

(
6n− 7

6n+ 4

)3n+2

.

7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à) lim
x→−1

x3 − 3x− 2

x2 − x− 2
; á) lim

x→0

3
√
8 + 3x+ x2 − 2

x+ x2
;

â)lim
x→π

cos 5x− cos 3x

sin2 x
; ã) lim

x→2π
(cosx)ctg 2x/ sin 3x.

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

12x − 5−3x

2 arcsinx− x
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =


x+

π

4
, x 6 −π

4
,

tg x, −π
4
< x <

π

4
,

cosx, x >
π

4
;

á) f(x) =
1

lnx
,

x 6= 0, x 6= 1,

f(0) = 0, f(1) = 0.
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Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

1(√
k +
√
k + 1

)
·
√
k(k + 1)

.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn =
n∑
k=2

1

kk
.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

è íàéäèòå ýòîò ïðåäåë: x1 =
3

2
, xn+1 =

√
3xn − 2, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn = 1 + n sin
(πn

2

)
.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

n−x − n−x

nx + n−x
.

Âàðèàíò �5

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y = ln
(

x−4
x4−3x3−4x2

)
.

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = 1

2x−π è g(x) = arccos x.

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) = 2 + 3 sinx.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: |x| − x = |y| − y.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

5n

n+ 1
= 5.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(n+ 1)2 + (n− 1)2 − (n+ 2)3

(4− n)3
; á) lim

n→∞

√
5n+ 2− 3

√
8n3 + 5

4
√
n+ 7− n

;

â) lim
n→∞

n2
(√

n(n4 − 1)−
√
n5 − 8

)
; ã) lim

n→∞

(
3n2 + 4n− 1

3n2 + 2n+ 7

)2n+5

.
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7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à) lim
x→−1

x3 + 5x2 + 7x+ 3

x3 + 4x2 + 5x+ 2
; á) lim

x→0

3
√
27 + x− 3

√
27− x

x+ 2
3
√
x4

;

â) lim
x→2π

sin 7x− sin 3x

ex2 − e4π2 ; ã) lim
x→2π

(cosx)1/ sin
2 2x.

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

e7x − e−2x

sinx− 2x
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =


−2x+ 1, x 6 −3,
−x3, −3 < x 6 0,

arctg x, x > 0;

á) f(x) =
x3 + 1

x+ 1
,

x 6= −1, f(−1) = 0.

Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

1

4k2 − 1
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn = 0, 777 . . . 7︸ ︷︷ ︸
n öèôð

.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

è íàéäèòå ýòîò ïðåäåë: x1 =
1

6
, xn+1 =

3x2n−1 + 1

6
, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn =
n
√

1 + 2n(−1)n.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

n
√
1 + xn, x > 0.
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Âàðèàíò �6

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y = 6

√
2x2+x−3
x3−2x2+x .

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) =

√
x+ 2 è g(x) = lg x.

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) = 3−

√
x+ 2.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: |y+1|+ |2x− 3| =
x+ 1.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

n+ 1

1− 2n
= −1

2
.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

2(n+ 1)3 − (n− 2)3

n2 + 2n− 3
; á) lim

n→∞

n 4
√
3n+ 1 +

√
81n4 − n2 + 1

(n+ 3
√
n)(
√
5− n+ n2)

;

â) lim
n→∞

n
(

3
√
5 + 8n3 − 2n

)
; ã) lim

n→∞

(
n2 + n+ 1

n2 + n− 1

)−n2
.

7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à)lim
x→1

x3 − 3x+ 2

x3 − x2 − x+ 1
; á) lim

x→1

3
√
x− 1

√
1 + x−

√
2x

;

â)lim
x→2

sin 7πx

sin 8πx
; ã) lim

x→3

(
6− x
3

)tg πx
6

.

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

35x − 27x

arcsin 2x− x
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =


ex, x 6 −1,
1, −1 < x 6 0,
1

x− 1
, x > 0;

á) f(x) =
1

2− 2
1
x

,

x 6= 0, x 6= 1,

f(0) = 0, f(1) = 1.
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Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

k2 + 5k + 5

(k + 3)!
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn =
cos 3

3
+

cos 32

32
+ · · ·+ cos 3n

3n
.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

è íàéäèòå ýòîò ïðåäåë: x1 =
1

4
, xn+1 = x2n +

1

4
, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn =
n2

n+ 1
cos

(
2πn

3

)
.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

sin2n x.

Âàðèàíò �7

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y = arcsin
(
2x−3
x+1

)
.

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = lg(x− π

4 ) è g(x) = arccos(2x).

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) =

x+ 2

1− x
.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: |y|(|x+1|−3) = 1.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

2n+ 1

3n− 5
=

2

3
.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(n+ 1)3 + (n+ 2)3

(n+ 4)3 + (n+ 5)3
; á) lim

n→∞

√
n+ 3−

√
n2 − 3

3
√
n5 − 4− 4

√
n4 + 1

;

â) lim
n→∞

n2
(

3
√
n3 + 5− 3

√
n3 + 3

)
; ã) lim

n→∞

(
2n2 + 5n+ 7

2n2 + 5n+ 3

)n
.
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7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à)lim
x→1

x3 + x2 − 5x+ 3

x3 − x2 − x+ 1
; á) lim

x→0

√
1 + x−

√
1− x

3
√
1 + x− 3

√
1− x

;

â)lim
x→2

ln(5− 2x)√
10− 3x− 2

; ã) lim
x→4π

(cosx)ctg x/ sin 4x.

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

e5x − ex

arcsinx+ x3
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =


x2, x < 0,

1, x = 0,

sinx+ 1, x > 0;

á) f(x) = x+
x+ 2

|x+ 2|
,

x 6= −2, f(−2) = 1.

Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

k3 + 6k2 + 11k + 5

(k + 3)!
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn = 0, 555 . . . 5︸ ︷︷ ︸
n öèôð

.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

è íàéäèòå ýòîò ïðåäåë: x1 =
1

8
, xn+1 = x2n−1 +

1

8
, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn = cosn
(
2πn

3

)
.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

ln(22n + x2n)

n
, x > 0.
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Âàðèàíò �8

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y =
√

2x3+x2−2x
2x2+x−3 .

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = arccos(2x) è g(x) = 5x.

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) = 2 + 3 sinx.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: x2+y2 = 2(|x|+|y|).

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

1− 2n2

n2 + 3
= −2.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(n+ 3)3 + (n+ 4)3

(n+ 3)3 − (n+ 4)3
; á) lim

n→∞

√
n5 + 3−

√
n− 3

5
√
n5 + 3 +

√
n− 3

;

â) lim
n→∞

(
3
√
(n+ 2)2 − 3

√
(n− 3)2

)
; ã) lim

n→∞

(
n− 1

n+ 1

)n2
.

7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à) lim
x→−1

x3 + 4x2 + 5x+ 2

x3 − 3x− 2
; á) lim

x→2

3
√
4x− 2

√
2 + x−

√
2x

;

â)lim
x→1

√
x2 − 3x+ 3− 1

sin πx
; ã) lim

x→1
(3− 2x)tg

πx
2 .

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

4x − 27x

tg 3x− x
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =


x+

π

4
, x 6 −π

4
,

tg x, −π
4
< x <

π

4
,

sinx, x >
π

4
;

á) f(x) = arctg

(
1

x+ 3

)
,

x 6= −3, f(−3) = 2.
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Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

k

(k + 1)!
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn =
n∑
k=1

cos 5k

k3
.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

è íàéäèòå ýòîò ïðåäåë: x1 = 1, xn+1 = 1− 1

4xn
, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn =
n

n+ 1
sin2

(πn
4

)
.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

1 + x2n

2 + x4n
.

Âàðèàíò �9

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y =
arccos(1− x)√
x2 − 6x+ 5

.

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = lg(x+ 6) è g(x) = x2 + 5x− 6.

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) =

√
x+ 4− 3.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: |x+1|−|y−2| = 2.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

3n2

2− n2
= −3.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(n+ 1)4 − (n− 1)4

(n+ 1)4 + (n− 1)4
; á) lim

n→∞

3
√
n− 9n2

3n− 4
√
9n8 + 1

;

â) lim
n→∞

√
(n+ 1)3 −

√
n(n− 1)(n− 3)√
n

; ã) lim
n→∞

(
5n2 + 3n− 1

5n2 + 3n+ 3

)n2
.
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7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à)lim
x→1

x4 − 1

2x4 − x2 − 1
; á) lim

x→1

√
x− 1

x2 − 1
;

â)lim
x→π

x2 − π2

sinx
; ã) lim

x→4π
(cosx)

5
tg 5x sin 2x .

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

ex − e−x

tg 2x− sinx
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =


0, x < −1,

3, 75− 1

4x
, −1 6 x < 0,

sinx, x ≥ 0;

á) f(x) = 2 + 2
1
x ,

x 6= 0, f(0) = 2.

Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

k2 + 3k + 1

(k + 2)!
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn =
n∑
k=1

ln(1 + k)

k5
.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

è íàéäèòå ýòîò ïðåäåë: x1 = 0, xn+1 =
1

4(1− xn)
, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn = (−1)n
(
1 +

1

n

)n
+ sin

(πn
4

)
.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

(sinx)2n+2 + (cosx)2n+2

(sinx)2n + (cosx)2n
.
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Âàðèàíò �10

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y = ln

(
x2 − 4

x4 + 5x2 − 6

)
.

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = arcsin x è g(x) = 1

4x−π .

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) =

x− 2

x+ 1
.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: |x+y|+ |x−y| = 3.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

n

3n− 1
=

1

3
.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

8n3 − 2n

(n+ 1)4 − (n− 1)4
; á) lim

n→∞

√
4n+ 1− 3

√
27n3 + 4

4
√
n− 3
√
n5 + n

;

â) lim
n→∞

(√
n2 + 3n− 2−

√
n2 − 3

)
; ã) lim

n→∞

(
3n+ 1

3n− 1

)2n+3

.

7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à) lim
x→−2

x3 + 5x2 + 8x+ 4

x3 + 3x2 − 4
; á) lim

x→3

3
√
9x− 3

√
3 + x−

√
2x

;

â)lim
x→1

35x−3 − 32x
2

tg πx
; ã) lim

x→3

(
9− 2x

3

)tg πx
6

.

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

102x − 7−x

2 tg x− arctg x
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =


x2 + 4x− 3, x 6 1,

4− 2x, 1 < x 6 2,
1

x− 2
, x > 2;

á) f(x) = arctg

(
1

x

)
,

x 6= 0, f(0) = 0.
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Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

4k2 + 6k + 1

(2k + 2)!
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn =
n∑
k=1

ln(1 + k)

k!
.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

è íàéäèòå ýòîò ïðåäåë: x1 =
3

2
, xn+1 = x2n − 2xn + 2, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn = −n (2 + (−1)n) .

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

x+ enx

1 + enx
.

Âàðèàíò �11

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y =
4

√
x3 + 2x2 + x

x4 − 1
.

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = 1√

x
è g(x) = 1

x2−1 .

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) = 2− 3 sinx.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: |y + 1|+ |x+ 2| =
x+ 5.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

n3

n3 − 1
= 1.
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6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(n+ 6)3 − (n+ 1)3

(2n+ 3)2 + (n+ 4)2
; á) lim

n→∞

n 3
√
7n+ 4

√
81n8 − 1

(n+ 4
√
n)
√
n2 − 5

;

â) lim
n→∞

√
n
(√

n+ 2−
√
n− 3

)
; ã) lim

n→∞

(
2n2 + 7n− 1

5n2 + 3n− 1

)−n2
.

7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à)lim
x→2

x3 − 5x2 + 8x− 4

x3 − 3x2 + 4
; á) lim

x→−2

3
√
x− 6 + 2

x+ 2
;

â)lim
x→4

2x − 16

sinπx
; ã) lim

x→π/2
(sinx)6 tg x tg 3x.

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

e2x − ex

sin 3x− sin 5x
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =


arctg x

| arctg x|
, x 6= 0,

0, x = 0;

á) f(x) =
1

3− 3
1
x

,

x 6= 1, f(1) = 0.

Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

4k2 + 2k − 1

(2k + 1)!
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn =
n∑
k=1

sin 3k

k3
.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

è íàéäèòå ýòîò ïðåäåë: x1 =
1

6
, xn+1 =

4

3
xn − x2n, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn =

(
1 +

(−1)n

n

)n
.
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5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

ln(3x + (x+ 1)n)

n
, x > 0.

Âàðèàíò �12

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y = arccos
(
2x−7
1−x
)
.

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,

åñëè f(x) =
√
x2 − π2

9 è g(x) = arccos x.

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) = 2−

√
x+ 3.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: |y − 1| − |x+ 3| =
x+ 2.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

4 + 2n

1− 3n
= −2

3
.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(2n− 3)3 − (n+ 5)3

(3n− 1)3 + (2n+ 3)3
; á) lim

n→∞

3
√
n3 − 7 + 3

√
n2 + 4

4
√
n5 + 5 +

√
n

;

â) lim
n→∞

√
n(n5 + 9)−

√
(n4 − 1)(n2 + 5)

n
; ã) lim

n→∞

(
n+ 3

n+ 5

)n+4

.

7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à)lim
x→2

x3 − 6x2 + 12x− 8

x3 − 3x2 + 4
; á) lim

x→4

3
√
16x− 4

√
4 + x−

√
2x

;

â) lim
x→π/2

ln 2x− ln π

sin(5x/2) cosx
; ã) lim

x→1

(
2ex−1 − 1

)x/(x−1)
.

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

73x − 32x

tg x+ x3
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =


log 1

2
(1− x), x < 1,

1− x, 1 6 x 6 3,

x2 − 11, x > 3;

á) f(x) =
5x2 − 3x

2x
,

x 6= 0, f(0) = −3
2
.
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Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

cos

(
2k + 1

k2 + k

)
·sin

(
1

k2 + k

)
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn =
n∑
k=1

k2 arctg
√
k

k5 + 1
.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

è íàéäèòå ýòîò ïðåäåë: x1 =
1

2
, xn+1 =

4

3
xn−1 − x2n−1, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn =

(
1 +

(−1)n

n

)n+1

.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

(x− 1) arctg xn.

Âàðèàíò �13

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y = 6

√
x2−9x+14
x4−16 .

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = 2 lg x− 3 è g(x) =

√
x+ 5.

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) =

x+ 1

x+ 2
.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: x2+y2 = 4(|x|−|y|).

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

5n+ 15

6− n
= −5.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(n+ 10)2 + (3n+ 1)2

(n+ 6)3 − (n+ 1)3
; á) lim

n→∞

√
n6 + 4 +

√
n− 4

5
√
n6 + 6−

√
n− 6

;

â) lim
n→∞

(√
n(n+ 5)− n

)
; ã) lim

n→∞

(
n3 + 1

n3 − 1

)2n−n3

.
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7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à) lim
x→−2

x3 + 5x2 + 8x+ 4

x3 + 7x2 + 16x+ 12
; á) lim

x→8

√
9 + 2x− 5
3
√
x2 − 4

;

â) lim
x→π/4

ln tg x

cos 2x
; ã) lim

x→π/2

(
tg
x

2

)1/(x−π/2)
.

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

e4x − e2x

2 tg x− sinx
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =

x
1
2 cos

1

x
, x 6= 0,

0, x = 0;

á) f(x) =
2|x− 1|
x3 − x2

,

x 6= 0, x 6= 1,

f(0) = 0, f(1) = 2.

Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

sin

(
2k + 1

k2 + k

)
·sin

(
1

k2 + k

)
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn =
n∑
k=1

sin k

k2 + 1
.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

è íàéäèòå ýòîò ïðåäåë: x1 = 1, xn+1 = 1 +
1

xn
, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn =
(1 + cos(πn))n+ lg n

lg(2n)
.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

n

√
xn +

1

n
−
√
xn, x > 0.
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Âàðèàíò �14

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y = log3

(
x3 + x2 − 2x

x2 + 5x− 6

)
.

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = x2 + 5x− 6 è g(x) = lg(x− 8).

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) = 2 arctg(x− 1)− π

2
.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: |y − 1|+ |x− 3| =
y + 4.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

3− n2

2n2 + 1
= −1

2
.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(2n+ 1)3 + (3n+ 2)3

(2n+ 3)3 − (n− 7)3
; á) lim

n→∞

4n2 − 4
√
n3

( 3
√
n6 + n3 + 1− 5n

;

â) lim
n→∞

√
n3 + 8

(√
n3 + 2−

√
n3 − 1

)
; ã) lim

n→∞

(
2n2 + 21n− 7

2n2 + 18n+ 9

)2n+1

.

7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à) lim
x→−1

x3 − 3x− 2

(x2 − x− 2)2
; á) lim

x→1/2

3
√
x/4− 1/2√

1/2 + x−
√
2x

;

â)lim
x→π

eπ − ex

sin 5x− sin 3x
; ã) lim

x→1

(
2ex−1 − 1

) 3x−1
x−1 .

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

32x − 7x

arcsin 3x− 5x
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =

{
2(1− 2

x
1−x )−1, x 6= 0, x 6= 1,

1, x = 0, x = 1;

á) f(x) =
| sinx|
sinx

,

x 6= πk, f(πk) = 0, k ∈ Z.

28



Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

9

9k2 + 21k − 8
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn =
n∑
k=1

cos k

k2,5
.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

è íàéäèòå ýòîò ïðåäåë: x1 =
3

2
, xn+1 = x2n − 2xn + 4, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn =
n

n− 3
cos
(πn

3

)
.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

(
1 +

x

n

)n
.

Âàðèàíò �15

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y =
arcsin(2− x)√
x2 − 6x+ 8

.

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = log2(x− 3) è g(x) =

√
x− 1.

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) =

√
3− x− 2.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî:

(|y + 1| − 2)(|x|+ 1) = 1.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

2n− 1

2− 3n
= −2

3
.
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6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(n+ 7)3 − (n+ 2)3

(3n+ 2)2 + (4n+ 1)2
; á) lim

n→∞

√
n+ 3− 3

√
8n3 + 3

4
√
n+ 4− 5

√
n5 + 5

;

â) lim
n→∞

√
(n3 + 1)(n2 + 3)−

√
n(n4 + 2)

2
√
n

; ã) lim
n→∞

(
10n− 3

10n− 1

)5n

.

7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à)lim
x→2

x3 − 3x− 2

x− 2
; á) lim

x→1/3

3
√
x/9− 1/3√

1/3 + x−
√
2x

;

â)lim
x→2

ln(9− 2x2)

sin 2πx
; ã) lim

x→π/2
(1 + cos 3x)secx.

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

e2x − e−5x

2 sinx− tg x
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =


x− 1, x 6∈ [−1, 1],
arcsinx ctg x, x ∈ [−1, 0) ∪ (0, 1],

0, x = 0;

á)f(x) =


4

x2 − 2x+ 1
, x < 1,

2x+ 1, x > 1.

Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

1

9k2 − 3k − 2
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn =
n∑
k=1

(−1)k cos2 k
5k

.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

è íàéäèòå ýòîò ïðåäåë: x1 =
1

5
, xn+1 =

x2n
2
− 1, n > 1.
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4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn =
(
2 + cos

πn

3

)(
1 +

1

n
cos

πn

6

)
.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

ln(2n + xn)

n
, x > 0.

Âàðèàíò �16

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y =
4

√
x4 − 1

x2 − 4x− 5
.

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = arccos(2x+ 1) è g(x) = log2 x.

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) =

2− x
x+ 1

.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: |2x+y|+ |2x−y| =
4.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

3n− 1

5n+ 1
=

3

5
.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(2n+ 1)3 − (2n+ 3)3

(2n+ 1)2 + (2n+ 3)2
; á) lim

n→∞

n 4
√
11n+

√
25n4 − 81

(n− 7
√
n)
√
n2 − n+ 1

;

â) lim
n→∞

(√
(n2 + 1)(n2 + 2)−

√
(n2 − 1)(n2 − 2)

)
; ã) lim

n→∞

(
3n2 − 5n

3n2 − 5n+ 7

)n+1

.

7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à) lim
x→−1

x3 − 3x− 2

x2 + 2x+ 1
; á) lim

x→1/4

3
√
x/16− 1/4√

1/4 + x−
√
2x

;

â)lim
x→2

1− 24−x
2

2(
√
2x−

√
3x2 − 5x+ 2)

; ã) lim
x→2

(
2ex−2 − 1

) 3x+2
x−2 .

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

45x − 9−2x

sinx− tg x3
.
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9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =

∣∣∣∣arctg 1

x

∣∣∣∣ , x 6= 0, f(0) = 0;

á) f(x) =
ln(1 + |x|)

x
, x 6= 0, f(0) = 0.

Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

k2 + 5k + 5

(k + 3)!
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn = 3, 123123 . . . 123︸ ︷︷ ︸
n òðîåê

.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

è íàéäèòå ýòîò ïðåäåë: x1 =
9

2
, xn+1 = x2n − 8xn + 20, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn =
n+ 2

2n+ 1 + n(−1)n
.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

x+ x2enx

1 + enx
.

Âàðèàíò �17

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y = arcsin
(
3x−5
2−x
)
.

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = arcsin(x− 3) è g(x) = 2ex.

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) = arctg(x+ 2)− π

2
.
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4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî:

|x+ 1| − x = |y + 2| − y.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

4n− 3

2n+ 1
= 2.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

n3 − (n− 1)3

(n+ 1)4 − n4
; á) lim

n→∞

3
√
n2 −

√
n2 + 5

5
√
n7 −

√
n+ 1

;

â) lim
n→∞

√
(n5 + 1)(n2 − 1)− n

√
n(n4 + 1)

n
; ã) lim

n→∞

(
n+ 3

n+ 1

)−n2
.

7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à)lim
x→1

x2 − 2x+ 1

x3 − x2 − x+ 1
; á) lim

x→0

√
1 + x−

√
1− x

7
√
x

;

â)lim
x→1

3
√
x− 1

4
√
x− 1

; ã) lim
x→1

(
sin(x− 1)

x− 1

) sin(x−1)
x−1−sin(x−1)

.

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

e3x − e2x

sin 3x− tg 2x
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =

{
e

1
x2 , x 6= 0,

0, x = 0;
á)f(x) =

{
4 · 3x, x < 0,

2 + x, x > 0.

Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

k2 + k − 1

(k + 1)!
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn =
n∑
k=1

ln(1 + k)

k2k
.
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3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

è íàéäèòå ýòîò ïðåäåë: x1 =
1

2
, xn+1 =

6

5
− 1

5xn
, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn = n ln

(
1 +

(−1)n

n

)
.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

x2 + xenx

1 + enx
.

Âàðèàíò �18

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y =

√
x4 − 3x3 − 4x2

x− 4
.

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = x2 + 3x− 4 è g(x) = ln(x+ 4).

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) = 3−

√
2− x.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî:

|x− 2|+ |y + 4| = 2y + 1.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

1− 2n2

4n2 + 2
= −1

2
.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(n+ 2)4 − (n− 2)4

(n+ 5)2 + (n− 5)2
; á) lim

n→∞

√
n7 + 5−

√
n− 5

7
√
n7 + 5 +

√
n− 5

;

â) lim
n→∞

√
(n4 + 1)(n2 − 1)−

√
n4 − 1

n
; ã) lim

n→∞

(
n2 − 6n+ 5

n2 − 5n+ 5

)3n+2

.

7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à)lim
x→1

x4 − 1

2x4 − x2 − 1
; á) lim

x→0

3
√
27 + x− 3

√
27− x

3
√
x2 + 5

√
x

;

â) lim
x→−2

tg πx

x+ 2
; ã) lim

x→1

(
2− x
x

)1/ ln(2−x)
.

34



8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

52x − 23x

sinx+ sinx2
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =
1

x
+

1

|x|
, x 6= 0, f(0) = 0;

á) f(x) =
3

1
x + 2

1
x

3
1
x − 2

1
x

, x 6= 0, f(0) = 0.

Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

k2 − k − 1

k!
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn =
n∑
k=1

cos 2k

k!
.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè
è íàéäèòå ýòîò ïðåäåë: x1 = 10, xn+1 =

√
4xn + 1, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn = 3n(−1)
n

.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

cosn x.

Âàðèàíò �19

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y = log2

(
x3 − 2x2 + x

2x2 + x− 3

)
.

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = log2(x− 1) è g(x) =

√
x− 4.
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3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) =

x+ 3

x− 1
.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî:

|x+ 3| − y = |y − 2|+ x.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

5n+ 1

10n− 3
=

1

2
.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(n+ 1)4 − (n− 1)4

(n+ 1)3 + (n− 1)3
; á) lim

n→∞

3
√
n2 + 2− 5n2

n−
√
n4 − n+ 1

;

â) lim
n→∞

(
n−

√
n(n− 1)

)
; ã) lim

n→∞

(
n+ 4

n+ 2

)n
.

7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à) lim
x→−1

x2 + 3x+ 2

x3 + 2x2 − x− 2
; á) lim

x→0

3
√
8 + 3x− x2 − 2

3
√
x2 + x3

;

â)lim
x→π

1− sin(x/2)

π − x
; ã) lim

x→π/2

(
ctg

x

2

)1/ cosx
.

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

ex − e3x

sin 3x− tg 2x
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =


1

1− x
, x < 1,

(x− 1)2, x ∈ [1, 2],

3− x, x > 2;

á) f(x) =
1

3− 3
1

x+1

,

x 6= 0, x 6= 1,

f(0) = 0, f(1) = 0.

Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè:

xn =
n∑
k=1

1(√
k + 2 +

√
k
)
·
√
k(k + 2)

.
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2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn = 0, 888 . . . 8︸ ︷︷ ︸
n öèôð

.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

è íàéäèòå ýòîò ïðåäåë: x1 =
1

2
, xn+1 =

4

3
− 1

3xn
, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn =
n

2n− 1
sin
(πn

2

)
.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

n

ln(22n + x2n)
, x > 0.

Âàðèàíò �20

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y =
4

√
x4 + 5x2 − 6

x2 − 4
.

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = 3x è g(x) = arccos(3x).

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) = 1 + 4 sinx.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: |x+y|+y = |x|+1.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

2− 2n

3 + 4n
= −1

2
.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(n+ 1)3 − (n− 1)3

(n+ 1)2 − (n− 1)2
; á) lim

n→∞

√
n+ 2− 3

√
n3 + 2

7
√
n+ 2− 5

√
n5 + 2

;

â) lim
n→∞

n3
(

3
√
n2(n6 + 4)− 3

√
n8 − 1

)
; ã) lim

n→∞

(
7n2 + 18n− 15

7n2 + 11n+ 15

)n+2

.

7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à)lim
x→1

2x2 − x− 1

x3 + 2x2 − x− 2
; á) lim

x→0

√
1− 2x+ 3x2 − (1 + x)

3
√
x

;

â) lim
x→π

3

1− 2 cosx

sin(π − 3x)
; ã) lim

x→1
(2− x)

sin(πx/2)
ln(2−x) .
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8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

9x − 23x

arctg 2x− 7x
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =


sinx+ 2, x 6 0,

x+ 2, x ∈ (0, 2],
1

2− x
, x > 2;

á) f(x) =

(
1

e

)x+ 1
x

,

x 6= 0, f(0) = 0.

Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

1

4k2 − 8k + 3
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn = 1 +
cosα

α
+

cosα2

α2
+ · · ·+ cosαn

αn
, α ∈ R, α > 1.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè
è íàéäèòå ýòîò ïðåäåë: x1 = 0, xn+1 =

√
1 + xn, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn =
n sin

(
πn
4

)
n+ 1

.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

n

√
2n + x2n

(x+ 1)n + 4n
, x > 0.

Âàðèàíò �21

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y = arccos
(
2x−3
x+2

)
.
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2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = 2x2 + 3x− 5 è g(x) = log2(x+ 5).

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) =

√
x+ 4− 2.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: |y− 2|+ |2x− 4| =
x+ 2.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

23− 4n

2− n
= 4.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(n+ 1)3 − (n− 1)3

(n+ 1)2 + (n− 1)2
; á) lim

n→∞

n
√
71n− 3

√
64n6 + 9

(n− 3
√
n)
√
11 + n2

;

â) lim
n→∞

(
n
√
n−

√
n(n+ 1)(n+ 2)

)
; ã) lim

n→∞

(
2n− 1

2n+ 1

)n+1

.

7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à) lim
x→−3

x2 + 2x− 3

x3 + 4x2 + 3x
; á) lim

x→8

√
9 + 2x− 5

3
√
x− 2

;

â)lim
x→2

arctg(x2 − 2x)

sin 2πx
; ã) lim

x→3

(
sinx

sin 3

)1/(x−3)
.

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

ex − e−2x

x+ sinx2
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =


3x, x 6 0,

x+ 1, x ∈ (0, 2],
1

x− 2
, x > 2;

á) f(x) =
1

ln
1

x

,

x 6= 0, x 6= 1,

f(0) = 0, f(1) = 0.

Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

4k2 + 2k − 1

(2k + 1)!
.
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2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn =
n∑
k=1

arctg 5k

k4
.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

è íàéäèòå ýòîò ïðåäåë: x1 = 0, xn+1 =
1

10
+ 2x2n, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn = n cos
(πn

2

)
+ (−1)n.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

ln(3n + x−n)

ln(xn + 3−n)
, x > 0.

Âàðèàíò �22

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y =

√
9− x2

arccos(x− 3)
.

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = 3 log3 x− 2 è g(x) =

√
x+ 8.

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) =

1− x
x+ 2

.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: |y − 1| − |x− 2| =
x+ 1.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

1 + 3n

6− n
= −3.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(n+ 2)3 + (n− 2)3

n4 + 2n2 − 1
; á) lim

n→∞

√
n+ 6−

√
n2 − 5

3
√
n3 + 3 + 4

√
n3 + 1

;

â) lim
n→∞

3
√
n
(

3
√
n2 − 3

√
n(n− 1)

)
; ã) lim

n→∞

(
n3 + n+ 1

n3 + 2

)2n2

.
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7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à) lim
x→−1

x3 − 2x− 1

x4 + 2x+ 1
; á) lim

x→16

4
√
x− 2

3
√
(
√
x− 4)2

;

â)lim
x→1

1− x2

sin πx
; ã) lim

x→1

(
x+ 1

2x

) ln(x+2)
ln(2−x)

.

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

35x − 2−7x

2x− tg x
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =

{
2− x, x < 2,

x2 − 1, x > 2;

á) f(x) =
1

1 + e
1

x−1

,

x 6= 1, f(1) = 0.

Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

k + 1

(k + 2)!
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn = 5, 1212 . . . 12︸ ︷︷ ︸
n ïàð

.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

è íàéäèòå ýòîò ïðåäåë: x1 =
5

2
, xn+1 = x2n − 4xn + 6, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn = (−1)n 2n+ 1

n(2 + (−1)n)
.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

n
√
xn + 2n + x−n, x > 0.
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Âàðèàíò �23

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y =

√
x4 − 13x2 + 36

x3 − 27
.

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,

åñëè f(x) =
1

4
√
4x− 1

è g(x) =
1

x2
.

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) = 3 arctg(x+ 2) +

π

2
.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: x2+y2 = 2|x|−4|y|.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

2n+ 3

n+ 5
= 2.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(n+ 1)3 + (n− 1)3

n3 − 3n
; á) lim

n→∞

√
n8 + 6−

√
n− 6

8
√
n8 + 6 +

√
n− 6

;

â) lim
n→∞

√
n+ 2

(√
n+ 3−

√
n− 4

)
; ã) lim

n→∞

(
13n+ 3

13n− 10

)n−3
.

7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à)lim
x→0

(1 + x)3 − (1 + 3x)

x2 + x5
; á) lim

x→−2

3
√
x− 6 + 2
3
√
x3 + 8

;

â)lim
x→1

cos(πx/2)

1−
√
x

; ã) lim
x→π/2

(sinx)
18 sin x
ctg x .

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

e2x − ex

sin 2x− sinx
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =


|x− 1|
x− 1

, x 6= 1,

0, x = 1;

á) f(x) =
1

7 + 3
1

x−1

,

x 6= 1, f(1) = 0.
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Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

4

16k2 + 24k + 5
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn =
n∑
k=1

arctg k2

k!
.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè
è íàéäèòå ýòîò ïðåäåë: x1 = 3, xn+1 = x2n − 6xn + 12, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn =
1 + n2 sin

(
πn
2

)
n+ 1

.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

ln(5n + xn + x−n)

2n
, x > 0.

Âàðèàíò �24

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y = lg

(
x2 + x− 6

x2 − 3x+ 2

)
.

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,
åñëè f(x) = x2 + 5x è g(x) = log3(x− 6).

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) = 2−

√
−x− 2.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: |x+1|−|y−2| = 3.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

3n2 + 2

4n2 − 1
=

3

4
.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(n+ 1)3 + (n− 1)3

n3 + 1
; á) lim

n→∞

n2 −
√
n3 + 1

3
√
n6 + 2− n

;

â) lim
n→∞

n
(√

n4 + 3−
√
n4 − 2

)
; ã) lim

n→∞

(
2n2 + 2n+ 3

2n2 + 2n+ 1

)3n2−7

.
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7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à)lim
x→1

x2 − 1

2x2 − x− 1
; á) lim

x→4

√
x− 2

3
√
x2 − 16

;

â)lim
x→1

3−
√
10− x

sin 3πx
; ã) lim

x→1

(
1

x

) ln(x+1)
ln(2−x)

.

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

e2x − ex

x+ tg x2
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) =

4 ·
(
1

3

)x
, x > 0,

2− x, x 6 0;

á) f(x) =
|x− 1|
x2 − x3

,

x 6= 0, x 6= 1, f(0) = 0, f(1) = 0.

Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè: xn =
n∑
k=1

1

9k2 + 4k − 2
.

2. Èñïîëüçóÿ Êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè ñóùå-
ñòâóåò ïðåäåë

xn =
n∑
k=1

ln(1 + k)

k3 + 5k
.

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè
è íàéäèòå ýòîò ïðåäåë: x1 =

√
3, xn+1 =

√
3 + 2xn, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn =
((−1)n − 1)n2 + n+ 1

n
.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

ln((x+ 1)n + 3n)

ln(x2n + 4n)
, x > 0.
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Âàðèàíò �25

1. Íàéäèòå îáëàñòü îïðåäåëåíèÿ ôóíêöèè y = arcsin

(
5x− 2

3− x

)
.

2. Íàéäèòå ñóïåðïîçèöèè ôóíêöèé f ◦ g è g ◦ f è èõ îáëàñòè îïðåäåëåíèÿ,

åñëè f(x) = arcsin x è g(x) =

√
x2 − π2

4
.

3. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ôóíêöèé y = f(x), y = f(|x|), y = |f(x)|,
åñëè f(x) =

x+ 1

x− 2
.

4. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé íåÿâíî: |x+y|−|x−y| = 2.

5. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè (ò. å. äëÿ ε

íàéäèòå ñîîòâåòñòâóþùåå çíà÷åíèå N(ε)), ÷òî lim
n→∞

2− 3n2

5n2 + 4
= −3

5
.

6. Âû÷èñëèòå ïðåäåëû ïîñëåäîâàòåëüíîñòåé:

à) lim
n→∞

(n+ 2)2 − (n− 2)2

(n+ 3)2
; á) lim

n→∞

√
n+ 1− 3

√
n3 + 1

4
√
n+ 1− 5

√
n5 + 1

;

â) lim
n→∞

√
n(n+ 1)(n+ 2)

(√
n3 − 3−

√
n3 − 2

)
; ã) lim

n→∞

(
n+ 5

n− 7

)n/6+1

.

7. Âû÷èñëèòå ïðåäåëû ôóíêöèé:

à) lim
x→−3

x3 + 7x2 + 15x+ 9

x3 + 8x2 + 21x+ 18
; á) lim

x→−8

10− x− 6
√
1− x

2 + 3
√
x

;

â)lim
x→π

sin 5x

tg 3x
; ã) lim

x→π

(
ctg

x

4

) 1
cos(x/2)

.

8. Èñïîëüçóÿ òåîðåìó î çàìåíå á. ì. ýêâèâàëåíòíûìè, íàéäèòå ïðåäåë

lim
x→0

23x − 32x

x+ arcsinx3
.

9. Èññëåäóéòå ôóíêöèè íà íåïðåðûâíîñòü. Íàéäèòå òî÷êè ðàçðûâà (åñëè
òàêîâûå åñòü) è îïðåäåëèòå èõ òèï. Ïîñòðîéòå ýñêèçû ãðàôèêîâ ýòèõ
ôóíêöèé.

à) f(x) = 5−
(
1

2

)x−1
x

, x 6= 0, f(0) = 0.

á) f(x) =
x2 − 1

x+ 1
, x 6= −1, f(−1) = −2.
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Äîïîëíèòåëüíûå çàäà÷è ê âàðèàíòó

1. Íàéäèòå ïðåäåë ïîñëåäîâàòåëüíîñòè:

xn =
n∑
k=1

1(√
k + 3 +

√
k + 2

)
·
√
(k + 3)(k + 2)

.

2. Èñïîëüçóÿ êðèòåðèé Êîøè, äîêàæèòå, ÷òî ó ïîñëåäîâàòåëüíîñòè

xn = 1, 432432 . . . 432︸ ︷︷ ︸
n òðîåê

ñóùåñòâóåò ïðåäåë

3. Ïðèìåíèòå òåîðåìó Âåéåðøòðàññà (î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëü-
íîñòè) äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

è íàéäèòå ýòîò ïðåäåë: x1 = 4, xn+1 =
x2n + 2

2xn
, n > 1.

4. Äëÿ ïîñëåäîâàòåëüíîñòè xn íàéäèòå supxn, inf xn, åñëè

xn = (−1)n 3n− 1

n(1 + 2(−1)n+1)
.

5. Ïîñòðîéòå ýñêèç ãðàôèêà ôóíêöèè, çàäàííîé ñîîòíîøåíèåì

f(x) = lim
n→∞

ln(3n + xn)

n
, x > 0.
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