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Òåîðåòè÷åñêèå âîïðîñû

I. Ïåðâîîáðàçíàÿ è íåîïðåäåëåííûé èíòåãðàë

1. Ïåðâîîáðàçíàÿ. Îñíîâíûå ñâîéñòâà ïåðâîîáðàçíûõ. Îáîáùåííûå ïåðâîîáðàçíûå.
2. Íåîïðåäåëåííûé èíòåãðàë. Ñâîéñòâà íåîïðåäåëåííîãî èíòåãðàëà.
3. Èíòåãðèðîâàíèå ïî ÷àñòÿì â íåîïðåäåëåííîì èíòåãðàëå.
4. Çàìåíà ïåðåìåííûõ â íåîïðåäåëåííîì èíòåãðàëå.
5. Òàáëèöà îñíîâíûõ íåîïðåäåëåííûõ èíòåãðàëîâ.
6. Èíòåãðèðîâàíèå ðàöèîíàëüíûõ äðîáåé.
7. Èíòåãðèðîâàíèå ïðîñòåéøèõ èððàöèîíàëüíîñòåé.
8. Èíòåãðèðîâàíèå êâàäðàòè÷íûõ èððàöèîíàëüíîñòåé.
9. Èíòåãðèðîâàíèå òðèãîíîìåòðè÷åñêèõ ôóíêöèé. Îñíîâíûå ïîäñòàíîâêè.

II. Îïðåäåëåííûé èíòåãðàë Ðèìàíà

1. Îïðåäåëåííûé èíòåãðàë Ðèìàíà. Ñâîéñòâà èíòåãðàëà Ðèìàíà. Ïåðâàÿ òåîðåìà î
ñðåäíåì.

2. Îãðàíè÷åííîñòü èíòåãðèðóåìîé ôóíêöèè.
3. Ñóììû Äàðáó è èõ ñâîéñòâà. Êðèòåðèé Äàðáó.
4. Ìíîæåñòâà íóëåâîé ìåðû Ëåáåãà. Êðèòåðèé Ëåáåãà èíòåãðèðóåìîñòè ïî Ðèìàíó.
5. Èíòåãðèðóåìîñòü íåïðåðûâíîé ôóíêöèè. Èíòåãðèðóåìîñòü ìîíîòîííîé ôóíêöèè.

Èíòåãðèðóåìîñòü îãðàíè÷åííîé ôóíêöèè ñ êîíå÷íûì ÷èñëîì òî÷åê ðàçðûâà. Èíòåãðè-
ðóåìîñòü ïðîèçâåäåíèÿ äâóõ ôóíêöèé.

6. Èíòåãðàë ñ ïåðåìåííûì âåðõíèì ïðåäåëîì � ôóíêöèÿ Áàððîó. Òåîðåìà î äèôôå-
ðåíöèðóåìîñòè ôóíêöèè Áàððîó.

7. Ôîðìóëà Íüþòîíà-Ëåéáíèöà.
8. Èíòåãðèðîâàíèå ïî ÷àñòÿì è çàìåíà ïåðåìåííûõ â îïðåäåëåííîì èíòåãðàëå.
. 9. Ïðèëîæåíèÿ: âû÷èñëåíèå äëèíû äóãè, ïëîùàäè ïëîñêîé îáëàñòè, îáúåìà òåëà

âðàùåíèÿ, ðàáîòû è ò.ï.

Òåîðåòè÷åñêèå óïðàæíåíèÿ

1. Ôóíêöèÿ F (x) � ïåðâîîáðàçíàÿ äëÿ f(x) íà âñåé ÷èñëîâîé ïðÿìîé. Äîêàæèòå èëè
îïðîâåðãíèòå ñëåäóþùèå óòâåðæäåíèÿ:

1). ôóíêöèÿ F (x) � ïåðèîäè÷åñêàÿ òîãäà è òîëüêî òîãäà, êîãäà f(x) ïåðèîäè÷å-
ñêàÿ;

2). åñëè ôóíêöèÿ f(x) � ÷åòíàÿ, òî å¼ ïåðâîîáðàçíàÿ ôóíêöèÿ íå÷åòíàÿ;
3). åñëè ôóíêöèÿ f(x) � íå÷åòíàÿ, òî å¼ ïåðâîîáðàçíàÿ ôóíêöèÿ ÷åòíàÿ

2. Êàêîìó óñëîâèþ äîëæíû óäîâëåòâîðÿòü ïîñòîÿííûå ai, i = 1, 2, ÷òîáû èíòåãðàë

I =

∫
(a1 +

a2
x
)exdx

áûë ýëåìåíòàðíîé ôóíêöèåé?
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3. Ñóùåñòâóåò ëè ó ôóíêöèè f(x) = sign(x) ïåðâîîáðàçíàÿ íà âñåé ÷èñëîâîé ïðÿìîé?
4. Íàéäèòå âñå ôóíêöèè f(x), x > 0, òàêèå, ÷òî f ′(x2) = 1

x
∀x > 0.

5. Íàéäèòå âñå ïåðâîîáðàçíûå ôóíêöèè f(x) = max(1, x2).
6. Óñòàíîâèòå, ÷òî ôóíêöèÿ Äèðèõëå íå èíòåãðèðóåìà ïî Ðèìàíó íà ëþáîì îòðåçêå.
7. Ïðèâåñòè ïðèìåð ôóíêöèè, êîòîðàÿ íå èíòåãðèðóåìà íà îòðåçêå, à å¼ êâàäðàò �

èíòåãðèðóåì íà ýòîì îòðåçêå.
8. Äîêàæèòå òåîðåìó: åñëè ôóíêöèÿ c ≤ f(x) ≤ d, x ∈ [a; b] èíòåãðèðóåìà íà îò-

ðåçêå [a; b], à ôóíêöèÿ g(x) íåïðåðûâíà íà îòðåçêå [c; d], òî ñëîæíàÿ ôóíêöèÿ g(f(x))
èíòåãðèðóåìà íà îòðåçêå [a; b].

9. Ôóíêöèÿ f(x) íåïðåðûâíà íà îòðåçêå [a; b] è èçâåñòíî, ÷òî

b∫
a

f(x)dx = 0.

Äîêàæèòå, ÷òî f(x) ≡ 0.
10. Íàéäèòå ïðîèçâîäíûå:

1).
d

dx

∫ b

a

sinx2dx; 2).
d

da

∫ b

a

sinx2dx; 3).
d

db

∫ b

a

sinx2dx; 4).
d

dx

∫ x

a

sinx2dx.

11. Èñïîëüçóÿ èíòåãðàë
2∫

1

1

x
dx,

äîêàæèòå, ÷òî

lim
n→∞

(
1

n+ 1
+

1

n+ 2
+ · · ·+ 1

2n

)
= ln2.

12. Äîêàæèòå ñïðàâåäëèâîñòü ðàâåíñòâà:

1∫
0

arctg x

x
dx =

1

2

π/2∫
0

t

sin t
.

13. Ìîæíî ëè, ïðè âû÷èñëåíèè èíòåãðàëà

1∫
0

√
1− x2

çàìåíîé ïåðåìåííûõ x = sin t, âçÿòü â êà÷åñòâå ïðåäåëîâ èíòåãðèðîâàíèÿ ÷èñëà π è π
2
?

14. Äîêàæèòå, ÷òî èíòåãðàë îò íå÷åòíîé ôóíêöèè â ñèììåòðè÷íûõ îòíîñèòåëüíî
íà÷àëà êîîðäèíàò ïðåäåëàõ ðàâåí íóëþ.

15. Äîêàæèòå, ÷òî èíòåãðàë îò ÷åòíîé ôóíêöèè â ñèììåòðè÷íûõ îòíîñèòåëüíî íà÷à-
ëà êîîðäèíàò ïðåäåëàõ ðàâåí óäâîåííîìó èíòåãðàëó îò ýòîé ôóíêöèè ïî ïîëîâèííîìó
îòðåçêó.

16. Äîêàæèòå, ÷òî åñëè ôóíêöèÿ f(x) ïåðèîäè÷åñêàÿ c ïåðèîäîì T , òî ∀a ñïðàâåä-
ëèâî ðàâåíñòâî:

T∫
0

f(x)dx =

a+T∫
a

f(x)dx.
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17. Íàéäèòå ïðîèçâîäíóþ ôóíêöèè F (x)

F (x) =

β∫
α

f(t+ x)dt.

Ôóíêöèÿ f(x) íåïðåðûâíà íâ [a; b] , à ÷èñëà x, α è β óäîâëåòâîðÿþò óñëîâèþ 0 < a−α <
x < b− β.

Èíäèâèäóàëüíûå çàäàíèÿ

Âàðèàíò �1

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
3x3 + 2x2 −

√
x+ 1

x
, ãðàôèê êîòîðîé

ïðîõîäèò ÷åðåç òî÷êó A(1; 2).

2. Íàéäèòå:

à)

∫
(5x− 2)e3x dx; á)

∫
x

1 +
√
2x+ 1

dx;

â)

∫
(arccosx)3 − 1√

1− x2
dx; ã)

∫
3x3 + 25

x2 + 3x+ 2
dx;

ä)

∫
2x3 + 11x2 + 16x+ 10

(x+ 2)2(x2 + 2x+ 3)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ 2 arctg 3

2 arctg 2

dx

cosx(1− cosx)
; á)

∫ 2

1

√
x2 − 1

x4
dx.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ 5

0

|x2 − 3x− 4|dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé
y = x2

√
4− x2, y = 0 (0 6 x 6 2).

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = lnx ïðè
√
3 6 x 6

√
15.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y = −x2 + 5x− 6 è y = 0.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

n∑
k=1

1

k + n
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ a

0

x3·f(x2)dx =

1

2

∫ a2

0

t · f(t)dt, a > 0.
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3. Âû÷èñëèòå lim
x→0

∫ 1−x
2

2

cosx
arctg t dt

ex − 1
.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = 4 cos 3ϕ, r = 2 (r > 2).

Âàðèàíò �2

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
5x5 − 3x4 −

√
x+ 2

x2
, ãðàôèê êîòîðîé

ïðîõîäèò ÷åðåç òî÷êó A(1;−1).

2. Íàéäèòå:

à)

∫
(1− 6x)e2xdx; á)

∫
dx√

x+ 4
√
x
;

â)

∫
tg x ln cosx dx; ã)

∫
x3 + 2x2 + 3

(x− 1)(x− 2)(x− 3)
dx;

ä)

∫
3x3 + 6x2 + 5x− 1

(x+ 1)2(x2 + 2)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ 2 arctg 1
2

2 arctg 1
3

dx

sinx(1− sinx)
; á)

∫ √2/2
0

x4 dx√
(1− x2)3

.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ 2

0

x · |1− x2|dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé

y = cosx sin2 x, y = 0
(
0 6 x 6

π

2

)
.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = 2+arcsin
√
x+
√
x− x2 ïðè 1

4
6 x 6 1.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y = xex, y = 0, x = 1.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

n∑
k=1

k

n2
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ b

a

f(x)dx =

(b− a)
∫ 1

0

f(a+ (b− a)x)dx.

3. Íàéäèòå
dy

dx
, åñëè

∫ y

0

e−t
2

dt+

∫ x2

0

sin2 t dt = 0.
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4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.

Âàðèàíò �3

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
3 4
√
x+ x2 − 1√

x
, ãðàôèê êîòîðîé ïðîõîäèò

÷åðåç òî÷êó A(1;−1).

2. Íàéäèòå:

à)

∫
ln(x2 + 4) dx; á)

∫
x√

x+ 3
√
x
dx;

â)

∫
tg(x+ 1)

cos2(x+ 1)
dx; ã)

∫
3x3 + 2x2 + 1

(x− 1)(x− 2)(x+ 2)
dx;

ä)

∫
x3 + 9x2 + 21x+ 21

(x+ 3)2(x2 + 3)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ π
2

2 arctg 1
2

dx

(1 + sin x− cosx)2
; á)

∫ √3
0

dx√
(4− x2)3

.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ 3

0

sgn(x− x3)dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé
y =
√
ex − 1, y = 0, x = ln 2.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = ln(x2 − 1) ïðè 2 6 x 6 3.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y = 2x− x2, y = −x+ 2, x = 0.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

n∑
k=1

k3

n4
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ π
2

0

f(sinx)dx =∫ π
2

0

f(cosx)dx.

3. Íàéäèòå lim
x→∞

∫ t
0
ex

2
dx∫ t

0
e2x2dx

.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �4

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
x3 − 2x2 − 4

√
x+ 3

x
, ãðàôèê êîòîðîé ïðî-

õîäèò ÷åðåç òî÷êó A(1; 3).

2. Íàéäèòå:

à)

∫
ln(4x2 + 1) dx; á)

∫
dx√

x · (1 + 4
√
x)
;

â)

∫
x3

(x2 + 1)2
dx; ã)

∫
x3

(x− 1)(x+ 1)(x+ 2)
dx;

ä)

∫
x3 + 6x2 + 8x+ 8

(x+ 2)2(x2 + 4)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ π
2

0

cosx dx

5 + 4 cosx
; á)

∫ 1

0

x4 dx

(2− x2)3/2
.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ π

0

x · sgn(cosx) dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé

y =
1

x
√
1 + ln x

, y = 0, x = 1, x = e3.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y =
√
1− x2 + arccosx ïðè 0 6 x 6

8

9
.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y = 2x− x2, y = 2− x.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

(
π

n

n−1∑
k=1

sin
πka

n

)
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ π

0

x·f(sinx)dx =

π

2

∫ π

0

f(sinx)dx.

3. Íàéäèòå òî÷êè ýêñòðåìóìà ôóíêöèè I(x) =

∫ x

0

(t2 − 1)(t+ 3)2 dt.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �5

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
(x2 + 2)2√

x
, ãðàôèê êîòîðîé ïðîõîäèò ÷å-

ðåç òî÷êó A(1; 1).

2. Íàéäèòå:

à)

∫
(2x− 4) sin 2x dx; á)

∫
dx

x(1 + 3
√
x)
;

â)

∫
1− cosx

(x− sinx)2
dx; ã)

∫
x3 − 3x2 − 12

(x− 4)(x− 3)(x− 2)
dx;

ä)

∫
x3 + 5x2 + 12x+ 4

(x+ 2)2(x2 + 4)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ 2π
3

0

1 + sin x

1 + cos x+ sinx
dx; á)

∫ 2

0

x2 dx√
16− x2

.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ 3π
2

0

x · sgn(sinx) dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé
y = arccosx, y = 0, x = 0.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = ln(1− x2) ïðè 0 6 x 6
1

4
.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y = e1−x, y = 0, x = 0, x = 1.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

n∑
k=1

1

k + n
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ 1

0

arctg x

x
dx =

1

2

∫ π
2

0

x dx

sinx
.

3. Íàéäèòå òî÷êè ýêñòðåìóìà ôóíêöèè I(x) =

∫ x

1

e−
t2

2 (1− t2) dt.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �6

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
(
√
x− 3)2

x2
, ãðàôèê êîòîðîé ïðîõîäèò

÷åðåç òî÷êó A(1; 2).

2. Íàéäèòå:

à)

∫
arctg

√
6x− 1 dx; á)

∫
x2 dx

1 +
√
1 + 2x

;

â)

∫
sinx− cosx

(sinx+ cosx)5
dx; ã)

∫
x3 − 3x2 − 12

(x− 4)(x− 3)x
dx;

ä)

∫
2x3 − 4x2 − 16x− 12

(x− 1)2(x2 + 4x+ 5)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ π
2

π
3

cosx dx

1 + sin x− cosx
; á)

∫ 2

0

√
4− x2 dx.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ 3π
2

0

x2 · sgn(cosx) dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé
y = (x+ 1)2, y2 = x+ 1.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = 2 + chx ïðè 0 6 x 6 1.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y = x2, y2 = x.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

n−1∑
k=1

n

k2 + n2
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ π

0

x·f(cos2 x)dx =

π

2

∫ π

0

f(cos2 x)dx.

3. Íàéäèòå
dy

dx
, åñëè

∫ x

π
2

√
3− 2 sin2 z dz +

∫ y

0

cos t dt = 0.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �7

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
(1 +

√
x)(x2 − 3)

x
, ãðàôèê êîòîðîé ïðî-

õîäèò ÷åðåç òî÷êó A(1;−1).

2. Íàéäèòå:

à)

∫
e−2x(4x− 3) dx; á)

∫
dx

x · 3
√
1 + x

;

â)

∫
x cosx+ sinx

(x sinx)2
dx; ã)

∫
4x3 + x2 + 2

x(x− 1)(x− 2)
dx;

ä)

∫
−3x3 + 13x2 − 13x+ 1

(x− 2)2(x2 − x+ 1)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ π
2

0

1 + cos x

1 + sin x+ cosx
dx; á)

∫ 4

0

dx

(16 + x2)3/2
.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ 1

−2
x · sgn(x+ x4) dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé
y = 2x− x2 + 3, y = x2 − 4x+ 3.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = 1− ln cosx ïðè 0 6 x 6
π

6
.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y = x2 + (y − 2)2 = 1.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

(
3

n

n−1∑
k=0

√
n

n+ 3k

)
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ b

a

f(x)dx =∫ b

a

f(a+ b− x)dx.

3. Íàéäèòå òî÷êè ýêñòðåìóìà ôóíêöèè I(x) =

∫ √x
0

e−
t2

2 (1− t2) dt.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �8

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
(2x− 3)(

√
x+ 2)

x2
, ãðàôèê êîòîðîé ïðî-

õîäèò ÷åðåç òî÷êó A(1; 2).

2. Íàéäèòå:

à)

∫
e−3x(2− 9x) dx; á)

∫
1 + 6
√
x

x(1 + 3
√
x)
dx;

â)

∫
x3 + x

x4 + 1
dx; ã)

∫
3x3 − 2

x3 − x
dx;

ä)

∫
x3 + 2x2 + 10x

(x+ 1)2(x2 − x+ 1)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ π
2

0

sinx dx

1 + sin x+ cosx
; á)

∫ 4

0

x2
√
16− x2 dx.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ π

−π
2

sinx · sgnx dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé
y = x

√
36− x2, y = 0, (0 6 x 6 6).

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = ex + 13 ïðè ln
√
15 6 x 6 ln

√
24.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y = 1− x2, x = 0, x =

√
y − 2, x = 1.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

(
1

n

n∑
k=1

√
1 +

k

n

)
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ π
2

0

f(sin 2x)dx =∫ π
2

0

f(cosx)dx.

3. Íàéäèòå
dy

dx
, åñëè

∫ y

0

et
2

dt+

∫ x

0

cos t dt = 0.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �9

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
5x3 − 2x2 − 2

√
x+ 1

x
, ãðàôèê êîòîðîé

ïðîõîäèò ÷åðåç òî÷êó A(1; 2).

2. Íàéäèòå:

à)

∫
arctg

√
2x− 1 dx; á)

∫ √
2x− 3

3
√
2x− 3 + 1

dx;

â)

∫
x√

x4 − x2 − 1
dx; ã)

∫
x3 − 3x2 − 12

(x− 4)(x− 2)
dx;

ä)

∫
3x3 + x+ 46

(x− 1)2(x2 + 9)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ 2 arctg 1
2

0

1 + sin x

(1− sinx)2
dx; á)

∫ 5
2

0

x2 dx√
25− x2

.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ 4

0

|4− x2|dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé
x = arccos y, x = 0, y = 0.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = − arccos
√
x+
√
x− x2 ïðè 0 6 x 6

1

4
.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y = x2, y = 1, x = 2.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

(
1

3
√
n4

n∑
k=1

3
√
k

)
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ −5
−4

e(x+5)2dx+

3

∫ 2
3

1
3

e9(x−
2
3)

2

dx = 0.

3. Íàéäèòå íàèáîëüøèå è íàèìåíüøèå çíà÷åíèÿ ôóíêöèè I(x) =

∫ x

0

4t2 + 4t+ 1

t3 − 2t+ 1
dt

íà îòðåçêå [−1; 0].

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �10

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
4x3 + x2 −

√
x+ 3

x
, ãðàôèê êîòîðîé ïðî-

õîäèò ÷åðåç òî÷êó A(1;−1).

2. Íàéäèòå:

à)

∫
arctg

√
3x− 1 dx; á)

∫
dx

x(1 + 2
√
x+ 3
√
x)
;

â)

∫
x dx

3
√
x− 1

; ã)

∫
x5 − x3 + 1

x2 − x
dx;

ä)

∫
4x3 + 24x2 + 20x− 28

(x+ 3)2(x2 + 2x+ 2)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ π
2

0

cosx dx

1 + sin x+ cosx
; á)

∫ 5

0

x2
√
25− x2 dx.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ 5

0

x · sgn(x2 − 3x− 4) dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé
y = arctg x, y = 0, x =

√
3.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = 2− ex ïðè ln
√
3 6 x 6 ln

√
8.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y = x3, y =

√
x.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

(
π

2n

n−1∑
k=0

cos

(
kπ

2n

))
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðà-

ëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ π

0

sin 2kx

sinx
dx =

0, k ∈ Z.

3. Íàéäèòå òî÷êè ýêñòðåìóìà ôóíêöèè I(x) =

∫ x2

0

e−
√
t(t2 − 3t+ 2) dt.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �11

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
2x3 − 3x2 − 2 4

√
x+ 1

x
, ãðàôèê êîòîðîé

ïðîõîäèò ÷åðåç òî÷êó A(1; 2).

2. Íàéäèòå:

à)

∫
arctg

√
5x− 1 dx; á)

∫
1−
√
x+ 1

1 + 3
√
x+ 1

dx;

â)

∫
1 + ln(x− 1)

x− 1
dx; ã)

∫
x5 + 2x3 − 1

x2 + x
dx;

ä)

∫
2x3 + 3x2 + 3x+ 2

(x2 + x+ 1)(x2 + 1)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ 2 arctg 1
3

0

cosx dx

(1− sinx)(1 + cos x)
; á)

∫ 4

0

√
16− x2 dx.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ 3

−2
x · sgn(4− x2) dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé

y = x2
√
8− x2, y = 0,

(
0 6 x 6 2

√
2
)
.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = arcsinx−
√
1− x2 ïðè 0 6 x 6

15

16
.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-

÷åííîé ãðàôèêàìè ôóíêöèé y = sin
πx

2
, y = x2.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

(
n ·

n∑
k=1

1

(n+ k)2

)
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ a

−a
f(x)dx =∫ a

0

(f(x) + f(−x))dx.

3. Íàéäèòå lim
x→∞

∫ x
0
e3t

2
dt∫ x

0
e4t2 dt

.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �12

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
(2x2 + 1)2√

x
, ãðàôèê êîòîðîé ïðîõîäèò

÷åðåç òî÷êó A(1; 1).

2. Íàéäèòå:

à)

∫
(5x+ 6) cos 2x dx; á)

∫
dx√

x+ 4
√
x
;

â)

∫
x2 + 1

(x3 + 3x+ 1)5
dx; ã)

∫
2x5 − 8x3 + 3

x2 − 2x
dx;

ä)

∫
x3 + x+ 1

(x2 + x+ 1)(x2 + 1)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ 0

− 2π
3

cosx dx

1 + cos x− sinx
; á)

∫ 4
√
3

0

dx√
(64− x2)3

.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ 0

−2
(x+ 2) · |x2 − 1|dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé
x =
√
ey − 1, x = 0, y = ln 2.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = 1− ln sinx ïðè
π

3
6 x 6

π

2
.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-

÷åííîé ãðàôèêàìè ôóíêöèé y = arccos
x

3
, y = arccosx, y = 0.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

(
4

n

n−1∑
k=0

√
n

n+ 4k

)
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ t

0

f(x) · g(t−

x)dx =

∫ t

0

g(x) · f(t− x)dx.

3. Íàéäèòå òî÷êè ýêñòðåìóìà ôóíêöèè I(x) =

∫ x

0

e2t
2

(1 + 2t)3 dt.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �13

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
(2
√
x− 1)2

x2
, ãðàôèê êîòîðîé ïðîõîäèò

÷åðåç òî÷êó A(1; 2).

2. Íàéäèòå:

à)

∫
(3x− 2) cos 5x dx; á)

∫
x√

x+ 3
√
x
dx;

â)

∫
4 arctg x− x

1 + x2
dx; ã)

∫
3x5 − 12x3 − 7

x2 + 2x
dx;

ä)

∫
x2 + x+ 3

(x2 + x+ 1)(x2 + 1)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ 0

−π
2

cosx dx

(1 + cos x− sinx)2
; á)

∫ 2
√
2

√
2

√
x2 − 2

x4
dx.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ 2

−1
x · |x2 + 5x− 6| dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé
y = x

√
4− x2, y = 0, (0 6 x 6 2).

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = 1− ln(x2 − 1) ïðè 3 6 x 6 4.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-

÷åííîé ãðàôèêàìè ôóíêöèé y = arcsin
x

5
, y = arcsinx, y =

π

2
.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

(
2 ·

n∑
k=1

1√
4n2 − k2

)
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðà-

ëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ 1

x

dt

1 + t2
=∫ 1

x

1

dt

1 + t2
, x > 0.

3. Íàéäèòå ïðîìåæóòêè ìîíîòîííîñòè ôóíêöèè

∫ x2

0

t2 − 5t+ 4

2 + et
dt.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �14

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
(1 + 2

√
x)(x2 + 2)

x
, ãðàôèê êîòîðîé ïðî-

õîäèò ÷åðåç òî÷êó A(1;−1).

2. Íàéäèòå:

à)

∫
(x
√
2− 3) cos 2x dx; á)

∫
x · 3
√
2 + x

x+ 3
√
2 + x

dx;

â)

∫
x3

x2 + 4
dx; ã)

∫
−x5 + 9x3 + 4

x2 + 3x
dx;

ä)

∫
2x3 + 4x2 + 2x+ 2

(x2 + x+ 1)(x2 + x+ 2)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ π
2

0

cosx dx

(1 + cos x+ sinx)2
; á)

∫ 2
√
2

0

x4 dx

(16− x2)
√
16− x2

.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ 2

−1
sgn(x2 − 1) · x3 dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé

y =
x

1 +
√
x
, y = 0, x = 1.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y =
√
x− x2−arccos

√
x+5 ïðè

1

9
6 x 6 1.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y = x2, x = 2, y = 0.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

(
4

n

n∑
k=1

√
n+ k

n

)
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ tg x

1
e

t dt

1 + t2
+∫ ctg x

1
e

dt

t(1 + t2)
= 1.

3. Íàéäèòå lim
t→0

∫ t2
0

sin
√
x dx

t3
.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �15

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
(5x+ 3)(

√
x− 2)

x2
, ãðàôèê êîòîðîé ïðî-

õîäèò ÷åðåç òî÷êó A(1; 2).

2. Íàéäèòå:

à)

∫
(4x+ 7) cos 3x dx; á)

∫ √
x+ 1

x2 −
√
x
dx;

â)

∫
x+ cosx

x2 + 2 sinx
dx; ã)

∫
−x5 + 25x3 + 1

x2 + 5x
dx;

ä)

∫
2x3 + 7x2 + 7x+ 9

(x2 + x+ 1)(x2 + x+ 2)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ 2 arctg 1
2

0

1− sinx

cosx(1 + cos x)
dx; á)

∫ 3

−3
x2
√
9− x2 dx.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ 5

2

x2 · |x− 3| dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé

y =
1

1 + cos x
, y = 0, x =

π

2
, x = −π

2
.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = − arccosx+
√
1− x2+1 ïðè 0 6 x 6

9

16
.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y = x2 + 1, y = x, x = 0, y = 0.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

(
n∑
k=1

1√
9n2 − k2

)
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ sin2 x

0

arcsin
√
t dt+∫ cos2 x

0

arccos
√
t dt =

π

4
.

3. Íàéäèòå òî÷êè ýêñòðåìóìà ôóíêöèè I(x) =

∫ ex

0

t4 − 16

t+ 1
dt.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �16

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
4x3 − x2 +

√
x− 2

x
, ãðàôèê êîòîðîé ïðî-

õîäèò ÷åðåç òî÷êó A(1; 2).

2. Íàéäèòå:

à)

∫
(2x− 5) cos 4x dx; á)

∫
dx√

x− 1 + 4
√
x− 1

;

â)

∫
2 cosx+ 3 sinx

(2 sinx− 3 cosx)3
dx; ã)

∫
x3 − 5x2 + 5x+ 23

(x− 1)(x+ 1)(x− 5)
dx;

ä)

∫
4x2 + 3x+ 4

(x2 + 1)(x2 + x+ 1)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ π
2

0

sinx dx

(1 + sin x)2
; á)

∫ √3
1

dx√
(1 + x2)3

.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ 2

−1
|ex − 1| dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé
x = (y − 2)3, x = 4y − 8.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = ln sin x ïðè
π

3
6 x 6

π

2
.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y =

√
x− 1, y = 0, y = 1, x = 0, 5.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

(
n∑
k=1

3√
9n2 + k2

)
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ a

0

x3·f(x2)dx =

1

2

∫ a2

0

t · f(t)dt, a > 0.

3. Íàéäèòå òî÷êè ýêñòðåìóìà ôóíêöèè I(x) =

∫ √x
0

sin t2

t
dt.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.



21

Âàðèàíò �17

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
4x3 − 2x2 +

√
x+ 1

x
, ãðàôèê êîòîðîé

ïðîõîäèò ÷åðåç òî÷êó A(1;−1).

2. Íàéäèòå:

à)

∫
(8− 3x) cos 5x dx; á)

∫
x√

2 + x+ 3
√
2 + x

dx;

â)

∫
8x− arctg 2x

1 + 4x2
dx; ã)

∫
x5 + 2x4 − 2x3 + 5x2 − 7x+ 9

(x+ 3)(x− 1)x
dx;

ä)

∫
3x3 + 4x2 + 6x

(x2 + 2)(x2 + 2x+ 2)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ π
2

0

sinx dx

(1 + sin x+ cosx)2
; á)

∫ 2

0

dx√
(16− x2)3

.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ 1

−2
x · sgn(x3 + x) dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé

y = cos5 x sin 2x, y = 0
(
0 6 x 6

π

2

)
.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = ln 7− lnx ïðè
√
3 6 x 6

√
8.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y = lnx, x = 2, y = 0.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

(
n2 ·

n∑
k=1

1

(n+ k)3

)
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðà-

ëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ b

a

f(x)dx =

(b− a)
∫ 1

0

f(a+ (b− a)x)dx.

3. Íàéäèòå òî÷êè ýêñòðåìóìà ôóíêöèè I(x) =

∫ sinx

0

(1− arcsin2 t) dt.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �18

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
2x3 − 2x2 − 4 4

√
x+ 1

x
, ãðàôèê êîòîðîé

ïðîõîäèò ÷åðåç òî÷êó A(1; 2).

2. Íàéäèòå:

à)

∫
(x+ 5) sin 3x dx; á)

∫
dx√

2x+ 1 · (1 + 4
√
2x+ 1)

;

â)

∫ 1
2
√
x
+ 1

(
√
x+ x)2

dx; ã)

∫
2x4 − 5x2 − 8x− 8

x(x− 2)(x+ 2)
dx;

ä)

∫
2x2 − x+ 1

(x2 − x+ 1)(x2 + 1)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ 0

−π
2

sinx dx

(1 + cos x− sinx)2
; á)

∫ 2

0

x4 dx√
(8− x2)3

.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ 4

0

x · |9− x2| dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé

y =
x

(x2 + 1)2
, y = 0, x = 1.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = ch x+ 3 ïðè 0 6 x 6 1.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y = (x− 1)2, y = 1.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

(
1

4
√
n5

n∑
k=1

4
√
k

)
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ π
2

0

f(sinx)dx =∫ π
2

0

f(cosx)dx.

3. Äîêàæèòå, ÷òî

∫ x

0

et
2

dt ∼ 1

2x
· ex2 ïðè x→∞.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �19

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
(3x2 − 2)2√

x
, ãðàôèê êîòîðîé ïðîõîäèò

÷åðåç òî÷êó A(1; 1).

2. Íàéäèòå:

à)

∫
(2− 3x) sin 2x dx; á)

∫
dx√

3x+ 2 · (2 + 3
√
3x+ 2)

;

â)

∫
x

x4 + 1
dx; ã)

∫
4x4 + 2x2 − x− 3

x(x− 1)(x+ 1)
dx;

ä)

∫
x3 + x2 + 1

(x2 − x+ 1)(x2 + 1)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ 0

− 2π
3

cos2 x dx

(1 + cos x− sinx)2
; á)

∫ 6

3

√
x2 − 9

x4
dx.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ 3

−1
x · sgn(x2 − 2x) dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé
x = 4− y2, x = y2 − 2y.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = 1 + arcsinx−
√
1− x2 ïðè 0 6 x 6

3

4
.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y2 = x− 2, y = 0, y = x3, y = 1.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

(
2

n

n−1∑
k=0

√
n

n+ 2k

)
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ π

0

x·f(sinx)dx =

π

2

∫ π

0

f(sinx)dx.

3. Íàéäèòå lim
x→0

1

x

∫ x

sinx

et ln(1 + t) dt.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �20

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
(2
√
x+ 1)2

x2
, ãðàôèê êîòîðîé ïðîõîäèò

÷åðåç òî÷êó A(1; 2).

2. Íàéäèòå:

à)

∫
(4x+ 3) sin 5x dx; á)

∫
x+ 2

1 +
√
x− 1

dx;

â)

∫
x+ 1

x√
x2 + 1

dx; ã)

∫
3x4 + 3x3 − 5x2 + 2

x(x− 1)(x+ 2)
dx;

ä)

∫
x3 + x+ 1

(x2 − x+ 1)(x2 + 1)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ π
2

0

sin2 x dx

(1 + cos x+ sinx)2
; á)

∫ 1

0

√
4− x2 dx.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ π

0

(
x− π

2

)
· sgn(tg x) dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé

x =
1

y
√
1 + ln y

, x = 0, y = 1, y = e3.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = ln cos x+ 2 ïðè 0 6 x 6
π

6
.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y = x3, y = x2.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

(
1

n

n−1∑
k=0

e
k
n

)
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ 1

0

arctg x

x
dx =

1

2

∫ π
2

0

x dx

sinx
.

3. Íàéäèòå lim
x→0

1

ex − 1
·
∫ 1−x

2

2

cosx

arctg t dt.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �21

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
(4 + 3

√
x)(x2 − 2)

x
, ãðàôèê êîòîðîé ïðî-

õîäèò ÷åðåç òî÷êó A(1;−1).

2. Íàéäèòå:

à)

∫
(7x− 10) sin 4x dx; á)

∫ √
x+ 9

x+ 1
dx;

â)

∫
x− 1

x√
x2 + 1

dx; ã)

∫
2x4 + 2x3 − 41x2 + 20

x(x− 4)(x+ 5)
dx;

ä)

∫
2x3 + 2x+ 1

(x2 − x+ 1)(x2 + 1)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ 2π
3

0

cos2 x dx

(1 + sin x+ cosx)2
; á)

∫ 4

2

√
x2 − 4

x4
dx.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ π

0

(x− π) · sgn(ctg x) dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé

y =
e1/x

x2
, y = 0, x = 2, x = 1.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = ex + 26 ïðè ln
√
8 6 x 6 ln

√
24.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-

÷åííîé ãðàôèêàìè ôóíêöèé y = arccos
x

5
, y = arccos

x

3
, y = 0.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

(
2

n

n−1∑
k=1

√
1 +

k

n

)
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ π

0

x·f(cos2 x)dx =

π

2

∫ π

0

f(cos2 x)dx.

3. Íàéäèòå lim
x→0

(
1

x

∫ x

x3

(1 + t)
1
3 − 1

t
dt

)
.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �22

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
(2x+ 3)(

√
x+ 5)

x2
, ãðàôèê êîòîðîé ïðî-

õîäèò ÷åðåç òî÷êó A(1; 2).

2. Íàéäèòå:

à)

∫
(
√
2− 8x) sin 3x dx; á)

∫ √
x+ 1 + 2

(x+ 1)2 −
√
x+ 1

dx;

â)

∫
arctg x+ x

1 + x2
dx; ã)

∫
x5 − x4 − 6x3 + 13x+ 6

x(x− 3)(x+ 2)
dx;

ä)

∫
x3 + 2x2 + x+ 1

(x2 + x+ 1)(x2 + 1)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ 2 arctg 2

π
2

dx

sinx(1 + sin x)
; á)

∫ 2

0

dx

(4 + x2)
√
4 + x2

.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ 2

−1
x · |x2 + x| dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé
y = x2

√
16− x2, y = 0 (0 6 x 6 4).

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y =
ex + e−x

2
+ 3 ïðè 0 6 x 6 2.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y = arcsinx, y = arccosx, y = 0.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

(
3

n

n∑
k=1

√
1 +

k

n

)
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ b

a

f(x)dx =∫ b

a

f(a+ b− x)dx.

3. Íàéäèòå lim
x→∞

(
1

x

∫ x3

x

ln t

t
dt

)
.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �23

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
2x3 − x2 −

√
x+ 4

x
, ãðàôèê êîòîðîé ïðî-

õîäèò ÷åðåç òî÷êó A(1; 2).

2. Íàéäèòå:

à)

∫
x dx

cos2 x
dx; á)

∫
x+

3
√
x2 + 6

√
x

x(1 + 3
√
x)

dx;

â)

∫
x− arctg4 x

1 + x2
dx; ã)

∫
3x3 − x2 − 12x− 2

x(x+ 1)(x− 2)
dx;

ä)

∫
x+ 4

(x2 + x+ 2)(x2 + 2)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ π
2

0

dx

(1 + sin x+ cosx)2
; á)

∫ √2
0

x4 dx

(4− x2)3/2
.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ π

−π
2

cosx · sgn
(
x− π

2

)
dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé
x =

√
4− y2, x = 0, y = 0, y = 1.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = arccos
√
x−
√
x− x2+4 ïðè 0 6 x 6

1

2
.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y = x2 − 2x+ 1, x = 2, y = 0.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

(
1

n

n∑
k=1

(
1 +

k

n

))
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ π
2

0

f(sin 2x)dx =∫ π
2

0

f(cosx)dx.

3. Âû÷èñëèòå lim
x→0

∫ 1−x
2

2

cosx
arctg t dt

ex − 1
.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �24

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
5x3 − 3x2 + 2

√
x+ 1

x
, ãðàôèê êîòîðîé

ïðîõîäèò ÷åðåç òî÷êó A(1;−1).

2. Íàéäèòå:

à)

∫
x dx

sin2 x
dx; á)

∫
6
√
2x− 1 + 1

(2x− 1)( 3
√
2x− 1− 1)

dx;

â)

∫
x3

x2 + 1
dx; ã)

∫
2x4 + 2x3 − 3x2 + 2x− 9

x(x− 1)(x+ 3)
dx;

ä)

∫
2x3 + 2x2 + 2x+ 1

(x2 + x+ 1)(x2 + 1)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ π
2

0

sinx dx

2 + sin x
; á)

∫ 1√
2

0

dx

(1− x2)
√
1− x2

.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ 2

0

x · |x2 + 2x− 3| dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé
y = (x− 1)2, y2 = x− 1.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y =
ex + e−x + 3

4
ïðè 0 6 x 6 2.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y = x3, y = x.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

(
π

n

n−1∑
k=1

sin
3kπ

n

)
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ −5
−4

e(x+5)2dx+

3

∫ 2
3

1
3

e9(x−
2
3)

2

dx = 0.

3. Íàéäèòå
dy

dx
, åñëè

∫ y

0

e−t
2

dt+

∫ x2

0

sin2 t dt = 0.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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Âàðèàíò �25

1. Íàéäèòå ïåðâîîáðàçíóþ ôóíêöèè f(x) =
3x3 − 2x2 + 4 4

√
x− 1

x
, ãðàôèê êîòîðîé

ïðîõîäèò ÷åðåç òî÷êó A(1; 2).

2. Íàéäèòå:

à)

∫
x sin2 x dx; á)

∫
dx

3
√
x · (1 + 3

√
x2)

;

â)

∫
arcsin2 x+ 1√

1− x2
dx; ã)

∫
2x3 − x2 − 7x− 12

x(x− 3)(x+ 1)
dx;

ä)

∫
3x3 + 7x2 + 12x+ 6

(x2 + x+ 3)(x2 + 2x+ 3)
dx.

3. Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû:

a)

∫ π
4

0

dx

cosx(1 + cos x)
; á)

∫ 1

0

x2 dx√
4− x2

.

4. Èñïîëüçóÿ àääèòèâíîñòü îïðåäåëåííîãî èíòåãðàëà, âû÷èñëèòå∫ 2

0

(|x2 − 1| − |x+ 2|) dx.

5. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé

y = x2 cosx, y = 0
(
0 6 x 6

π

2

)
.

6. Íàéäèòå äëèíó äóãè ãðàôèêà ôóíêöèè y = ex + e ïðè ln
√
3 6 x 6 ln

√
15.

7. Íàéäèòå îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè OX ôèãóðû, îãðàíè-
÷åííîé ãðàôèêàìè ôóíêöèé y = arcsinx, y = arccosx, x = 0.

Äîïîëíèòåëüíûå çàäà÷è

1. Íàéäèòå lim
n→∞

(
2

n

n∑
k=1

k2

n2

)
, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòåãðàëà.

2. Èñïîëüçóÿ òåîðåìó î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå, äîêàæèòå ðà-

âåíñòâî (ñ÷èòàéòå, ÷òî ôóíêöèÿ f íåïðåðûâíà íà äàííîì îòðåçêå)

∫ π

0

sin 2kx

sinx
dx =

0, k ∈ Z.

3. Íàéäèòå lim
x→∞

∫ t
0
ex

2
dx∫ t

0
e2x2dx

.

4. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè, çàäàííûìè óðàâíåíèÿìè â ïî-
ëÿðíûõ êîîðäèíàòàõ r = ϕ, r = 2.
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