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1. IlepBBble MHTETPAJIBI
[TepBble MHTErpaIbl NPUMEHSIOTCS IPU HUCCIEOBAHUN U PELIEHUH CHUCTEM
nuddepeHIaTbHbIX YpaBHEHUN. 3HaHHE OJHOTO MEPBOr0 HHTErpalia Mo3BOJISET
YMEHBIINTh YMCJIO HEU3BECTHBIX (DYHKIMN B JaHHOU cucteme. 3HaHWE N HE3aBU-

CHUMBIX IICPBBIX MHTCTPAJIOB CHUCTCMbI

% = f.(t,X,....,%, ), i=1,...,N (1)

((t,xl,...,xn)e Dy, fi,..0 eCl)
TIO3BOJISIET TIOJTYYHTh PEIICHHE 3TOM CHCTEMBI 0€3 HHTETPHPOBAHHSL.
B npuknagHpix 3amadax mepBble MHTETpaAbl 9acTO HMMEIOT (PU3UYECKUI
CMBICIT: 3aKOH COXPaHEHHs SHEPTHH, 3aKOH COXPAHCHHMS KOJMYECTBA ABIKCHHUS —

9TO IICPBLIC HHTCTPAJIbI ypaBHCHI/Iﬁ JABHKCHU A MEXaHMYECKOM CHUCTEMBI.

Onpeodenenue 1: Ilepevim unmezpanom cuctemsl (1) B obnactu D < D, nasbiBa-

1
ercst pyHKIUS V(t, Xiyeeos Xn)e C", coxpansrolas IMOCTOSHHOE 3HAUYEHUE BJIOJb
KaX10# poxosieii B D uHTerpanbHO# KPUBOH CHCTEMBI.
3ameuanue 1: WHorma mepBbIM MHTErpajoM Ha3bIBAlOT HE  (PYHKIUIO
V(t, X1y oo Xp ), a COOTHOILIEHUE V(t, X1y Xp ) = C, IZle ¢ — IPOU3BOJIbHAS IIOCTO-
STHHASL.
Ymeeporcoenue 1(I'eomempuueckuii cmvicn nepgoeo unmezpana). Ilyctb 8_ #0
X:
|
ISl HEKOTOPOTO | U ¢ — M000€e U3 3HAUEHHU M, IPUHIUMAaeMbIX (QYHKLUEH V B 00J1a-

ctu D. Torna PaBEHCTBO V(t, Xireeny Xn)z C omnpeneiaseT B NPOCTPAaHCTBE IEepe-
MeHHBIX 1, X;,...,X, N— MepHyI MOBEPXHOCTb, LEIUKOM COCTOSIIAS M3 WHTE-

rpaJibHBIX KpUBBIX cucTeMbl (1). To ecTh uepe3 Kaxayro TOUKY MOBEPXHOCTU MPO-
XOJIUT UHTErpaJibHasl KpHBas, JiexKalias Ha TOBEPXHOCTH.

Ymeepocoenue 2(Kpumepuii nepsoeo unmeepana). TpedoBanue, 4To0bI QyHKIIHS

1
V u3 kiaacca C° coxpaHsiia MOCTOSHHBIE 3HAYEHHS BIOJIb HHTETPAIbHBIX KPUBBIX
cuctemsl (1), paBHOCHJIBHO TOMY, YTO €€ IMOJHasi MPOU3BOJHASI B CUJIy CHUCTEMBI

(1) paBHa Hy:1O, TO €CTH



(2)

JIroOoli niepBbIid UHTETpan cucteMsl (1) yaoBiaeTBOpseT ypaBHEHUIO (2).
. 1
s mo6oii pyukinuu @ € C™ u nepBoro uHTerpana V(I HECKOJBLKUX MEPBBIX

UHTETrpasioB Vy, ...V} ) CIOKHAs (PYHKITHS (p(V('[, Xiyeeos Xp )) (v (p(Vl,...Vk )) TO-

K€ MOCTOSTHHA BJIOJIb KAXXJIOM MHTErPAIBHOM KPUBOW CUCTEMBI, 3HAUUT, SIBIISACTCS

nepBbIM UHTETpaioM. [103TOMy nepBBIX UHTETPaIOB OECKOHEUYHO MHOTO.
Onpeodenenue 2: llepBbie uHTErpabl Vy,...V|, cuctemsl (1) Ha3pIBatOTCA PyHKYU-

oHanbHO Hezasucumbimy (WU Hezasucumbimu) B obnacti D, ecinu B kax0ii Tou-
K€ DTOM 00IaCTH PaHT MaTPHULBI | — |, (i =1...,k, j=1..., n) paseH K .

OyHKIIMOHAJIbHAS HE3aBUCHUMOCTH OTJIMYATCS OT JIMHEMHOW He3aBUCUMOCTH. U3
JMHEWHOHN 3aBUCUMOCTH PYHKIMH Vi,...V| ciexyeT ux (yHKIUOHAJIbHAs 3aBUCH-
MOCTB: TOTJJa CTPOKH MaTPHIIBI JIMHEHHO 3aBUCHMBI M €€ paHr MeHbiie K . O6par-
HOEe HeBepHO, Hanpumep, pyHkmmn V; =t —X;, V, = (t — X )2 (yHKIHOHAIBHO 3a-
BUCHMBI, HO JINHCHHO HE3aBUCHMEI B JIIOOOM 00J1acTH.

Teopema 1(Cywecmsosanue N Hezagucumuvlx nepevix unmezpanos). B okpectHo-
cru mo6oii Toukn M (ty, Xor, ..., Xo ) B 06nactu Dy cymectByer N He3aBHCHMBIX
MIEPBBIX UHTETPAJIOB.

Teopema 2(Ilonyuenue pewenus ¢ nomowplo nepevix unmezpanos). Ilyctb
Vi,...V, — He3aBUCHUMBIC TiepBbie MHTErpaibl cuctemsl (1) B obmactu D. Ilycts
touka M (ty, Xg3s---»Xgp) €D 1 ¢; =V,(M), i=1,...,n. Torna pewenne cucre-
Mbl (1) ¢ HaYaJIBHBIMU yCTIOBHAMH X; (to) = Xoi» 1 =1,..., N, onpenensiercs, Kak He-

sBHasi QYHKLHUS, CHCTEMON ypaBHEHUI:

Vi(t, X, X )=¢, i=1,...,n. 3)



Teopema 3: Ilyctb Vy,...V,, — HE3aBUCHUMBIE IEpBble MHTErpanbl cuctemsl (1) B

*
okpectHoct U Toukun M ('[0, X*l,...,X*n), TO 1000 IepBbId MHTErpan W CH-

*
crembl (1) B HEKOTOPOM OKpecTHOCTH TOUKM M sBisercs QyHKIMHA OT HUX, TO
1
ectb W = F(vl,...,vn), FeC .

2. IlepBble HHTErPaJibl ABTOHOMHBIX CHCTEM
HepBBIe HHTCTpPaJIbl daBTOHOMHBIX CHUCTCM HMCIOT OCO6€HHOCTI/I, KOTOPLIC

paccMoTpeHbl Huke. Cucrema
Xi=fi(X1,...,Xn), i:].,...,n, fl""’fn ECl (4)

YOOBJICTBOPACT YCJIIOBUAM TeOpeMBI l u IIO3TOMY B OKPCCTHOCTH 1000 TOUYKH

uMeeT N He3aBUCUMBIX MNepBbIX HHTErpasioB Buaa (3). Tak kak B cucreme (4)
Gynxuun f; He 3aBucar ot t, TO YacTO OBIBAIOT HYXKHBI MIEPBBIE MHTETPAJIbI, HE

conepkarnue .
Teopema 4(Cywecmeosanue N—1 nezasucumvlx nepsvix  ummeepanos). B

OKpeCTHOCTH JTF000H HeocoOoi Touku cucrema (4) mmeer N—1 He3aBHCHMBIX
IEPBBIX HMHTCIPaIOB, HE COACPIKALIUX t, TO €CTh UMCIOIIUX BUJ V; (Xl, ceey Xn),
i=1...,n-1

B nanno#i GopmMynupoBKe HENb3si OTOPOCUTH «B OKPECTHOCTH HEOCOOOU TOUYKMY.

Hanpumep, mpu N =2 B OKPEeCTHOCTH y371a WK (OKyca HE CYLIECTBYeT HH OJHO-
y 2
ro IepBOr0 MHTETpana V(Xl, Xz), y takoii Touku P ects okpectHocts W < R7,

gyepe3 KKy TOYKY KOTOPOM MPOXOAMT TPAEKTOpHs, CTpemsinascsi k P mpu

t—> o (t - —oo). [Tpenanonoxum, uto B HEKOTOpou okpectHoctn U W cyme-
CTBYET NEPBbIM MHTETPAI V(Xl, Xz)- Torna V(Xl, X ) = C =CONSt Ha TpaekTOpuH,
crpemsimeiics k P . Ilo HenmpepbIBHOCTH V(P) = C. 3HAYUT, HAa BCEX TPACKTOPUSIX,

crpemsimxes k P, mveem V(Xg, X, ) =C =V(P), 10 ectb V =C B okpectrocTH P

Torna N =0, ] =12, paar marpuisl ﬂ,ﬂ = rang(0,0)= 0<1 u nep-
OX; OXy 0%y

BBl MHTErpal V(Xl, X2) = C HE SBIACTCS HE3aBUCHMbIM.



3. O pelieHUN HeJTUHEHHBIX CHCTEM
Onpeoenenue 3. Cummempuueckas ghopma cucmemsvl TuGPepeHINATEHBIX
ypaBHeHI/Iﬁ — OTO TaKasd 3alliuChb CUCTCMBI, B KOTOpOfI HH OJJHO M3 ICPECMCHHBIX HC
B3STO 32 HE3aBHCUMOE MIEPEMEHHOE, TI03TOMY B YPaBHEHUS BXOJST HE MPOU3BO/I-
HbIC, B AUPPEpeHIINATDI.
Hampumep,
dx, _ dx, o dx, 5)

fo(Xgs Xpsevs X)) Fr(Xos Xgsevns Xy ) f (Xgy Xgyeees X )

— cuctema B cuMmMmetrpudHoit opme. Ecnu 0003HaunTh OOIIYI0 BEIMYMHY BCEX

npobeii uepes dt, To cuctema (5) npuBeneTCsS K ABTOHOMHON CHCTEME

d—t‘: f(Xgr Xg,.onXy), 1=04,...,0.

B o6nactu, rae kakas—am6o u3 Gynknumit f; He paBma mymo, cucrema (5) paBHO-

dx; (%o, Xp e %)

dx  fi(Xg) Xgseenn X, )

CUJIbHA CHUCTEME , J=01...,n, j#i(i pukcuposano,

f.(Xg, Xy, .00 X, ) % 0).

O6patHo, cucteMy (1) HOpMaTbHOTO BHJA MOXHO 3alKMCaTh B CHMMETPUYHOMN
dopme (5), B3sB Xy =t , fy =

CuMMeTprYecKasl 3amuch CUCTEMBI YacTO 00JIeTYaeT OThICKAHUE TEPBBIX WHTETpa-
JIOB.

OTBICKaTh PEIICHUE C MTOMOIIBI0 KOHEYHOTO YKCIIa JICHCTBUH ymaeTcs JIUIIb IS
HEKOTOPBIX HECJIOXKHBIX cucTeM. [Ipy HCKIIOYEHUN HEU3BECTHBIX HEMOCPEICTBEH-
HO U3 JJAaHHOUM CHUCTEMBI TIOJy4aeTCs YpaBHEHUE C MPOU3BOIHBIME 00JIe€ BHICOKOTO
nopsiJiKa, penaTh KOTOpoe ObIBAaeT He JIerde, YeM JaHHYI0 CUCTEMY.

Yamie ympaeTcst peuTh CUCTEMY ITyTEM OTBICKAHUSI HHTETPUPYEMBIX KOMOMHAITHH.

Onpeodenenue 4. Hnmeepupyemas kombunayus — 3TO WIM KOMOWHAIMS ypaBHE-
HUW CHUCTEMBI, COepIKaIasi TOJbKO JBE TIEPEMEHHBIC BEIMYUHBI U MPECTABISIO-
mas cobot qudpepeHnmnansHoe ypaBHEHHE, KOTOPOE MOXKHO PEIINTh, WIIA TaKas

KOMOMHAIs, 00€ 4aCTH KOTOPOU SIBJISIOTCS MOJHBIMH JTU(depeHIInaTaMu.



W3 kax10il MHTErpUpyeMoi KOMOMHAIIMU TOTY4aeTCs MEPBbI MHTETpall JaHHON

CHUCTCMBHEI. HpI/I HCKIIIOUCHUHN HCHU3BCCTHBIX H3 I[aHHOI\/II CUCTCMBbI C ITOMOIIBIO IICP-

BBIX MHTCTPAJIOB IMMOPAIOK ITPOU3BOAHBIX HC ITOBBIIIIACTCA.

4. IlpuMepbl penieHNs] HEJIMHEHHBIX CHCTEM

IIpumep 1. Pemuts cucremy

dx, — 2(x12 + x§ )t,
dx,

Pewenue. CkiiagpiBas TO4JeHHO 00a ypaBHEHHUS, MOJIy4aeM MEPBYIO UHTETPUPY-

EeMYI0 KOMOMHAIIUIO

d(x + X
dlx +%,) 2):2(x1+x2)2t,
dt
OTKYyJla
1
——=t2—C1HJII/I +t2=C1
X, + X, X + X,

BrlunTast mO4WIEHHO W3 MEPBOr0 YPaBHEHUS BTOPOE, MOJYyYaeEM BTOPYIO UHTEIPH-

pPyeMy0 KOMOMHAIIHIO

—d(xl — o) = 2(X1 - Xz)zt’

OTKyJa

X =Xy

dt

1

Wrak, HaiiieHbI IBa MEPBBIX UHTETPAJIA JTAHHOU CUCTEMBI

1
Vit Xy, %)= ———

Va(t, X, Xp )= ———

+t% =c,
X, + X,

1
X =Xy

KOTOPBIC SABJIAIOTCA HE3ABUCUMBIMHU, TaK KaK SKOOHMaH OTJIMYEH OT HYJLA:



oo 1 1
D(vi, Vo) _|o% %[ _| (q+%)  (q+x)|_ 2 20
D(x,%,) |V2 Vo | 1 ;- 1 . (Xf—X§)2
OXy 0%, (4 =x,) (4 = %)
OO6uruit uaTerpan cucteMsl (6)
1 +t% = C,
X; + X, (7)
1 2
+t? =,
(X1~ X2

Pazpemas cuctemy (7) OTHOCUTEJIBHO HEU3BECTHBIX (DYHKIMH, MOJydaeM o0OIiee
pelieHue CUCTeMsI (6):
. c, +C, — 2t° . C, —C;
1= » A = -

IIpumep 2. Haiitu yacTHOE peIieHne CUCTEMBI

% :1_i’ x.(0) =1
dt X,
<
a1 %, (0) =1.
Pewenue. 3anmiem 1aHHyI0 CHCTEMY B BUJIE
dx, [ d(x —1)
X,| ——1|=-1, X, —+ L =1
2( dt j 2 dt
i WIH dx
\(X]_ t) dt ! ( 1 ) dt

CKJIaI[BIBaH IMMOYWICHHO MOCJIICAHHUC YPABHCHUA, ITOJTYYaCM NHTCTPUPYCMYIO KOMOH-

HAIHIO:

d(x —t)

dx d
X = +(x —t)=2 =0, wm a[(xl—t)xz]:o.

dt



Orcroga HaxoAMM MEPBBIM HHTErpai Vl(t, Xy X2) = (Xl —t)XZ =C;. Tak kak

C, dx, X,
Xy =t =—, TOo BTOpOE ypaBHEHHE CHUCTEMbI IpPUMET BHJ —— =—=, OTKyJa

Xy = Czet/ ‘L Wak,
(x,—t)X, =¢;, X, =c,e"%.

OTtkyJa noaydaem oOlee perieHme
C, _
Xl = t + _le t/cl y X2 = Czet/cl .
C;
y G,
[Tonaras t =0 B 9THX paBeHcTBax, Haiigem 1=—,1=C,, To ecth ¢, =C, =1, u
C2
MICKOMBIM YaCTHBIM pelIeHHeM OyaeT

x =t+e', x,=¢e".

JI1st HaXOXAEHUSI MHTErPUPYEMbIX KOMOMHALIUN B cucTeMax Bua (5) UCMONb3YIOT

IIPOU3BOJHBIE MTPOIIOPLUH

& a, _a, A4a +da,+--+Aa, ®)
bl b2 bm ﬂlb1+ﬂ“2b2+"'+ﬂ'mbm
rae kodduimentsr Ay, A,, ..., A TPOU3BOJIBHBI U UX BHIOUPAIOT TAK, YTOOBI YHC-

auTens ObL1 muddepeHInaIoM 3HaMeHaTeNs, JIM00 YUCIUTENb ObLT TTOJHBIM T (-
dbepeHImanoM, a 3HaMeHaTelb ObLT PaBEH HYJIIO.

IMpumep 3. Pemuts cucremy

dt  dx dx,

= = (9)
dt  dx
Pewenue. TlepBas unterpupyemas KOMOUHAITUS 2— = nt Paznensas nepemen-

HBIC U UHTETPUPYSI, HAWJIEM TIEPBbIM UHTETPa

v, (t, %, %, ) =t(Int=1)+ xZ =¢,. (10)



Bropyto uHTErpHpyeMyr0 KOMOMHAITMIO MOJYYUM, UCIIOJIb3YS TIPOU3BOIHEIE TIPO-
nopiuu (8). JIj1st 3TOro CIOXKUM YKCIUTENN U 3HaMeHaTelu pobeit cucteMsl (9):

dt  dx,  dx,  dt+dx +dx,

seck Ay =1, 1, =1, A3 =1. Orcrona dt +dx, +dX, =0, wm d(t+ X, +X,)=0
U, 3HAYUT,

[TepBbie unTerpanst (10) u (11) sSBAsSIOTCS HE3aBUCUMBIMU, TaK KaK SIKOOMAH OTJIH-
YeH OT HYJIA:

N M
D(v;,Vy) 0%, Xy|
D(x,%,) |2 V2
0% OX,

= 2%, # 0 Ha pemennn cucremsl (9)

2%, O‘

U Jal0T o011iee penieHue cucreMsl (9)

X =*c +t(Int=1), x, =¢c, —t F./c; +t(Int -1).

IMpumep 4. Peuts cuctemy

dt dx, dx,
4, —5%; 5t—-3x, 3x, -4t

(12)

Pewenue. Yvmuoxas B cucteme (12) yncnurenu v 3HaMEHATEIH COOTBETCTBEHHO
Ha 3,4,5 ¥ CKJIaJpIBasi YUCIUTENU U 3HAMEHATENH, OJTYy4YrM B cuily (8)

3dt  4dx,  5dx,  3dt+4dx, +5dx,

smece 4, =3, A, =4, A3=05. Orcroma  3dt+4dx, +5dX, =0  wnmm

d(3t +4x, +5%,)=0, a suaunr Vy(t, X, X, ) =3t +4X, +5X, =¢; — nepeblii uH-
Terpai cucteMsl (12).

YmHoxkas B cucteme (12) ducnurenu U 3HaAMEHATeNH JpoOei COOTBETCTBEHHO Ha

A =2t, A, =2%, A3 =2X, U CKiIa/abpIBas YHCIUTEIN U 3HAMCHATENH, [OTyYaeM

B cuity (8)



2t 2xdx, 0 2x,dx,  2tdt + 2x,dx; + 2X,0X,
8tx, —10tx, 10tx, —6XX, 6X X, —8tX, 0 ’

orcroma 2tdt +2x,dx +2x,dX, =0, wm d (t2 + X2+ X§)= 0, u 3HaunT BTOPOH

HepBbIi nHTErpan Oyner V, (t, Xqs X2) =t% + X12 + Xg =c,.

HepBLIC HHTCI'pAJIbl U ABJIAIOTCA HC3aBUCUMBIMH, TAK KadK SKOOMaH OTJIMYEH OT

HYJISL:
N v
4 5
D(Vl’VZ) — OXy 0%, = = 2(4x2 —5x1) # 0 Ha pemeHNN CHCTEMBI
D(x, %) |[N2 M| 2% 2X,

0%  OX,
U JatoT ol1iee pemieHue cucreMsl (12)

3t+4x% +5% =¢, P+ X2 + X5 =c,.

5. YpaBHeHusI C YaCTHBLIMHU NPOU3BOIHBIMH IIEPBOI0
nopsiaKa
Takue ypaBHEHHS pacCMaTPUBAIOTCS B Kypce OOBIKHOBEHHBIX JAU(phepeHIu-
TBHBIX YPaBHEHUH IMOTOMY, YTO WX PEIICHUE CBOIUTCS K PEIICHUIO CHCTEM
OOBIKHOBEHHBIX AU(hepeHIInaIbHbIX YPaBHEHUN. YPAaBHEHUSI C YACTHBIMH MTPOU3-
BOJHBIMU 00Jiee BEICOKOTO TTOPSIKA PACCMAaTPHUBAIOTCS B OTIEIIBEHOM KypcCe.

PaccmoTpuMm TMHEHOE OTHOPOIHOE YPABHEHUE

0z oz
a—+-+a,—=0 (13)
0% OX,
rIe Z(Xl,..., Xn) — uckomast pyHkuus, a d,...,a, — U3BECTHbIC (PYHKIIMU OT Iie-

PEMEHHBIX Xl,...,Xn.CqHTaeM, qTO aiecl (i :1,...,n), af +---+ar2, #0.

Teopema 5: OyHkuus Z € C! apnsercs peuenue ypaBHenus (13) Torna u TOJBKO

TOT'Ja, KOraga OHa sABJEACTCA HC COACPIKALIIUM t IICPBBIM MHTCTPAJIOM CUCTCMbI



X = ay (X, ... X)),
(14)

X, = a, (X, ..o X, )
Teopema 6: Ecnu V, (Xl, e Xn) (i=1,...,n—1) — He3aBHCHMbIE MePBbIC HHTErPa-

ab1 cuctembl (14) B odbnactu D, To B okpectHOCTH Mt06oi Touku M € D obmiee

peuenue ypaBHenus (13) umeer Bua
2= F(Vy(Xpee X eV g (X0 X)), (15)

1 .
rae F — npoussonsnas Gpynkuus knacca C™. To ecThb B 9T0l OKpecTHOCTH HOPMY-
na (15) copepxut Bce penieHust ypaBHeHus (13) u TOJIbKO UX.
Onpeoenenue 5: Keazununetinblm Ha3bIBACTCS YpaBHEHUE

ﬁ 0z

y—+--+a,—=D (16)

OXy " ox,
rae Z(Xl, ceey Xn) — uckoMas GyHKUWs, a 8y, ..., a,,0 — usBecrusie Gynkuun KIac-
ca C' or HEePEMEHHBIX Xq,..., X, Z B oonmactu D. Cunraem, uro af +---+ aﬁ =0

B o6nactu D.

VYpaBaenue (16) cBsi3aHO ¢ aBBTOHOMHOM CHCTEMOM ypaBHEHUMN

% =ay(Xg,..., X, 2),

I+ -
X, =a,(X,..., X, 2),

2=0(X,..., X, 2),

Onpeoenenue 6: Tpaektopuu cuctembl (17) B TOpoCTpaHCTBE MEPEMEHHBIX
X{y..., Xy, Z — DTO JIMHUH, Ha3blBa€Mble Xxapaxmepucmukamu ypaBHeHus (16), a

pemenuss  ypaBHeHuss  (16)  um3oOpakaercs ~ N-MEpHOW  TOBEPXHOCTHIO
z="f(x,...,X,). Cumraem, uro feC' B o6macru D, cR", a Touka
(X,.... %, 2)e Dc R,

Teopema 7: IloBepXHOCTh Z = f(Xl, e Xn) SBIIAETCS perieHrueM ypaBHeHus (16)

TOrAa 1 TOJIBKO TOT'Jd, KOrJa HEJIUKOM COCTOUT M3 XaPAKTCPUCTHK. To ectb qcpe3

10



KOKIYI0 TOYKY HMOBEPXHOCTH MPOXOJUT XAPAKTEPUCTUKA, LIETUKOM JIeKallas Ha

MTOBEPXHOCTH.
Teopema 8: Eciu V(Xl, ) Z) — nepBbIi uHTErpa cuctemsl (17) B obmactu D,
u B Touke M € D umeem V=cC, ov/0z # 0, To paBeHCTBO V(Xl,...,Xn,Z):C B
OKpecTHOCTH Touku M ompenesser HEABHYIO (YHKIIHIO Z(Xl,...,Xn), yIIOBJIE-

TBOPSIONIYIO ypaBHeHUIO (16).

Teopema 9(06 obwem pewenuu Keéasuruneuno2o ypasuenus). IlycThb
Vi (Xl,..., X Z), i =1,...,N — xakue-1uOO HE3aBUCUMBIE IepBbIC UHTCTPaAJIbl CHU-
crembl (17). ®DyHkuus Z(Xl,...,Xn) ABJISIETCSL pelleHrueM ypaBHeHus (16) B

OKPCCTHOCTH TOYKH M cBoero Fpa(l)I/IKa, TOrZa 1 TOJIBKO TOI'Ja OHA YAOBJICTBOPA-

€T PABEHCTBY
F(V (X eeer Xy Z)ree o, Vo (X, ey X, 2)) =0
npu Kakoi-mibo F € c!t Takoii, uto F =0, F, #0 B Touke M .

3ameuanme: B ciyyae, korna Z BXOOUT TOJBKO B OJHMH W3 NEPBBIX MHTErPAJIOB,

HaIpUMep, TOJIBKO B V,,, BMecTO (18) MOKHO HanucaTh
Vo (Xps oo X0 2) = H(VL (X ooy X0 Z), ooy Vg (X0 X0, 2)), (19)

1
rne H € C° — npoussonbHas dynkius. Paspeinas, eciii BO3MOKHO, 9TO ypaBHE-

HUE OTHOCUTEJIBHO Z, MOJTy4YuM oOliee pemieHue ypapHeHus (16) B sBHOM BUJIE.

6. 3agaua Koum 1yisi KBa3WJIMHEIHOTO YPABHEHUS
OrpannunMcs ciaydyaem, Koraa nckoMast GyHKIUsl Z 3aBUCHT TOJIBKO OT ABYX

IMECPEMEHHBIX X; U X,.

Tpebyercs HaiiTn noBepxHocTh Z = f (Xl, X ), YAOBJIETBOPSIOIYIO YPABHEHUIO

0z oz
al(X1’ X9, 2)6_)(1 +a, (X1’ X9, 2)8_)(2 = b(X1’ X9, Z)

¥ IPOXOIANIYIO 9epe3 munuio L = {Xl =,(S), X, =w,(S), Z=w, (S)}
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ITpenmnonaraem, yTo JaHHbIE PyHKIMU 84, d,, b,l//l,l,yz,l//3 xnacca Cl. [Tonw3y-

SICh TCOMETPUYECKUM CMBICIIOM XapaKTEPUCTUK, MOXKHO TMPEANOJIOKUTh TaKOM
criocod rmocTpoeHus penreHus 3anadn Kommu. Uepes kaxyro Touky Jmauu L Hamo

MPOBECTU XAPAKTEPUCTUKY. ECIIN U3 3TUX XapAKTEPUCTUK COCTABUTCS TJIajKas Io-
1
BEPXHOCTh Z = f X1, Xy ) € C , TO OHa 6yI[eT pemeHueM 3anauu Koy,

Teopema 10: Tlycrs na yre Ly (s, <s< 82) mmann L

!
% Vil (20)
d, Y3
Tora B HEKOTOPOH OKPECTHOCTH KaXKI0M TOYKH AyTd L, cymectByer emuHCcTBEH-
Hoe pemieHue 3anaun Komm.
I'eomerpuuecknii cmbica ycaoBus (20): Bekrop (al, a,, b) KacaeTcsl XapaKTepu-
CTUKH, & BEKTOp (wl',l/lé,wé) kacaercs ymHuu L. Ycnosue (20) o3Hawaer, 4To

MPOCKIHNHU (al, a2) u (l//l',y/é) 3TUX BCKTOPOB Ha INIOCKOCTH X;, X, HE KOJUIMHEC-

apubl. CjemoBaTeabHO, MPOCKIMK JIMHUU L M mepecekaronmx ee XapakTepUCTUK

HE JIOJDKHBI KacaThCs JPYT Apyra.

IMpumep 5. Haiitu o6miee perieHue ypaBHEHHUS

0z 0z 2 2
Xi—+Xo—=2-X — X, 21
1aXl 28)(2 1 2 ( )

a TaKKE€ MOBEPXHOCTb Z = go(xl,xz), YAOBJICTBOPSAIONIYI0O 3TOMY YPaBHCHHIO U
IIPOXOIALILYIO YEPE3 TUHUIO

ZHX =2%, X X =1 (22)
Pewenue. 3anuiiieM B CUMMETPUYECKON (opMe CUCTEMY ypaBHEHUM, Ompenens-

OLIYIO XapaKTEPUCTUKH

dx, dx, dz

o 2 2°

HaXO,Z[I/IM HC3aBUCHUMBIC IICPBbLIC HHTCTPAJIbI

12



2 2

X, Z+ X + X5

V04 Xp) =2 =0, Vo (2, %, %)= =2 —F =, (23)
X X

Cormnacho (19), obmee pemenne ypaBHeHus (21) MOXKHO HamMcaTh B BUJIC

2 2
Z+ Xy +X X X
#:fi_?—}’ Z:_X12_X§+X1f(_2]a
X X Xy

fect- POU3BOJIbHAS (PYHKIIHS.

UYTo0Ob! HANITH TOBEPXHOCTb, IPOXOAIIYIO Yepe3 JUHMIO (22), Hal0 CHavYana u3
ypaBHeHull (21) u (22) ucximounts Z, X, X, W MNOJIYYUTh PaBEHCTBO, KOTOPOE
MOXET COAEPKATh TOJNBKO C; U C,. [[7s 3TOro MOKHO, HAIpUMEpP, U3 YpaBHEHUN

(22) BeIpa3uth X, U Z 4epe3 X; U MOJCTABUTh ITH BBIPAKEHUA B (23)

1-x 1+ %/
X X1

Hckirouass X; U3 NOCIEIHUX ABYX PABEHCTB, II0JIy4aeM

1
c, +1
IToncraBnss croma BMecTto C; M C, mepBble MHTErpaisl (23), mocie ynpolieHun
II0JIy4ae€M UCKOMOE PEILICHUE:

2
X
Z ==X — X5+ X + Xy +—2— (X% +X%,>0).
X, + X,
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7. 3amavu NI CaMOCTOSITEIbHOTO PelIeH s

1. Pemuth cnemyromniue cucTeMbl nudPpepeHInaTbHbIX YPaBHEHUH:

dt  dx, dx,

12, —=——1="2—_
X X3 X2
13, i _dx _ dx
XXy X tX,
14 (3t - dx, dx,
(dx,  3t—4x,
dt  2x, —3x
L5 dx, 4x -2t

L6 tdx, = (t —2x, )dt
0 tdx, = (tx +tx, + 2% —t)dt

17 tdt dx,  dx,

5 5 = =

Haiitu ob1iee pemieHue ypaBHEHUS, a TaKxkKe pelieHue 3aaaun Komm:

0z 0z
2.1, XXy —+XZ——=X,Z,mpu Z=1+X5, % =1
X X2
oz 0z
2.2. —+(z - xf)— = 2%, pH Z = X{ + Xy, Xp = 2%;
0% OX,
0z 0z
2.3. Xy —+ X Z—=X,Z,pu Z=—X5, X, =0
0% Xs

oz 0z
24, X\Z——+ Xl —— =X + X, mpu Z = 4X3, % = 3%
0% OX

0z 0z 2
25. 2% 4 xx, & = X372, npn 2 =eX42, x, = 2x,
0% OX,

14



0z 0z 2 1
26. Xy —+Z—=Z+X ,0pu Z=Xy, X, =——X{
0% 0%, 4
0z oz
27. X, — + Xy — =X+ X, +Z,mpu Z=X + X, X, =% +1
0% OX,
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