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Òåîðåòè÷åñêèå âîïðîñû

I. Êðèâîëèíåéíûå èíòåãðàëû I-ãî ðîäà.

1. Ëèíèÿ â Rn. êàê îáðàç îòðåçêà. Äëèíà îòðåçêà â Rn.

2. Ñïðÿìëÿåìûå ëèíèè â Rn. Ãëàäêèå ëèíèè. Ñïðÿìëÿåìîñòü ãëàäêîé ëèíèè.

3. Èíòåãðàë Ðèìàíà ïî äóãå ñïðÿìëÿåìîé ëèíèè: îïðåäåëåíèå.

4. Ñóùåñòâîâàíèå èíòåãðàëà îò íåïðåðûâíîé ôóíêöèè âäîëü ãëàäêîé êðèâîé..

5. Ñâîéñòâà êðèâîëèíåéíîãî èíòåãðàëà � àääèòèâíîñòü, îäíîðîäíîñòü, èíòåãðè-
ðîâàíèå íåðàâåíñòâ, òåîðåìû îá îöåíêå èíòåãðàëà.

6. Òåîðåìà î ñðåäíåì.

7. Âû÷èñëåíèå êðèâîëèíåéíîãî èíòåãðàëà äëÿ ëèíèé íà ïëîñêîñòè, çàäàííûõ
ÿâíî.

8. Âû÷èñëåíèå êðèâîëèíåéíûõ èíòåãðàëîâ äëÿ ëèíèé â Rn, çàäàííûõ ïàðàìåò-
ðè÷åñêè.

II. Êðèâîëèíåéíûå èíòåãðàëû âòîðîãî ðîäà. Ñëó÷àé R3.

1. Êðèâîëèíåéíûå èíòåãðàëû II-ãî ðîäà. Îïðåäåëåíèå è ýëåìåíòàðíûå ñâîéñòâà.

2. Ñâÿçü ìåæäó êðèâîëèíåéíûìè èíòåãðàëàìè ïåðâîãî è âòîðîãî ðîäà.

3. Âû÷èñëåíèå êðèâîëèíåéíûõ èíòåãðàëîâ II-ãî ðîäà äëÿ ñëó÷àÿ ïëîñêèõ êðè-
âûõ, çàäàííûõ ÿâíî.

4. Âû÷èñëåíèå êðèâîëèíåéíûõ èíòåãðàëîâ II-ãî ðîäà äëÿ ñëó÷àÿ êðèâûõ, çàäàí-
íûõ â R3 ïàðàìåòðè÷åñêè.

5. Ïëîñêèå êðèâûå. Ôîðìóëà Ãðèíà.

6. Ïëîñêèå êðèâûå. Íåçàâèñèìîñòü êðèâîëèíåéíîãî èíòåãðàëà II-ãî ðîäà îò ïóòè
èíòåãðèðîâàíèÿ.

7. Ïëîñêèå êðèâûå. Èíòåãðèðîâàíèå ïîëíûõ äèôôåðåíöèàëîâ.

III. Ïîâåðõíîñòíûå èíòåãðàëû I-ãî ðîäà. Ñëó÷àé R3

1. Ïàðàìåòðè÷åñêîå çàäàíèå ïîâåðõíîñòè. Ãëàäêèå ïîâåðõíîñòè. Êóñî÷íî-ãëàäêèå
ïîâåðõíîñòè.

2. Ïëîùàäü ïîâåðõíîñòè. Êâàäðèðóåìûå ïîâåðõíîñòè. Êâàäðèðóåìîñòü ãëàäêîé
ïîâåðõíîñòè.

3. Ïîâåðõíîñòíûå èíòåãðàëû I-ãî ðîäà: îïðåäåëåíèå.

4. Èíòåãðèðóåìîñòü ôóíêöèè, íåïðåðûâíîé íà ãëàäêîé ïîâåðõíîñòè.

5. Ñâîéñòâà ïîâåðõíîñòíîãî èíòåãðàëà I-ãî ðîäà: àääèòèâíîñòü, îäíîðîäíîñòü,
èíòåãðèðîâàíèå íåðàâåíñòâ, òåîðåìû îá îöåíêå èíòåãðàëà.

6. Òåîðåìà î ñðåäíåì.

7. Âû÷èñëåíèå èíòåãðàëà ïî äâóìåðíîé ïîâåðõíîñòè â òðåõìåðíîì ïðîñòðàíñòâå.
Ñëó÷àé ïàðàìåòðè÷åñêîãî çàäàíèÿ ïîâåðõíîñòè.
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8. Âû÷èñëåíèå èíòåãðàëà ïî äâóìåðíîé ïîâåðõíîñòè â òðåõìåðíîì ïðîñòðàíñòâå.
Ñëó÷àé ïîâåðõíîñòè, çàäàííîé ÿâíûì óðàâíåíèåì.

IV. Ïîâåðõíîñòíûå èíòåãðàëû II ðîäà. Ñëó÷àé R3 .

1. Êàñàòåëüíàÿ ïëîñêîñòü è íîðìàëü ê ïîâåðõíîñòè. Ñòîðîíà ïîâåðõíîñòè. Îðè-
åíòàöèÿ ïîâåðõíîñòè.

2. Ïîâåðõíîñòíûå èíòåãðàëû II-ãî ðîäà. Îïðåäåëåíèå è ýëåìåíòàðíûå ñâîéñòâà.
Çàâèñèìîñòü çíà÷åíèÿ èíòåãðàëà îò îðèåíòàöèè ïîâåðõíîñòè.

3. Âû÷èñëåíèå èíòåãðàëà II-ãî ðîäà. Ñâåäåíèå èíòåãðàëà II-ãî ðîäà ê èíòåãðàëó
I-ãî ðîäà.

4. Ôîðìóëà Ãàóññà-Îñòðîãðàäñêîãî � âåêòîðíûé è ñêàëÿðíûé âàðèàíòû.

5. Ôîðìóëà Ñòîêñà � âåêòîðíûé è ñêàëÿðíûé âàðèàíòû. Íåçàâèñèìîñòü êðè-
âîëèíåéíîãî èíòåãðàëà II-ãî ðîäà îò ïóòè èíòåãðèðîâàíèÿ. Èíòåãðèðîâàíèå
ïîëíûõ äèôôåðåíöèàëîâ.

V. Ýëåìåíòû òåîðèè ïîëÿ.

1. Ñêàëÿðíûå ïîëÿ. Ïðîèçâîäíàÿ ïî íàïðàâëåíèþ. Ãðàäèåíò ñêàëÿðíîãî ïîëÿ.
Ïîòåíöèàëüíûå ïîëÿ. Ëèíèè óðîâíÿ.

2. Ïîòîê âåêòîðíîãî ïîëÿ. Äèâåðãåíöèÿ. Ñîëåíîèäàëüíûå ïîëÿ. Ôîðìóëà Îñòðî-
ãðàäñêîãî.

3. Öèðêóëÿöèÿ è ðîòîð. Óñëîâèå ïîòåíöèàëüíîñòè âåêòîðíîãî ïîëÿ.

4. Ôîðìóëà Ñòîêñà.

5. Îïåðàòîð Ãàìèëüòîíà.

6. Îïåðàöèè âòîðîãî ïîðÿäêà. Îïåðàòîð Ëàïëàñà.

7. Îðòîãîíàëüíûå êðèâîëèíåéíûå êîîðäèíàòû. Çàïèñü îñíîâíûõ äèôôåðåíöè-
àëüíûõ îïåðàöèé òåîðèè ïîëÿ â êðèâîëèíåéíûõ êîîðäèíàòàõ.

8. Öèëèíäðè÷åñêèå êîîðäèíàòû. Îïåðàòîð Ãàìèëüòîíà. Îïåðàòîð Ëàïëàñà.

9. Ñôåðè÷åñêèå êîîðäèíàòû. Îïåðàòîð Ãàìèëüòîíà. Îïåðàòîð Ëàïëàñà.

Òåîðåòè÷åñêèå óïðàæíåíèÿ

1. Äàéòå îïðåäåëåíèå êðèâîëèíåéíîãî èíòåãðàëà I ðîäà.

Âû÷èñëèòå èíòåãðàë ∫
L

xyzdl

â ñëó÷àå

1.1. L � ëîìàíàÿ, çâåíüÿ êîòîðîé ñîåäèíÿþò òî÷êè

(0, 0, 0)→ (0, 1, 0)→ (0, 1, 1)→ (−1, 0, 0).
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1.2. L � äóãà ýëëèïñà, îáðàçîâàííîãî ïåðåñå÷åíèåì ïîâåðõíîñòåé

x2

a2
+
y2

b2
+
z2

c2
= 1 è x+ y + z = 0.

2. Ïóñòü L � ãëàäêàÿ êðèâàÿ íà ïëîñêîñòè, çàäàâàåìàÿ ïîëÿðíûì óðàâíåíèåì ρ =
ρ(ϕ), ϕ1 ≤ ϕ ≤ ϕ2, à f(x, y) � íåïðåðûâíàÿ ôóíêöèÿ. Äîêàæèòå, ÷òî∫

L

f(x, y)dl =

ϕ2∫
ϕ1

f(ρ(ϕ) cosϕ, ρ(ϕ) sinϕ)
√
ρ2(ϕ) + (ρ′(ϕ))2dϕ.

3. Ñôîðìóëèðóéòå òåîðåìó î âû÷èñëåíèè ïîâåðõíîñòíîãî èíòåãðàëà ïåðâîãî ðîäà..
Âû÷èñëèòå èíòåãðàë ∫

S

(
x2 + y2 + z2

)
ds

åñëè

3.1. S � ïîâåðõíîñòü êóáà ñî ñòîðîíîé 1 è öåíòðîì â íà÷àëå êîîðäèíàò;

3.2. S � ïîâåðõíîñòü îêòàýäðà |x|+ |y|+ |z| ≤ 1;

3.3. S � ïîâåðõíîñòü ñôåðû ðàäèóñà 1 ñ öåíòðîì â íà÷àëå êîîðäèíàò;

3.4. S � ïîâåðõíîñòü öèëèíäðà x2 + y2 ≤ 1, −1 ≤ z ≤ 1.

4. Äîêàæèòå ôîðìóëó Ïóàññîíà∫
x2+y2+z2=1

f(ax+ by + cz)ds = 2π

1∫
−1

f(t ·
√
a2 + b2 + c2)dt.

5. Äàéòå îïðåäåëåíèå êðèâîëèíåéíîãî èíòåãðàëà II ðîäà. Ñôîðìóëèðóéòå ïðàâèëî
âû÷èñëåíèÿ êðèâîëèíåéíîãî èíòåãðàëà II ðîäà.

6. Ñôîðìóëèðóéòå óñëîâèå ïîëíîãî äèôôåðåíöèàëà.

6.1. Óñòàíîâèòå, ÷òî âûðàæåíèå

x2dx+ y2dy

ÿâëÿåòñÿ ïîëíûì äèôôåðåíöèàëîì íåêîòîðîé ôóíêöèè U(x, y) è íàéäèòå ýòó
ôóíêöèþ.

6.2. Óñòàíîâèòå, ÷òî âûðàæåíèå

(x2 − 2yz)dx+ (y2 − 2xz)dy + (z2 − 2xy)dz

ÿâëÿåòñÿ ïîëíûì äèôôåðåíöèàëîì íåêîòîðîé ôóíêöèè è íàéäèòå ýòó ôóíêöèþ.

7. Ôóíêöèÿ f(x, y) äèôôåðåíöèðóåìà è òàêîâà, ÷òî èíòåãðàë∫
L+(A,B)

f(x, y)(ydx+ xdy)

íå çàâèñèò îò ïóòè L+(A,B), à çàâèñèò ëèøü îò íà÷àëüíîé (A) è êîíå÷íîé (B)
òî÷åê. Îïèøèòå âñå ôóíêöèè, îáëàäàþùèå ýòèì ñâîéñòâîì.
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8. Äàéòå îïðåäåëåíèå ïîâåðõíîñòíîãî èíòåãðàëà II-ãî ðîäà. Ñôîðìóëèðóéòå òåîðåìó
î âû÷èñëåíèè ïîâåðõíîñòíîãî èíòåãðàëà II-ãî ðîäà.

9. Âû÷èñëèòå èíòåãðàë∫∫
S+

xzdydz + xydxdz + yzdxdy, S+ : (x− a)2 + (y − b)2 + (z − c)2 = R2,

Íîðìàëü � âíåøíÿÿ.

10. Íàéäèòå ïðîèçâîäíóþ ñêàëÿðíîãî ïîëÿ U(x, y, z) â íàïðàâëåíèè ãðàäèåíòà ñêà-
ëÿðíîãî ïîëÿ V (x, y, z).

11. Íàéäèòå ãðàäèåíò ñêàëÿðíîãî ïîëÿ U = c1x+c2y+c3z. Êàêîâû ïîâåðõíîñòè óðîâíÿ
ýòîãî ïîëÿ?

12. Äîêàæèòå, ÷òî åñëè Ω � çàìêíóòàÿ ãëàäêàÿ ïîâåðõíîñòü, n � íîðìàëü ê ýòîé
ïîâåðõíîñòè, a � ïðîèçâîëüíûé íåíóëåâîé âåêòîð, òî∫∫

Ω

cos(n, a)dω = 0.

13. Äîêàæèòå, ÷òî åñëè ôóíêöèÿ P (x, y, z) � ìíîãî÷ëåí âòîðîé ñòåïåíè, à Ω � ãëàäêàÿ
çàìêíóòàÿ ïîâåðõíîñòü, òî èíòåãðàë

I =

∫∫
Ω

∂P

∂n
dω

ïðîïîðöèîíàëåí îáúåìó îáëàñòè, îãðàíè÷åííîé ïîâåðõíîñòüþ Ω.

Çäåñü
∂P

∂n
� ïðîèçâîäíàÿ P (x, y, z) â íàïðàâëåíèè íîðìàëè ê ïîâåðõíîñòè Ω.

14. Äîêàæèòå, ÷òî åñëè P (x, y, z), Q(x, y, z), R(x, y, z) � ëèíåéíûå ôóíêöèè, S � ïëîñ-
êàÿ ôèãóðà, îãðàíè÷åííàÿ ãëàäêèì êîíòóðîì ∂S è èíòåãðàë

I =

∫
∂S

Pdx+Qdy +Rdz 6= 0,

òî îí ïðîïîðöèîíàëåí ïëîùàäè ôèãóðû S.

15. Ôóíêöèÿ u(x, y, z) óäîâëåòâîðÿåò óðàâíåíèþ Ëàïëàñà: ∆u = 0 . Äîêàæèòå, ÷òî∫∫
Ω

∂u

∂n
dω = 0.

Çäåñü � Ω � ãëàäêàÿ çàìêíóòàÿ ïîâåðõíîñòü,
∂u

∂n
� ïðîèçâîäíàÿ ôóíêöèè u(x, y, z)

â íàïðàâëåíèè íîðìàëè ê ïîâåðõíîñòè Ω.
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Èíäèâèäóàëüíûå çàäàíèÿ

Âàðèàíò �1

1. Âû÷èñëèòå

∫
L

(x + 2y + z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(1, 2, 4) è B(3, 1, 2).

2. Íàéäèòå ðàáîòó ñèëû ~F = (x2− 2y)~i+ (y2− 2x)~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé
òî÷êè âäîëü ëèíèè L : x2 + y2 = 4 (y > 0) îò òî÷êè M(2; 0) äî òî÷êè N(−2; 0).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

2x2y dx − xy2 dy, ãäå L � êîíòóð, îáðà-

çîâàííûé ëèíèÿìè x2 + y2 = 1, y = x, y = −x (y > x, y 6 −x). Îáõîä êîíòóðà
îñóùåñòâëÿåòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè z2 = 2xy, åñëè 0 6 x 6 1, 0 6 y 6 2, z > 0.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = 7x~i+(5πy+z)~j+4πz ~k ÷åðåç ÷àñòü ïëîñêîñòè
2x+ y + 8z = 2, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé óãîë
ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = (x + z)~i + (z + y)~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé
ïîâåðõíîñòÿìè x2 + y2 = 9, z = x, z = 0 (z > 0).

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = (x2−y)~i+x~j+~k âäîëü êîíòóðà

L :

{
x2 + y2 = 1,

z = 1
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå Ñòîêñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
y2 − x2

(x2 + y2)2
− 6x2y + 1;

−2xy

(x2 + y2)2
− 2x3

)
, íàéäèòå åãî ïîòåíöèàë è ðàáîòó ïî

ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(0; 1) â òî÷êó B(−1; 2).

9. Äëÿ ôóíêöèè u = x2y + xz3 − 2xyz íàéäèòå div(gradu) â òî÷êå A(1; 1;−1).

Âàðèàíò �2

1. Âû÷èñëèòå

∫
L

(2x − y + z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(−1, 1, 3) è B(5, 3, 1).

2. Íàéäèòå ðàáîòó ñèëû ~F = (x2 + y)~i+ 2xy~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé òî÷êè
âäîëü ëèíèè L : x2 + y2 = 1 (x > 0) îò òî÷êè M(1; 0) äî òî÷êè N(0; 1).
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3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

xy2 dx + 3y2x dy, ãäå L � êîíòóð, îáðà-

çîâàííûé ëèíèÿìè x2 + y2 = 4, y =
x√
3
, y =

√
3x

(
y 6

x√
3
, y >

√
3x

)
. Îáõîä

êîíòóðà îñóùåñòâëÿåòñÿ ïî ÷àñîâîé ñòðåëêå.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè 2z = x2, åñëè x 6 2y 6 4x, x 6 2
√

2.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = 2πx~i+(7y+2)~j+7πz ~k ÷åðåç ÷àñòü ïëîñêîñòè
6x+ 3y+ 2z = 6, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé óãîë
ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = 2x~i+z ~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé ïîâåðõíîñòÿìè
z = 3x2 + 2y2 + 1, x2 + y2 = 4, z = 0.

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = xz~i − ~j + y ~k âäîëü êîíòó-

ðà L :

{
z = 5(x2 + y2)− 1,

z = 4
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå

Ñòîêñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
y

(x+ y)2
− 4xy + y2 − 1;− x

(x+ y)2
− 2x2 + 2xy

)
, íàéäèòå åãî ïîòåíöèàë è

ðàáîòó ïî ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(0; 1) â òî÷êó B(1; 2).

9. Íàéäèòå div(~u× ~v) â òî÷êå A(1; 0;−1), ãäå ~u = x~i+ yz~j + z2 ~k,

~v = (x2 + y)~i− y2z~j + zx~k.

Âàðèàíò �3

1. Âû÷èñëèòå

∫
L

(x − y + 2z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(−1, 3, 2) è B(4, 7, 1).

2. Íàéäèòå ðàáîòó ñèëû ~F = (2xy − y)~i+ (x2 + x)~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé
òî÷êè âäîëü ëèíèè L : x2 + y2 = 9 (y > 0) îò òî÷êè M(3; 0) äî òî÷êè N(−3; 0).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

x2y2 dy−xy2 dx, ãäå L � êîíòóð, îáðàçî-

âàííûé ëèíèÿìè x2 +y2 = 9, y = −
√

3x, y = 0
(
y > −

√
3x, y 6 0

)
. Îáõîä êîíòóðà

îñóùåñòâëÿåòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè y2 + z2 = 2x, åñëè y2 6 x 6 1.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = 9πx~i + ~j − 3z ~k ÷åðåç ÷àñòü ïëîñêîñòè
x+ 3y + 3z = 3, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé óãîë
ñ îñüþ Oz).
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6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = 2x~i + 2y~j + z ~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé ïî-
âåðõíîñòÿìè y = x2, y = 4x2 (x > 0), y = 1, z = y, z = 0.

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = yz~i + 2xz~j + xy ~k âäîëü êîí-

òóðà L :

{
x2 + y2 + z2 = 25,

x2 + y2 = 9 (z > 0)
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå

Ñòîêñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
2x

y
+ 3y2 − 1

y2
+ 1;−x

2

y2
+ 6xy +

2x

y3

)
, íàéäèòå åãî ïîòåíöèàë è ðàáîòó ïî

ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(0; 1) â òî÷êó B(1;−1).

9. Äëÿ ôóíêöèè u = x3y − 2xy2 + yz2 íàéäèòå rot(gradu) â òî÷êå A(1; 0; 5).

Âàðèàíò �4

1. Âû÷èñëèòå

∫
L

(x + y − 2z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(2, 1, 1) è B(3, 4,−5).

2. Íàéäèòå ðàáîòó ñèëû ~F = (x + y)~i + (x − y)~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé

òî÷êè âäîëü ëèíèè L : x2 +
y2

9
= 1 (y > 0) îò òî÷êè M(1; 0) äî òî÷êè N(0; 3).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

xy2 dx−2y2x dy, ãäå L � êîíòóð, îáðàçî-

âàííûé ëèíèÿìè x2 +y2 = 1, y = − x√
3
, x = 0

(
x > 0, y 6 − x√

3

)
. Îáõîä êîíòóðà

îñóùåñòâëÿåòñÿ ïî ÷àñîâîé ñòðåëêå.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè x2 = 2(1− z), åñëè 0 6 y 6 x, z > 0.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = (2x+ 1)~i− y~j + 3πz ~k ÷åðåç ÷àñòü ïëîñêîñòè
x+ 3y + 6z = 3, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé óãîë
ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = 3x~i−z~j ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé ïîâåðõíîñòÿìè
z = 6− x2 − y2, z2 = x2 + y2 (z > 0).

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = x~i + yz~j − x~k âäîëü êîíòóðà

L :

{
x2 + y2 = 1,

x+ y + z = 1
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå Ñòîêñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
1

y
− y

(x+ y)2
− 1;

x

(x+ y)2
− x

y2
+ 2

)
, íàéäèòå åãî ïîòåíöèàë è ðàáîòó ïî

ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(−1; 0) â òî÷êó B(1; 1).
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9. Íàéäèòå rot ~F , div ~F , ãäå ~F = grad(x2 + y2 + z2).

Âàðèàíò �5

1. Âû÷èñëèòå

∫
L

(x + 2y − 3z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(0, 1, 1) è B(1, 2, 0).

2. Íàéäèòå ðàáîòó ñèëû ~F = x2y~i − xy2~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé òî÷êè
âäîëü ëèíèè L : x2 + y2 = 1 (y > 0) îò òî÷êè M(1; 0) äî òî÷êè N(−1; 0).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

2y2x dy− xy dx, ãäå L � êîíòóð, îáðàçî-

âàííûé ëèíèÿìè x2+y2 = 4, y = −x, y =
√

3x
(
y >
√

3x, y 6 −x
)
. Îáõîä êîíòóðà

îñóùåñòâëÿåòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè 2z = x2 + y2, åñëè x2 + y2 6 1, y 6 x, x > 0, y > 0.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = 7x~i + 9πy~j + ~k ÷åðåç ÷àñòü ïëîñêîñòè
3x+ y + 3z = 3, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé óãîë
ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = (z + y)~i + y~j − x~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé
ïîâåðõíîñòÿìè x2 + z2 = 2y, y = 2.

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = (x−y)~i+x~j−z ~k âäîëü êîíòóðà

L :

{
x2 + y2 = 1,

z = 5
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå Ñòîêñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
1

y2
− 12x3y + 3x2y2; 1 + 2x3y − 2x

y3
− 1

y2
− 3x4

)
, íàéäèòå åãî ïîòåíöèàë è ðà-

áîòó ïî ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(1; 1) â òî÷êó B(2;−1).

9. Íàéäèòå rot(~a× ~u) â òî÷êå A(1; 1; 1), ãäå ~a = (3x; 2y2;−z), ~u = (−1;x;−2z).

Âàðèàíò �6

1. Âû÷èñëèòå

∫
L

(z − 5y + x) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(−3, 2, 1) è B(2, 1, 1).

2. Íàéäèòå ðàáîòó ñèëû ~F = yx2~i− (x+ y2)~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé òî÷êè
âäîëü ëèíèè L : x2 + y2 = 2 (y > 0) îò òî÷êè M(

√
2; 0) äî òî÷êè N(−

√
2; 0).
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3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

3x2y dx + 2xy2 dy, ãäå L � êîíòóð, îá-

ðàçîâàííûé ëèíèÿìè x2 + y2 = 9, y = −x, y = 0 (y > −x, y 6 0). Îáõîä êîíòóðà
îñóùåñòâëÿåòñÿ ïî ÷àñîâîé ñòðåëêå.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè z2 = 2xy, åñëè 1 6 x 6 2, 0 6 y 6 1.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = ~i + 5y~j + 11πz ~k ÷åðåç ÷àñòü ïëîñêîñòè
3x+ 3y + z = 3, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé óãîë
ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = x~i − (x + 2y)~j + y ~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé
ïîâåðõíîñòÿìè x2 + y2 = 1, z = 0, x+ 2y + 3z = 6.

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = y~i − x~j + z2 ~k âäîëü êîíòó-

ðà L :

{
z = 3(x2 + y2) + 1,

z = 4
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå

Ñòîêñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
y

x2
+ 12xy − 1

x2
− 2y2

x3
; 6x2 +

2y

x2
− 1

x

)
, íàéäèòå åãî ïîòåíöèàë è ðàáîòó ïî

ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(1;−1) â òî÷êó B(2; 0).

9. Íàéäèòå rot ~F , div ~F â òî÷êå A(0; 1;−1) ãäå ~F = (2xy;−y2 + z2;xyz).

Âàðèàíò �7

1. Âû÷èñëèòå

∫
L

(3x + y − z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(2, 1,−1) è B(0,−1, 5).

2. Íàéäèòå ðàáîòó ñèëû ~F = (x2 − y)~i+ yx~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé òî÷êè
âäîëü ëèíèè L : x2 + y2 = 9 (y > 0) îò òî÷êè M(3; 0) äî òî÷êè N(−3; 0).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

2xy2 dy− 3x2y dx, ãäå L � êîíòóð, îáðà-

çîâàííûé ëèíèÿìè x2 + y2 = 1, y =
√

3x, x = 0
(
y >
√

3x, x 6 0
)
. Îáõîä êîíòóðà

îñóùåñòâëÿåòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè 2z = x2, åñëè x 6 y 6 2x, x 6 2.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = x~i + (πz − 1)~k ÷åðåç ÷àñòü ïëîñêîñòè
12x + 3y + 2z = 6, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé
óãîë ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = 2(z − y)~j + (x − z)~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé
ïîâåðõíîñòÿìè z = x2 + 3y2 + 1, z = 0, x2 + y2 = 1.
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7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = yz~i+ 2xz~j + y2 ~k âäîëü êîíòó-

ðà L :

{
x2 + y2 + z2 = 25,

x2 + y2 = 16 (z > 0)
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå

Ñòîêñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
x+ 2y

2
√

(x+ y)3
+

y

2
√
x3

+ 7y; 7x− x

2
√

(x+ y)3
− 1√

x

)
, íàéäèòå åãî ïîòåíöèàë

è ðàáîòó ïî ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(1; 0) â òî÷êó B(4; 1).

9. Äëÿ ôóíêöèè u = 2z2x− y2z + xy2 íàéäèòå div(gradu) â òî÷êå A(1; 0; 2).

Âàðèàíò �8

1. Âû÷èñëèòå

∫
L

(2y − x − 2z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(0, 1,−2) è B(1,−3,−2).

2. Íàéäèòå ðàáîòó ñèëû ~F = (x2 − y2)~i+ (x2 + y2)~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé

òî÷êè âäîëü ëèíèè L :
x2

9
+
y2

4
= 1 (y > 0) îò òî÷êè M(3; 0) äî òî÷êè N(−3; 0).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

2x2y dx + xy2 dy, ãäå L � êîíòóð, îáðà-

çîâàííûé ëèíèÿìè x2 + y2 = 4, y =
x√
3
, y = 0

(
y >

x√
3
, y 6 0

)
. Îáõîä êîíòóðà

îñóùåñòâëÿåòñÿ ïî ÷àñîâîé ñòðåëêå.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè y2 + z2 = 4x, åñëè y2 6 2x 6 4.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = 5πx~i+(9y+1)~j+4πz ~k ÷åðåç ÷àñòü ïëîñêîñòè
3x+ 2y+ 3z = 6, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé óãîë
ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = x~i+ z~j − y ~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé ïîâåðõíî-
ñòÿìè z = 4− 2(x2 + y2), z = 2(x2 + y2).

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = xy~i+ yz~j + xz ~k âäîëü êîíòóðà

L :

{
x2 + y2 = 9,

x+ y + z = 1
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå Ñòîêñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
6x2 + y2 + 1− y

2
√

(x+ y)3
; 4x3y − 2y +

2x+ y

2
√

(x+ y)3

)
, íàéäèòå åãî ïîòåíöè-

àë è ðàáîòó ïî ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(1; 0) â òî÷êó B(3; 1).

9. Íàéäèòå div(~u× ~v) â òî÷êå A(2;−1; 1), ãäå ~u = xy~i− yz2~j + z ~k,

~v = (y2 − x)~i+ y~j − z2 ~k.
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Âàðèàíò �9

1. Âû÷èñëèòå

∫
L

(x + 2y − 4z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(1,−1, 3) è B(−1, 5, 6).

2. Íàéäèòå ðàáîòó ñèëû ~F = xy~i−x2~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé òî÷êè âäîëü
ëèíèè L : x2 + y2 = 9 (x 6 0) îò òî÷êè M(0; 3) äî òî÷êè N(0;−3).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

x2y dx− xy2 dy, ãäå L � êîíòóð, îáðàçî-

âàííûé ëèíèÿìè x2 + y2 = 9, y = x, y =
√

3x
(
y 6 x, y >

√
3x
)
. Îáõîä êîíòóðà

îñóùåñòâëÿåòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè x2 = 4(2− z), åñëè 0 6 y 6 2x, z > 0.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = 2~i + y~j +
3π

2
z ~k ÷åðåç ÷àñòü ïëîñêîñòè

4x + 12y + 3z = 12, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé
óãîë ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = z~i − 4y~j + 2x~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé ïî-
âåðõíîñòÿìè z = x2 + y2, z = 1.

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = y~i + (1 − x)~j − z ~k âäîëü êîí-

òóðà L :

{
x2 + y2 + z2 = 4,

x2 + y2 = 1 (z > 0)
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå

Ñòîêñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
2x(2 + y)

y2
− 4x;−4x2 + y + x2y

y3

)
, íàéäèòå åãî ïîòåíöèàë è ðàáîòó ïî ïåðå-

ìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(0; 1) â òî÷êó B(1; 2).

9. Äëÿ ôóíêöèè u = 2x4y − 3y2x2 + x− y íàéäèòå rot(gradu) â òî÷êå A(1; 2; 3).

Âàðèàíò �10

1. Âû÷èñëèòå

∫
L

(2x + 2z − 3y) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(1, 2, 2) è B(2, 3,−3).

2. Íàéäèòå ðàáîòó ñèëû ~F = (y2 − y)~i+ (2xy + x)~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé

òî÷êè âäîëü ëèíèè L :
x2

4
+
y2

9
= 1 (x > 0) îò òî÷êè M(0;−3) äî òî÷êè N(0; 3).
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3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

4x2y dx+ 3xy2 dy, ãäå L � êîíòóð, îáðà-

çîâàííûé ëèíèÿìè x2 + y2 = 1, y = −x, y = − x√
3

(
y > −x, y 6 − x√

3

)
. Îáõîä

êîíòóðà îñóùåñòâëÿåòñÿ ïî ÷àñîâîé ñòðåëêå.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè 4z = x2 + y2, åñëè x2 + y2 6 4, x > 0, y > 0.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = 9πx~i+(5y+1)~j+2πz ~k ÷åðåç ÷àñòü ïëîñêîñòè
27x+ 9y+ z = 9, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé óãîë
ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = 4x~i − 2y~j − z ~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé ïî-
âåðõíîñòÿìè 3x+ 2y = 12, 3x+ y = 6, x+ y + z = 6, z = 0, y = 0.

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = y~i − x~j + z2 ~k âäîëü êîíòóðà

L :

{
x2 + y2 = 1,

z = 4
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå Ñòîêñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
2xy − 2y2 + 1 +

1

(xy + 1)2
;x2 − x2

(xy + 1)2
− 4xy

)
, íàéäèòå åãî ïîòåíöèàë è

ðàáîòó ïî ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(1; 1) â òî÷êó B(2;−1).

9. Íàéäèòå rot ~F , div ~F , ãäå ~F = grad(x2y + xz2 − 2z).

Âàðèàíò �11

1. Âû÷èñëèòå

∫
L

(y − z + 3x) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(−2,−1, 1) è B(3, 2, 0).

2. Íàéäèòå ðàáîòó ñèëû ~F = (x + y)2~i− (x2 + y2)~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé

òî÷êè âäîëü ëèíèè L :
x2

4
+ y2 = 1 (y 6 0) îò òî÷êè M(−2; 0) äî òî÷êè N(2; 0).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

2x2y dy−xy2 dx, ãäå L � êîíòóð, îáðàçî-

âàííûé ëèíèÿìè x2 +y2 = 4, y = 0, y = − x√
3

(
y 6 0, x > − x√

3

)
. Îáõîä êîíòóðà

îñóùåñòâëÿåòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè x2 = 2yz, åñëè 0 6 y 6 1, 0 6 z 6 2.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = 7πx~i+2πy~j+(7z+2)~k ÷åðåç ÷àñòü ïëîñêîñòè

x+ y +
z

2
= 1, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé óãîë ñ

îñüþ Oz).
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6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = 8x~i + 2y~j + x~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé ïî-
âåðõíîñòÿìè x+ y = 1, x = 0, y = 0, z = x2 + y2, z = 0.

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = 4x~i + 2~j − xy ~k âäîëü êîíòó-

ðà L :

{
z = 2(x2 + y2) + 1,

z = 7
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå

Ñòîêñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
x2 − y2

(x2 + y2)2
− 6y2x+ 1;− 2xy

(x2 + y2)2
− 2y3

)
, íàéäèòå åãî ïîòåíöèàë è ðàáîòó

ïî ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(1; 0) â òî÷êó B(2;−1).

9. Íàéäèòå div(rot ~F ) â òî÷êå A(1;−1; 2), ãäå ~F = 3x2y3~i− (x2 − 2xy)~j + (z2 + x)~k.

Âàðèàíò �12

1. Âû÷èñëèòå

∫
L

(3x − 2y + z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(−1, 0, 3) è B(−2, 1,−3).

2. Íàéäèòå ðàáîòó ñèëû ~F = (x2 − y2)~i+ (x2 + y2)~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé
òî÷êè âäîëü ëèíèè L : x2 + y2 = 1 (x 6 0) îò òî÷êè M(0; 1) äî òî÷êè N(0;−1).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

2x2y dx+ y2x2 dy, ãäå L � êîíòóð, îáðà-

çîâàííûé ëèíèÿìè x2 + y2 = 9, y =
x√
3
, y = −

√
3x

(
y >

x√
3
, y > −

√
3x

)
. Îáõîä

êîíòóðà îñóùåñòâëÿåòñÿ ïî ÷àñîâîé ñòðåëêå.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè 2y = x2, åñëè x 6 2z 6 4x, x 6 2.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = πy~j + (4 − 2z)~k ÷åðåç ÷àñòü ïëîñêîñòè
24x + 4y + 3z = 12, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé
óãîë ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = z~i+ x~j − z ~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé ïîâåðõíî-
ñòÿìè 4z = x2 + y2, z = 4.

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = 2y~i− 3x~j + z2 ~k âäîëü êîíòóðà

L :

{
x2 + y2 = z,

z = 1
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå Ñòîêñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
x

(x+ y)2
− 4xy + x2 − 1;− y

(x+ y)2
− 2y2 + 2xy

)
, íàéäèòå åãî ïîòåíöèàë è

ðàáîòó ïî ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(1; 0) â òî÷êó B(2; 1).
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9. Íàéäèòå rot(~a× ~u) â òî÷êå A(1;−1; 2), ãäå ~a = (x2;−2xy; y2 + x),
~u = (y2 − x;−7x; y + x).

Âàðèàíò �13

1. Âû÷èñëèòå

∫
L

(x + y − 4z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(0, 1, 3) è B(−2, 1, 3).

2. Íàéäèòå ðàáîòó ñèëû ~F = (x + y)~i + (x − y)~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé

òî÷êè âäîëü ëèíèè L :
x2

4
+
y2

16
= 1 (y 6 0) îò òî÷êè M(−2; 0) äî òî÷êè N(2; 0).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

x2y dx+2xy2 dy, ãäå L � êîíòóð, îáðàçî-

âàííûé ëèíèÿìè x2 +y2 = 1, y = x, y = − x√
3

(
y > x, y 6 − x√

3

)
. Îáõîä êîíòóðà

îñóùåñòâëÿåòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè x2 + z2 = 2y, åñëè z2 6 y 6 1.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = 5πx~i+(1−2y)~j+4πz ~k ÷åðåç ÷àñòü ïëîñêîñòè
3x+24y+2z = 6, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé óãîë
ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = 6x~i − 2y~j − z ~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé ïî-
âåðõíîñòÿìè z = 3− 2(x2 + y2), z2 = x2 + y2 (z > 0).

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = −3z~i+y2~j+2y ~k âäîëü êîíòóðà

L :

{
x2 + y2 = 4,

x− 3y − 2z = 1
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå Ñòîêñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
2y

x
+ 3x2 − 1

x2
+ 1;−y

2

x2
+ 6xy +

2y

x3

)
, íàéäèòå åãî ïîòåíöèàë è ðàáîòó ïî

ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(1; 0) â òî÷êó B(−1; 1).

9. Íàéäèòå rot ~F , div ~F â òî÷êå A(1; 2;−1) ãäå ~F = (x3 + 2xy;−7y2; 3x2y).

Âàðèàíò �14

1. Âû÷èñëèòå

∫
L

(y − x − z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(1,−2, 1) è B(3,−1, 2).

2. Íàéäèòå ðàáîòó ñèëû ~F = (x2− 2y)~i+ (y2− 2x)~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé
òî÷êè âäîëü ëèíèè L : x2 + y2 = 4 (y > 0) îò òî÷êè M(2; 0) äî òî÷êè N(−2; 0).
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3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

xy2 dx−3y2x dy, ãäå L � êîíòóð, îáðàçî-

âàííûé ëèíèÿìè x2 +y2 = 4, x = 0, y = − x√
3

(
x 6 0, y 6 − x√

3

)
. Îáõîä êîíòóðà

îñóùåñòâëÿåòñÿ ïî ÷àñîâîé ñòðåëêå.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè y2 = 2(1− z), åñëè 0 6 x 6 2y, z > 0.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = πx~i+
π

2
y~j + (4− 2z)~k ÷åðåç ÷àñòü ïëîñêîñòè

12x + 4y + 3z = 12, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé
óãîë ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = (z+ y)~i+ (x− z)~j + z ~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé
ïîâåðõíîñòÿìè x2 + 4y2 = 4, 3x+ 4y + z = 12, z = 1.

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = 2y~i+ 5z~j + 3x~k âäîëü êîíòóðà

L :

{
2x2 + 2y2 = 1,

x+ y + z = 3
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå Ñòîêñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
1

x
− x

(x+ y)2
− 1;

y

(x+ y)2
− y

x2
+ 2

)
, íàéäèòå åãî ïîòåíöèàë è ðàáîòó ïî

ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(0;−1) â òî÷êó B(1; 1).

9. Äëÿ ôóíêöèè u = x2y + xz3 − 2xyz íàéäèòå div(gradu) â òî÷êå A(1; 1;−1).

Âàðèàíò �15

1. Âû÷èñëèòå

∫
L

(4x + 2y − z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(−1, 0, 5) è B(3,−1, 6).

2. Íàéäèòå ðàáîòó ñèëû ~F = (x2 + y)~i+ 2xy~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé òî÷êè
âäîëü ëèíèè L : x2 + y2 = 1 (x > 0) îò òî÷êè M(1; 0) äî òî÷êè N(0; 1).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

2x2y dx − xy2 dy, ãäå L � êîíòóð, îá-

ðàçîâàííûé ëèíèÿìè x2 + y2 = 9, y =
√

3x, y = −x
(
y 6 −x, y 6

√
3x
)
. Îáõîä

êîíòóðà îñóùåñòâëÿåòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè 2x = y2 + z2, åñëè y2 + z2 6 1, z > y, y > 0, z > 0.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = (5y + 3)~j + 11πz ~k ÷åðåç ÷àñòü ïëîñêîñòè
3x+ y+ 12z = 3, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé óãîë
ñ îñüþ Oz).
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6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = (y + 2z)~i − x~j + 3x~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé
ïîâåðõíîñòÿìè 3z = 27− 2(x2 + y2), z2 = x2 + y2 (z > 0).

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = 2y~i + ~j − 2yz ~k âäîëü êîíòóðà

L :

{
x2 + y2 − z2 = 0,

z = 2
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå Ñòîê-

ñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
1

x2
− 12y3x+ 3x2y2; 1 + 2y3x− 2y

x3
− 1

x2
− 3y4

)
, íàéäèòå åãî ïîòåíöèàë è ðà-

áîòó ïî ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(1; 1) â òî÷êó B(−1; 2).

9. Íàéäèòå div(~u× ~v) â òî÷êå A(1; 0;−1), ãäå ~u = x~i+ yz~j + z2 ~k,

~v = (x2 + y)~i− y2z~j + zx~k.

Âàðèàíò �16

1. Âû÷èñëèòå

∫
L

(x − y − 2z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(−2, 3, 1) è B(1,−1, 4).

2. Íàéäèòå ðàáîòó ñèëû ~F = (2xy − y)~i+ (x2 + x)~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé
òî÷êè âäîëü ëèíèè L : x2 + y2 = 9 (y > 0) îò òî÷êè M(3; 0) äî òî÷êè N(−3; 0).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

xy2 dx + 3y2x dy, ãäå L � êîíòóð, îáðà-

çîâàííûé ëèíèÿìè x2 + y2 = 1, y = − x√
3
, y =

√
3x

(
y > − x√

3
, y 6

√
3x

)
. Îáõîä

êîíòóðà îñóùåñòâëÿåòñÿ ïî ÷àñîâîé ñòðåëêå.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè z2 = 2xy, åñëè 0 6 x 6 1, 0 6 y 6 2, z > 0.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = 9πy~j + (7z + 1)~k ÷åðåç ÷àñòü ïëîñêîñòè
x+ y + z = 1, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé óãîë ñ
îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = (y + 6x)~i + 5(x + z)~j + 4y ~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðà-
çîâàííîé ïîâåðõíîñòÿìè y = x, y = 2x, y = 2, z = x2 + y2, z = 0.

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = (x− y)~i+ x~j + z2 ~k âäîëü êîí-

òóðà L :

x
2 + y2 − 4z2 = 0,

z =
1

2

äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå

Ñòîêñà).
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8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
x

y2
+ 12xy − 1

y2
− 2x2

y3
; 6y2 +

2x

y2
− 1

y

)
, íàéäèòå åãî ïîòåíöèàë è ðàáîòó ïî

ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(−1; 1) â òî÷êó B(0; 2).

9. Äëÿ ôóíêöèè u = x3y − 2xy2 + yz2 íàéäèòå rot(gradu) â òî÷êå A(1; 0; 5).

Âàðèàíò �17

1. Âû÷èñëèòå

∫
L

(2x + y − 3z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(1,−1, 5) è B(2, 3, 4).

2. Íàéäèòå ðàáîòó ñèëû ~F = (x + y)~i + (x − y)~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé

òî÷êè âäîëü ëèíèè L : x2 +
y2

9
= 1 (y > 0) îò òî÷êè M(1; 0) äî òî÷êè N(0; 3).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

x2y2 dy + xy2 dx, ãäå L � êîíòóð, îáðà-

çîâàííûé ëèíèÿìè x2 + y2 = 4, y =
√

3x, y = 0
(
y 6
√

3x, y > 0
)
. Îáõîä êîíòóðà

îñóùåñòâëÿåòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè 2z = x2, åñëè x 6 2y 6 4x, x 6 2
√

2.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = πy~j + (1 − 2z)~k ÷åðåç ÷àñòü ïëîñêîñòè
3x + 4y + 12z = 12, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé
óãîë ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = y~i + 5y~j + z ~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé ïîâåðõ-
íîñòÿìè x2 + y2 = 1, z = x, z = 0 (z > 0).

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = xz~i − ~j + y ~k âäîëü êîíòóðà

L :

{
x2 + y2 + z2 = 4,

z = 1
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå Ñòîê-

ñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
y + 2x

2
√

(x+ y)3
+

x

2
√
y3

+ 7x; 7y − y

2
√

(x+ y)3
− 1
√
y

)
, íàéäèòå åãî ïîòåíöèàë

è ðàáîòó ïî ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(0; 1) â òî÷êó B(1; 4).

9. Íàéäèòå rot ~F , div ~F , ãäå ~F = grad(x2 + y2 + z2).

Âàðèàíò �18

1. Âû÷èñëèòå

∫
L

(x − 2y + 3z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(0, 1, 3) è B(−1, 4, 3).
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2. Íàéäèòå ðàáîòó ñèëû ~F = x2y~i − xy2~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé òî÷êè
âäîëü ëèíèè L : x2 + y2 = 1 (y > 0) îò òî÷êè M(1; 0) äî òî÷êè N(−1; 0).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

xy2 dx−2y2x dy, ãäå L � êîíòóð, îáðàçî-

âàííûé ëèíèÿìè x2 + y2 = 9, y = − x√
3
, y = 0

(
y > − x√

3
, y 6 0

)
. Îáõîä êîíòóðà

îñóùåñòâëÿåòñÿ ïî ÷àñîâîé ñòðåëêå.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè y2 + z2 = 2x, åñëè y2 6 x 6 1.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = 7πx~i+4πy~j+2(z+1)~k ÷åðåç ÷àñòü ïëîñêîñòè
4x + 3y + 12z = 24, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé
óãîë ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = z~i + (3y − x)~j + z ~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé
ïîâåðõíîñòÿìè x2 + y2 = 1, z = x2 + y2 + 2, z = 0.

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = 2yz~i + xz~j − x2 ~k âäîëü êîí-

òóðà L :

{
x2 + y2 + z2 = 25,

x2 + y2 = 9 (z > 0)
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå

Ñòîêñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
6x2y2 + 1− x

2
√

(x+ y)3
; 4y3x− 2x+

2y + x

2
√

(x+ y)3

)
, íàéäèòå åãî ïîòåíöèàë è

ðàáîòó ïî ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(0; 1) â òî÷êó B(1; 3).

9. Íàéäèòå rot(~a× ~u) â òî÷êå A(1; 1; 1), ãäå ~a = (3x; 2y2;−z), ~u = (−1;x;−2z).

Âàðèàíò �19

1. Âû÷èñëèòå

∫
L

(x + 2y − 4z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(1,−1, 2) è B(−2, 2, 4).

2. Íàéäèòå ðàáîòó ñèëû ~F = yx2~i− (x+ y2)~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé òî÷êè
âäîëü ëèíèè L : x2 + y2 = 2 (y > 0) îò òî÷êè M(

√
2; 0) äî òî÷êè N(−

√
2; 0).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

2y2x dy − x2y dx, ãäå L � êîíòóð, îá-

ðàçîâàííûé ëèíèÿìè x2 + y2 = 1, y = −
√

3x, y = x
(
y 6 x, y > −

√
3x
)
. Îáõîä

êîíòóðà îñóùåñòâëÿåòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè x2 = 2(1− z), åñëè 0 6 y 6 x, z > 0.
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5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = πx~i + 2~j + 2πz ~k ÷åðåç ÷àñòü ïëîñêîñòè
3x + 2y + 6z = 6, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé
óãîë ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = z~i − 4y~j + 2x~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé ïî-
âåðõíîñòÿìè z = x2 + y2, z = 1.

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = 4x~i− yz ~k + x~j âäîëü êîíòóðà

L :

{
x2 + y2 = 1,

x+ y + z = 1
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå Ñòîêñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
2y(2 + x)

x2
− 4y;−4y2 + x+ y2x

x3

)
, íàéäèòå åãî ïîòåíöèàë è ðàáîòó ïî ïåðå-

ìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(1; 0) â òî÷êó B(2; 1).

9. Íàéäèòå rot ~F , div ~F â òî÷êå A(0; 1;−1) ãäå ~F = (2xy;−y2 + z2;xyz).

Âàðèàíò �20

1. Âû÷èñëèòå

∫
L

(2x − 3y + z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(−1, 3, 4) è B(4, 2,−3).

2. Íàéäèòå ðàáîòó ñèëû ~F = (x2 − y)~i+ yx~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé òî÷êè
âäîëü ëèíèè L : x2 + y2 = 9 (y > 0) îò òî÷êè M(3; 0) äî òî÷êè N(−3; 0).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

3x2y dx − 2xy2 dy, ãäå L � êîíòóð, îá-

ðàçîâàííûé ëèíèÿìè x2 + y2 = 4, y = x, x = 0 (y 6 x, x 6 0). Îáõîä êîíòóðà
îñóùåñòâëÿåòñÿ ïî ÷àñîâîé ñòðåëêå.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè 2z = x2 + y2, åñëè x2 + y2 6 1, y 6 x, x > 0, y > 0.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = 4πx~i+7πy~j+(2z+1)~k ÷åðåç ÷àñòü ïëîñêîñòè
6x+ y + 6z = 3, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé óãîë
ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = 4x~i − 2y~j − z ~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé ïî-
âåðõíîñòÿìè 3x+ 2y = 12, 3x+ y = 6, x+ y + z = 6, z = 0, y = 0.

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = −y~i + 2~j + ~k âäîëü êîíòóðà

L :

{
x2 + y2 − z2 = 0,

z = 1
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå Ñòîêñà)
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8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
2xy − 2x2 + 1 +

1

(xy + 1)2
; y2 − y2

(xy + 1)2
− 4xy

)
, íàéäèòå åãî ïîòåíöèàë è

ðàáîòó ïî ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(1; 1) â òî÷êó B(−1; 2).

9. Äëÿ ôóíêöèè u = 2z2x− y2z + xy2 íàéäèòå div(gradu) â òî÷êå A(1; 0; 2).

Âàðèàíò �21

1. Âû÷èñëèòå

∫
L

(4x − y − z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(−2, 0, 3) è B(−1, 1, 5).

2. Íàéäèòå ðàáîòó ñèëû ~F = (x2 − y2)~i+ (x2 + y2)~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé

òî÷êè âäîëü ëèíèè L :
x2

9
+
y2

4
= 1 (y > 0) îò òî÷êè M(3; 0) äî òî÷êè N(−3; 0).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

2xy2 dy+ 3x2y dx, ãäå L � êîíòóð, îáðà-

çîâàííûé ëèíèÿìè x2 + y2 = 9, y = −
√

3x, y = −x
(
y > −x, y 6 −

√
3x
)
. Îáõîä

êîíòóðà îñóùåñòâëÿåòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè z2 = 2xy, åñëè 1 6 x 6 2, 0 6 y 6 1.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = 3πx~i + 6πy~j + 10~k ÷åðåç ÷àñòü ïëîñêîñòè
6x+ 3y + z = 3, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé óãîë
ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = (x + z)~i + (z + y)~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé
ïîâåðõíîñòÿìè x2 + y2 = 9, z = x, z = 0 (z > 0).

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = y~i + 3x~j + z2 ~k âäîëü êîíòóðà

L :

{
z = x2 + y2 − 1,

z = 4
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå Ñòîêñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:
~F = (2x cos y − y2 sinx; 2y cosx− x2 sin y) , íàéäèòå åãî ïîòåíöèàë è ðàáîòó ïî ïå-

ðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A
(

0;
π

2

)
â òî÷êó B

(π
2

; π
)
.

9. Íàéäèòå div(~u× ~v) â òî÷êå A(2;−1; 1), ãäå ~u = xy~i− yz2~j + z ~k,

~v = (y2 − x)~i+ y~j − z2 ~k.

Âàðèàíò �22

1. Âû÷èñëèòå

∫
L

(x − y + 5z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(−2, 1, 0) è B(3, 2, 4).
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2. Íàéäèòå ðàáîòó ñèëû ~F = xy~i−x2~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé òî÷êè âäîëü
ëèíèè L : x2 + y2 = 9 (x 6 0) îò òî÷êè M(0; 3) äî òî÷êè N(0;−3).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

2x2y dx + 3xy2 dy, ãäå L � êîíòóð, îá-

ðàçîâàííûé ëèíèÿìè x2 + y2 = 1, y = − x√
3
, x = 0

(
x 6 0, y > − x√

3

)
. Îáõîä

êîíòóðà îñóùåñòâëÿåòñÿ ïî ÷àñîâîé ñòðåëêå.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè 2z = x2, åñëè x 6 y 6 2x, x 6 2.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = πx~i + 2y~j + ~k ÷åðåç ÷àñòü ïëîñêîñòè
12x + y + 6z = 6, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé
óãîë ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = z~i+ x~j − z ~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé ïîâåðõíî-
ñòÿìè 4z = x2 + y2, z = 4.

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = y~i + (1 − x)~j − z ~k âäîëü êîí-

òóðà L :

{
x2 + y2 + z2 = 4,

x2 + y2 = 1 (z > 0)
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå

Ñòîêñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
x√

x2 + y2
− y

x2
;

y

x2 + y2
+

1

x

)
, íàéäèòå åãî ïîòåíöèàë è ðàáîòó ïî ïåðåìå-

ùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(1; 0) â òî÷êó B(−1; 1).

9. Äëÿ ôóíêöèè u = 2x4y − 3y2x2 + x− y íàéäèòå rot(gradu) â òî÷êå A(1; 2; 3).

Âàðèàíò �23

1. Âû÷èñëèòå

∫
L

(3x − y − z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(1, 2, 0) è B(−1, 0, 1).

2. Íàéäèòå ðàáîòó ñèëû ~F = (y2 − y)~i+ (2xy + x)~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé

òî÷êè âäîëü ëèíèè L :
x2

4
+
y2

9
= 1 (x > 0) îò òî÷êè M(0;−3) äî òî÷êè N(0; 3).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

x2y dx − 2xy2 dy, ãäå L � êîíòóð, îá-

ðàçîâàííûé ëèíèÿìè x2 + y2 = 4, y = −x, y =
√

3x
(
y > −x, y >

√
3x
)
. Îáõîä

êîíòóðà îñóùåñòâëÿåòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè y2 + z2 = 4x, åñëè y2 6 2x 6 4.
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5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a =
π

2
x~i+ πy~j + (4− 2z)~k ÷åðåç ÷àñòü ïëîñêîñòè

12x + 4y + 3z = 8, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé
óãîë ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = 2x~i + 2y~j + z ~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé ïî-
âåðõíîñòÿìè y = x2, y = 4x2 (x > 0), y = 1, z = y, z = 0.

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = 4x~i + 2~j − xy ~k âäîëü êîíòó-

ðà L :

{
z = 2(x2 + y2) + 1,

z = 7
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå

Ñòîêñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(√
1− y2 − xy√

1− x2
− y

x2 + y2

)
dx+

(
√

1− x2 − xy√
1− y2

+
x

x2 + y2
+

1

y

)
dy,

íàéäèòå åãî ïîòåíöèàë è ðàáîòó ïî ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè

A

(
0;

1

2

)
â òî÷êó B

(
1

2
;−1

2

)
.

9. Íàéäèòå rot ~F , div ~F , ãäå ~F = grad(x2y + xz2 − 2z).

Âàðèàíò �24

1. Âû÷èñëèòå

∫
L

(x + y − z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(−1,−2,−3) è B(3, 4, 1).

2. Íàéäèòå ðàáîòó ñèëû ~F = (x + y)2~i− (x2 + y2)~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé

òî÷êè âäîëü ëèíèè L :
x2

4
+ y2 = 1 (y 6 0) îò òî÷êè M(−2; 0) äî òî÷êè N(2; 0).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

4x2y dx + 3xy2 dy, ãäå L � êîíòóð, îá-

ðàçîâàííûé ëèíèÿìè x2 + y2 = 9, y = x, y = − x√
3

(
y 6 x, y 6 − x√

3

)
. Îáõîä

êîíòóðà îñóùåñòâëÿåòñÿ ïî ÷àñîâîé ñòðåëêå.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè x2 = 4(2− z), åñëè 0 6 y 6 2x, z > 0.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = πx~i + 2πy~j + 2~k ÷åðåç ÷àñòü ïëîñêîñòè
6x + 3y + 4z = 12, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé
óãîë ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = (z+ y)~i+ (x− z)~j + z ~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé
ïîâåðõíîñòÿìè x2 + 4y2 = 4, 3x+ 4y + z = 12, z = 1.
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7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = −3z~i+y2~j+2y ~k âäîëü êîíòóðà

L :

{
x2 + y2 = 4,

x− 3y − 2z = 1
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå Ñòîêñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
y + 2x

2
√

(x+ y)3
+

x

2
√
y3

+ 7x; 7y − y

2
√

(x+ y)3
− 1
√
y

)
, íàéäèòå åãî ïîòåíöèàë

è ðàáîòó ïî ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(0; 1) â òî÷êó B(1; 4).

9. Íàéäèòå div(rot ~F ) â òî÷êå A(1;−1; 2), ãäå ~F = 3x2y3~i− (x2 − 2xy)~j + (z2 + x)~k.

Âàðèàíò �25

1. Âû÷èñëèòå

∫
L

(2x − y + z) ds, ãäå L � îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè

A(1, 2,−2) è B(2,−1, 4).

2. Íàéäèòå ðàáîòó ñèëû ~F = (x2 − y2)~i+ (x2 + y2)~j ïðè ïåðåìåùåíèè ìàòåðèàëüíîé
òî÷êè âäîëü ëèíèè L : x2 + y2 = 1 (x 6 0) îò òî÷êè M(0; 1) äî òî÷êè N(0;−1).

3. Âû÷èñëèòå ñ ïîìîùüþ ôîðìóëû Ãðèíà

∫
L

2x2y dy − xy2 dx, ãäå L � êîíòóð, îáðà-

çîâàííûé ëèíèÿìè x2 + y2 = 1, y = 0, y =
√

3x
(
y 6 0, y >

√
3x
)
. Îáõîä êîíòóðà

îñóùåñòâëÿåòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè.

4. Íàéäèòå ïëîùàäü ïîâåðõíîñòè 4z = x2 + y2, åñëè x2 + y2 6 4, x > 0, y > 0.

5. Íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ ~a = 9πx~i + 2πy~j + 8~k ÷åðåç ÷àñòü ïëîñêîñòè
6x+ 24y+ z = 3, ðàñïîëîæåííîé â ïåðâîì îêòàíòå (íîðìàëü îáðàçóåò îñòðûé óãîë
ñ îñüþ Oz).

6. C ïîìîùüþ ôîðìóëû Ãàóññà�Îñòðîãðàäñêîãî íàéäèòå ïîòîê âåêòîðíîãî ïîëÿ
~a = (z + y)~i + y~j − x~k ÷åðåç âíåøíþþ ñòîðîíó ïîâåðõíîñòè S, îáðàçîâàííîé
ïîâåðõíîñòÿìè x2 + z2 = 2y, y = 2.

7. Íàéäèòå ìîäóëü öèðêóëÿöèè âåêòîðíîãî ïîëÿ ~a = 2y~i + ~j − 2yz ~k âäîëü êîíòóðà

L :

{
x2 + y2 − z2 = 0,

z = 2
äâóìÿ ñïîñîáàìè (íåïîñðåäñòâåííî è ïî ôîðìóëå Ñòîê-

ñà).

8. Ïðîâåðüòå ïîòåíöèàëüíîñòü âåêòîðíîãî ïîëÿ:

~F =

(
6x2y2 + 1− x

2
√

(x+ y)3
; 4y3x− 2x+

2y + x

2
√

(x+ y)3

)
, íàéäèòå åãî ïîòåíöèàë è

ðàáîòó ïî ïåðåìåùåíèþ ìàòåðèàëüíîé òî÷êè èç òî÷êè A(0; 1) â òî÷êó B(1; 3).

9. Íàéäèòå rot(~a× ~u) â òî÷êå A(1;−1; 2), ãäå ~a = (x2;−2xy; y2 + x),
~u = (y2 − x;−7x; y + x).
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