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I'maBa 1

HekxoTopble ajJropuTMbl TeOpuun
rpacdos

B nanroM y4eOHOM mOCOOUM HCIOJNB3YIOTCI TEPMUHOJIOTAA U OD03HA-
YeHVst n3 KHUT [2, 17, 18]. Tam e H0Ka3bIBAETCS KOPPEKTHOCTH AJITOPUT-
MOB u3 1. 1.

1. CrgaruBaminue aepeBbs

Crarusaronum (MM OCTOBHBIM) JepeBoM CBsa3HOro rpada G Ha-
3BIBAETCS TPOU3BOJILHBIN ero noarpad, comepxKaiuit Bce Bepimabl G u
ABJIAIOIIUNACS JTIEPEBOM.

I'pad Ha3BIBAETCA B3BEIIIEHHBIM, €CJIH KAXKIOMY €ro pebpy ! mocras-
JIEHO B cooTBeTcTBHE HeorpunarenbHoe uncyo i(l) (Bec pebpa). Bec
rpacda G = (V, E) — cymma BecoB Bcex ero pédep:

wG) = ().

leE

CymectByior 3 deKTUBHBIE ATTOPUTMbBI HAXOKIEHUS CTATHBAIONIETO
JIepeBa MUHUMAJIBHOI'O BECA B CBA3HOM B3BEIIEHHOM rpade.

Aaropurm . Kpackaiaa
MMycrs G = (V, E) — ucxonnwiii rpad, a T' = (V, P) — uckomoe nepeso.

1. Honoxurs P = &, n = |V|. Crenytomuii mar BemoaHsaTb 17— 1 pas.

2. Brumrouurs B T pebpo rpada G HauMeHbIIEro Beca, 00JI3JAM0IIEe
TeM CBOMCTBOM, 4TO Tipu mobasiennu ero B rpade 1 He obpasyercsa
mukJ0B. Uckmounts n3 G manHoe pedbpo.

Ha puc. 1 uzo6pazkensl B3penenblii rpad (4ucsia 10Ka3bIBAIOT BECa COOT-
BETCTBYIONMX PEGEP) U CTATMBAIOIIEE JEPEBO, NOIYICHHOE B PE3YAbTATE
paboThI aJIrOPUTMA.
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Puc. 1

Aaropurm P. IIpuma

B 3ToMm anropurMe CTpOUTCST «pa3pacTaioiieecss IepeBo, 0ojee TOUHO:
MOCTAETOBATETBHOCTD TEPEBHEBR

S1 C Sy C...CS”,
rne mepeso S; = (V;, E;) comepxut i Bepmmn (i = 1,...,n).

1. Honoxurs Vi = {1}, tne x; € V — mpoussonbuas Beprmmaa G,
F, = 2. Caenyromuii mar BbIIOJHATD AJsd § = 2, ..., M.

2. Ioxyunuts nepeso S; u3 mepesa S;_1 nobapienneMm pebpa rpacda G
HauMeHbllero Beca (cpenu Tex pébep, npu n10H6aBJIEHUU KOTOPBIX K
S;_1 BHOBb Obpasyercs mepeso). Uckmounts u3 G manHoe pebpo.

Omnuiem 3 dexTnBHYIO peanmu3aiuio aaroputma [Ipuva. Ha kaxmom
mare aJarOpUTMa KaXK[IOH BEpIUHE T;, €Ile He BKJIIUYEHHON B IEPEBO,
COIIOCTABJIAETCA MOMeTKa — napa uucesn (a;,b;), rue b; — HauMeHbITui
BeC pebpa, COeTUHSIONIEr0 T; ¢ KaKOH-Tn00 BEPIIMHON, YKe BKIIOUEHHOMN
B J€PEBO, a; — HOMEP COOTBETCTBYIOIIEH BepIuHbl. TakuM obpazom, b; =
w(x;a;). Hlar anropurma cocTouT B BbIOOpE bi» = min(b;) n nobGasieHnu K
nepeBy pebpa a;« ;. Ha puc. 2 man HaOpOCOK MPOrpaMMHON pean3aiun
AAropuUTMa, (C UCIOIH30BAHUEM KOHCTPYKIMI A3bIKa IPOrPAMMUPOBAHMS
Cu).

IIpumep. Pabora anropurma aia rpada, n3006parkeHHoro Ha puc. 1,
MOKAa3aHa B CJEAYIONIEH TabIuIe.

IMTar 1 2 3 4 5
‘/; {.1’2,...,.%‘6} {1‘3, ,J?G} {1‘4,375,.%‘6} {374,.%‘5} {1‘4}
<(l2, b2> <ZL'1,4> — — — —
<a3,b3> <£L’1,4> <.’L’273> — - -
(aq,by) (0, c0) (0, 00) (x3,7) (x6,2) | {(x6,2)
(a5, bs) (0, 0o) (0, 00) (0, 0o) (x6,1) -
<a6,b6> <I1,5> <.731,5> <I1,5> - -
min bl b2 b3 b(; b5 b4
Hogroe
pebpo T1To Tols T1Zg T6Ts TeT4




/* AJII'OPI/ITM HPI/IMa HaXoXOeHVd MHHVNMAJIBHOT'O CTATUBAKIErO OepeBa */

/* n>2 - uucimo BepumH rpada; */
/* V=A{x,...,2,} - MHoxecTBo Bepumm; */
/* V. - MHOXeCTBO BepuUWH, elle He BRIDIYSHHHX B LepeBo; */
/* E; - mHOXecTBO pébep crTposmerocs nepeBa; */
Ve =V \{x1}; Es = &;
/* PaccTaHOBKa HaYaJbHHX IIOMETOR */
for(w; € V)
if(z; u @1 cmexmn) {a; = x1;0; = p(ax;); }s;
else {a; =0;b; = co};
/* k - mopsamxoBHi HOMep pebpa, BKINYAEMOI'O B LEpeBO */
for(k =1,k < n;){
/* ompeneneHne HoBOTo pebpa */
bi+ = ming, v, b;;
ES = ES @] {ai*7xi*};
Ve =V \{zi };
/* mepecdYéT IOMeTOK */
if(++k<n)
for(x; €V,)
if(z; cmexmo c x4+ u p(wims) < b))
b; = M(%A%‘*)?CM = Tj*;

}

Puc. 2

CpaBHEM TPYIOEMKOCTH OMUCAHHBIX AJTOPUTMOB 71 rpada ¢ n Bep-
muHAM¥u U m pébpamu. B mepBOM m3 HMX OCHOBHBIE 3aTPATHI BPEMEHU
MaJA0T HA COPTUPOBKY PEDEpP MO WX BeCy; W3BECTHO, UTO JJIsi BBIMOJ-
HEHHsI COPTHUPOBKU M 00BHEKTOB Tpedyercs: nopsinka m log, m oneparmit
cpaBuennsa. Bo BTopoM ajropuTMe Ha i-M IIare CPeam N — ¢ BEPIIKH, eI
He BKJIIOYEHHBIX B JIEPEBO, HY?KHO BBIOPATH TY, Ube MOJAKJIIOYEHNE K JI€Pe-
By oboiinercs Haubosee nemeso (pebpo, COeNUHSIONIEe HOBYIO BEPIIUHY C
OJTHOM U3 «CTapbIX», JOJKHO ObITh HAMMEHBIIEr0 BECA); IJIS STOr0 TPe-
6yercst nopsiaka n — ¢ — 1 onepanmii. CyMMUpYS 10 ¢, TOJYYUM OIEHKY
TpyaoemkocTa anropurMa [puma: O(n?/2) oneparmit cpaprenns. [losaT-
n(n—1) )

2

HO, 9TO JJisi TONHBIX Tpados (rae uucao pebep m = AJTOPUTM

[Ipuma MeHee TpymoeMok, deM aaroputMm Kpackana.



2. Haxoxkaenme kpardaimmx mmyTeit

B oprpade
IIyte B oprpade — TOCIEOOBATENBHOCTH Jyr BHAA (Vo, V1),
(v1,v2), .., (Um—1,Vm), KOTOPYIO OyleM 3alMCbIBATb TAKXKE B BHJE

Vg —> V1 — ... —> Up, W HA3LIBATD MYTEM U3 Ug B Upy,.

Mycts G = (V, A) — B3Beinennsblii oprpad, T. e. KaxkIoil ero mayre
e = (u,v) € A NOCTABIEHO B COOTBETCTBHE HEOTPUIIATENHHOE HHUCIIO
u(e) = p(u,v), HaspBaemoe eé BecoM. Bec myrm P — cymMMa BECOB €ro

ayT:
p(P) = pe).
ecP
Kpargaiimmwii myTh W3 BEPITUHBI § B BEPITUHY { — MyTh MUHUMAJIHHOTO
BeCa, BeAyInuil U3 S B ¢, & pacCTOAHUE MEXKy BEpPIIMHAMU S U t — BeC

9TOTO MyTH:
d(s,t)= min u(P).

P: s—...—t

Bec mpusuaavrozo(T.e. He COMEPIKAIIETO JIYT) MYTH CINTAEM DABHBIM HY-
o, nosromy d(s, s) = 0. Ecsiu ve cyiecTsyer myTu u3 s B ¢, TO noaaraeM:
d(s,t) = oo.

Anaroputm E. elikcTpbl

DTOT AIrOPUTM HAXOAUT KPATUaiiine IyTu OT IPOU3BOIHHON (PUKCH-
POBaHHOMN BepITHHBI Oprpacda. AITOPUTM MPENCTABILeT COOOH UTEPAIIH-
OHHYIO IIPOLEAYPY, HA KaXKJOM IIare KOTOPOW KazK/I0H BepIIuHE U COIO-
craBisercs moMerka [(v), Koropasi SBIasercs Inbo nocmoanHot U PaBHOM
[PH 3TOM PACCTOSTHUIO d(S, V) OT HAYAJBHON BEPIINHBL § JI0 JTAHHON Bep-
HIMHBI, JH00 6pémennoli — THUCIOM, ABJIAIONIMMCSA OLEHKOU CBepXy mJid
d(s,v). B pesymbTare Kaxk0i ATEPAITAN ONEHKH YTOIHAIOTCS, U IPA 3TOM
POBHO O/lHA BPEMEHHAad [OMeTKa (a4 MMEHHO — HAUMEHbINAL) [EePEXOIUT
U3 pa3psiia BpEMEHHbIX B PAa3Psl MOCTOSHHBIX (TIOC/IE Uero yiKe He MeHs-
ercst).

Ilepen nepsoii uTepalneil HavaIbHAA BEPIINHA UMEET ITIOCTOAHHYIO II0-
merky [(s) = 0, y ocTalbHBIX BEPIIUH IOMETKU BPEMEHHbIE U TIOJIAra0TCs
pasabiMu 00. Mreparus anropurMa COCTOMT B [IPOCMOTDE BEPIIHH U C
BPEMEHHbIMU IIOMETKaMU, K KOTOPbIM BeJyT JIyI'd U3 BEPLIUHbL P — BEp-
HIMHBI, TOCTAEAHEH MOIYIUBIIel TOCTOAHHYIO MOMETKY (IJId TepBoil nre-
pauun p = s). [lycrs a = I(p) + p(p, v). Ecnu okaxkercs, aro [(v) > a, 10
a Gyjer HOBBIM 3HadeHueM [(v) (BpeMeHHas TOMETKa JAHHON BEPIIUHBI
YMEHbIIAETCH ).
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/* AnropmtM JelrcTph */

/* HaxoxmeHwe KpaTualmero oyTH MexAy IOByMs BepumHamu (s # t) */
/* V - MHOXeCTBO BepuwmH rpada;*/

/* S - HavasbHas BepUUHA; x/
/* t - ROHeYHasd BepUWHA; */
/* 1 - HIOMETKM BEpUHH; */

/* PaccTaHOBKa HAJYalbHHX IIOMETOK */
1(s)=0;

for(veV) if(v!=s) 1(v)=o00;

/* M - MHOXeCTBO BPEMEHHHX IIOMETOK */
M=V\{s};

/* p - BepumMHa, DOCHeNHEN MNONyUMBIIAs NOCTOSHHYW IIOMETKY */
p=s;

while(p!=t) {
for(ve M NT(p) ) {
a=1(p)+u(p,v);
if(a<1(v)) {
/* 6(v) - Bepumma, U3 KOTOpOf MEET Zyra B V*/
/* (B KpaT4alimeM 0oyTH) x/
1(v)=a; 6(v)=p;
}
}
1(v*)=minyepm1(v);
/* moMeTkKa v* CTaHOBHUTCH NOCTOSHHOH */
M=M\{v*}; p=v*;
}
d(s,t)=1(t); /* paccTosHWe MeXny s u t; */
/* xpardadiumit oyTte: s — ... — 0(0(t)) = 0(t) =t */

Puc. 3

AnropurMm 3akaHunBaeT paboTy, KOrJa 33/ JAHHAS KOHEYHAs BEPIINHA
t TOJIy49aeT MOCTOAHHYIO ITOMETKY.

Bosee meranbHOe OMECAHEE AJTOPUTMA (C HCIONB30BAHIEM KOHCTPYK-
it Cn, a TakyKe MaTeMaTHIeCKol CHMBOJIMKH) — Ha PUC. 3.



Tpynoemkocts amropurma deiikcrpsi. [lycrs rpad conepxur n
BepiiuH. Ha Kaxkmoit urepanyy 9ucao CJAOXKEHW He MPEBBIMAeT KOJude-
CTBa BPEMEHHBIX MOMETOK, KOTOPOe B Hadaje paboThl aJrOPUTMa PABHO
n—1, a ¢ Kaxk 10 ureparnell yMEHbITAeTCs Ha eIUHAIY. TakuM 00pa3oM,
obmee amcno craoxennit ve Gomee (n—1)+(n—2)+...+1 = w Omre-
palliy CPABHEHUS BBIMOJIHSIIOTCA KAK IPH MEPecIére MOMeTOK, TaK U [IPU
HAXOXKIEHUU MUHUMAJIBLHON BPEMEHHON TOMETKU; HETPYAHO MOICUYUTATH,
91O MX YUCH0 He npesocxoaut n(n — 1). Takum 06pa3oM, TPYI0EMKOCTh
anropuTMa, onenuBaerca Kak O(n?) omepammii. M3sectra MoaudbuKarms
anropurma deiikcrpol, umeroras Tpyaoemrocrs O(mlog, n) (m — uducio
Zyr).

JList TOTO, UTOOBI HAUTH PACCTOSTHUST OT 33IAHHON BEPIIWHBL S 0 6CEX
0CMaAbHbLE BEPITHH oprpada ajroput™ ¢ puc. 3 MonndUIMpyeTcs: cJie-
IYIOIUM 00pa30M:

® yCJIOBHE MPOJOJIKEHUsT urTepanuil p!=t 3aMenserca na M# ¢.

IIpumep. Pabora agropurMma mis rpada, n3006pakeHHoro Ha puc. 4

Puc. 4

(pgaoM ¢ KaxkJOH Jyroil IpoCTaBjieH eé Bec), IMOKA3aHA B CJeIyoIel
Tabiune (IEMEHTHI TAOIUIBT — 33 UCKIKYEHAEM MEPBOTO W TTOCJIETHETO
cToIbua — NMOMETKU BepIuuH rpada; B paMKy 3aKJIOYEHBI MOCTOAHHDIE
MOMETKH BEDIIIHNH).

Nrepanus \Bepimna 1 2 3 4 5 6 P
0 II] 00 00 00 o0 00 1
1 - 6 ) 00 00 3
2 -5 | - | 7 0o |5
3 - — 6 | — | 7 |2
4 - - = |[e]| -] 7 |4
5 — | = = =] = |[7]|s

Anannz TabmUIBl TTO3BOSIET BOCCTAHOBUTH W CAMU KpaTUAlIIde MyTH.
Haitiném xparuaiimmit myTs u3 BepmmHEBL 1 B BepmuHy 6. IlocTosHHAs
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moMeTKa 6-if BepIMUHBI paBHA 7, 3Ta IOMETKA BIIEpBbIe NOABHUJIACH B 6-
M CTOJIDIE, KOT/IA P PABHAIOCH 5. 3HAYNUT, KpATYARIINiA IyTh COMEPIKUT
ayry (5,6). B cBoo o4epesb, MOCTOAHHAA IIOMETKA H-i BEPIIMHBI PABHA, 3,
¥ 9T [IOMETKA BIEPBBIE MIOABUIACH B 5-M CTOJIONE, KOIJA P PABHAIOCH 3.
[Mosromy Kpardaiiimuii myTh comepKuT ayry (3,5). Anansorudto nojaydaem
ayry (1,3). Urak, kpardaiimuii myTh u3 Bepriubbl 1 B BepmmHy 6 TaKoB:
1 — 3 — 5 — 6. OgHOBpEeMeHHO MbI HAIILIU U KPATYANIINE [IYTH, BELYIIHIE
u3 BepiuHbl 1 B Bepmmabl 3 1 5. Todno Tak ke HAXOMATCH KpaTdaiimime
myru 1l -3 —-2unl—-3—5—4.

HaxoxgeHue paccTostHuii MeXK/Iy BCEMU ImapaMu BepIuH Op-
rpacda. B npunnune, maHHyO 33739y MOXKHO PEIIUTh N-KPATHBLIM BbI-
IOJIHEHUEM aaropuTMa JIefKCTphl, rje n — KOJNYeCTBO BeplnuH rpada.
OaHaKo CymecTByeT MPUMEPHO BIBOE MEHEe TPYIOEMKUM AITOPUTM —

Aaroputm P. ®noiiga

Crpourest nocenosarensaocts Marpur CF) = (cl(?)), rne C(©) — var-
puIia BecoB Ayr rpada, T. e. J1Jist BCeX i U j cv(;?) = u(v;,v;) (ecmm B rpade
uer ayru (v;,v;), To momaraeM: fi(v;,v;) = 00), anpu k =1,...,n cgf)

— JJIMHA KpaTYa#lrero myTu U3 vU; B U; TAKOrO, YTO B KA4eCTBE MPOMe-
n

KYTOUYHBIX BEPIIUH MOTYT OBITH JIAIIb U1, Vg, . .., V. OUeBUIHO, 9TO cv(;j)

— JMICKOMOE PacCTOAHNe MEXKIY BepPIIMHAaMu v; U v;j. Hecmoxkno mo naIyk-

MY JOKA3aTh CIEAYIOMIYI PEKyPPEHTHYI0 (POPMYyJly, HO3BOIAIONIYIO IO

marpuie C*~1 nocrpours marpumy CF):

(k) _ (k=1 (k1) (k—1)

; (cij e Foy )

HefictBuTensHo, KpaTdaiimmit myTh U3 v; B U (rme B KauecTBe mpome-

JKYTOYHBIX BEPIIMH MOIYT UCIOJIb30BATHCH JHIIb U1, V2, . . ., Uk) JUbO cO-

JIEPXKUT BEPIINHY U, TUOO HE COJEPKUT. B mepBoM caydae OH UMEEeT Bec
(k—1)

Cij (Tak Kak IpU 3TOM OPOMEKYTOUYHBIMU BEDIIUHAMU MOTYT ObIThH

TOJILKO V1, . . .,Vkg—1), BO BTODOM — CKJIAJIbIBAETCS U3 KpaTdafiimx Iy rei

(k—1) (k—1)
U3 U; B U U U3 Vg B Vj, U €TO BEC PaBeH C;;, +o

11



3. IloTroku B ceTdax

Yepes I'(v) 0603HaYMM MHOMKECTBO BEPILUH, K KOMOPbLM BEIYT IyTH
¢ maganom B Bepmmue v: I'(v) = {u € V|(v,u) € A}. Yncno takux ayr
Ha3BIBAIOT noaycmenenbio ucroda sepmunsl v : p+(v) = |['(v)|. Bepmuny
C HYJICBOIl TIOJYCTETEHBIO UCXOA HAZBIBAIOT CTOKOM.

Yepes I'™ (v) 0603HAMMM MHOMKECTEO BEPIIUH, U3 KOMOPHLT BEITYT JyTH
k Bepmmae v: I'~(v) = {u € V|(u,v) € A}. Yncao Takux Ayr HASBIBAIOT
noayemenensio 3axoda eprmabl v : p- (v) = |I'7(v)|. Bepmunry ¢ mHymeBoit
MOJTyCTENEHBIO 3aX0/13 HASBIBAIOT MCTOYHUKOM.

Mycts G = (V, A) — oprpad 6e3 meTesnb, UMEIINi eInHCTBEeHHBII
ucrounuk (Oymem 0003HAYATH €r0 U1) M €IUHCTBEHHBIH cTOK (v,). Bee
OCTaMBHBIC BepIIUHLL rpada OyeM HA3BIBATE TPOMeXKY TOYHbIME. Ecm
KazK 10l myre rpada a € A TOCTABIEHO B COOTBETCTBUE HEOTPUIATETHHOE
nenoe aucao c(a) (MpomycKHasd cHocOGHOCTH AYTHU), TO TOBODPAT, 9TO
3a/1aHa TPAaHCHOPTHAas ceTh (mu npocro: ceth) (G, c).

Dyuxiusa  : A — Ny (onpenenennas ua cemeiicrse myr oprpada
¥ IPUHUMAIOMIAS HEOTPUIIATEILHBIE TIEJTBIC 3HAYCHNS ) HA3BIBACTCS TTOTO-
koM B cetu (G, c), €CJTi BBITOTHSIOTCS CIEITYIONTAE YCIOBHUS:

1) ama mo6oit nyru a € A p(a) < c(a);

2) s 1060l IPOMEKYTOUHOHN BepiuHbl rpada v

Z o(u,v) = Z o(v,u).

u€el ~ (v) uel(v)

Benmanny (a) Gyzsem HA3BIBATH MOTOKOM IO Ayre a. Takum 06pasom,
1) noToK 1O KaxKJIol JAyre He JOJKEH IPEeBbIIATH €€ NPOILYyCKHON c110c00-
HOCTH; 2) CyMMa MOTOKOB IO JyTaM, 3aXOJAIIUM B IPOU3BOJBHYIO MTPO-
MEKYyTOUHYIO BEPIIWHY, PABEH CyMMe TIOTOKOB IO JIyTaM, UCXONSIIAM W3
3TOI BEpIIVHBIL.

Beanuuna nmotoka W(p) — cyMMa MOTOKOB TIO JyTaM, HCXOISIIAM

U3 NCTOYHHUKA:
W(e)= > ¢(v1,v).
vel(vy)

OHa TaksKe paBHa CyMMe ITOTOKOB IO IyraM, 3aXOIsIuM B cToK. [ToTOK B
TPAHCIOPTHOMN CeTH, NMEOIIH HanGOIbIIYI0 BOSMOXKHYIO BEJIWINHY, Ha-
3BIBAIOT MAKCUMAJIBLHBIM IIOTOKOM. B 0HO# 1 TO# 2ke ceTn MOKeT ObITh
HECKOJBKO MAKCAMAJBHBIX TIOTOKOB (MX BEJMYHHBI, PA3yMEeTCs, JOIDKHBI
COBIIAJATD).

ITyctb ¢ — notok B cetn (G, c). Jlyra a € A Ha3bIBAETCS HACHIIEH-
HOWM, eC/IM OTOK 10 Hejl paBeH eé MpomycKHOM criocobrocTn: ¢(a) = c(a).
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[ToTOK ( HA3BIBAETCA TOJHBIM, €CJIU J000H nyTh B oprpadge G u3 v1 B
Up, COIEPZKUT I10 MEHBIIEH Mepe OIHY HACHIIECHHYIO IyTy.

B mambneitmem 6ymem cuuTarh, 9To oprpad G = (V, A) — anmucum-
MEMPuueckuti, T. €. OH He COAEPXKUT KPATHBIX JAyr u ecau (u,v) € A, 1o

(v,u) ¢ A.

MakcuMaabHBIH TOTOK MOYKHO HAMTH C TOMOIIBIO CASTYIONIETO aJro-

puTM™ma.

Agaroputm JI. @®opaa — . Pankepcona

1. Iocmpoums npouseosvhbili nomox ¢ B cetu (G, c¢) (MOXKHO U HyJe-

BOif).

2. Hocmpoums noanwt nomox. Eciu TOTOK ¢ HE TOMHBIA, TO B Ce-
TH CyIIECTBYET IYyTh U3 U1 B Uy, BCE JYTH KOTOPOTO HE HACHIIIEHBL.
YBesmuuBas MOTOKM 4€pe3 BCe AyrH Takoro nytu P Ha Besuduny
Hgg(c(a) — ¢(a)), monyvaeM TyTh, HEKOTOpAs Jyra KOTOPOTO SiB-
a

JIST€TCs HACKIMEeHHOM. Takyio oneparuio caeayer MOBTOPSATDH 10 TeX
1IOp, MOKAa HE MOJIYyYUTCA MOJTHBIH HOTOK.

3. IHocmpoumsd MaKcuMarbHbLl NOMOK.

a)

Hauanbubsie nomerku. [lpucBouts uctounuky momerky O:
I(v1) = 0, a ocranbHBIM BepmMHAM NOMETKY 00. Ciemyrommit
Imar MOBTOPATH [0 TeX IOp, MOKA B PE3yJIbTaTe ero BBITOJ-
HeHusI He OyjeT IMOMeYeH CTOK U, JU0O MOKA HE MEPECTAHyT
MTOSIBISTHCS HOBBIE TIOMETKH.

Ilepecuér momeTok. JImsa Kaxka0# MOMEUEHHON BEpPITHHBI
V;, TOMETUTH CHUMBOJIOM -+i BCE HENOMEYEHHBIE BEPUIMHBLI U
(l(v) = o0), ana Koropbrx myrm (v;,V) HEHACHIIIEHHBIE
(1. e. (vi,v) < ¢(v;,v)), m CHMBOIOM —i BCE HEIIOMEYEHHBIE
BEPIIHHBL, 118 KOTOPBIX ¢ (v, v;) > 0.

B) VYBesmuenwue noroka. Eciu cToK v, HE I0JIy4aeT HOBYIO 110-

MEeTKY, TO 3aKOHUHTh paboTy anroput™a (MakKCHMAIBHBIN 1M0-
TOK HANNEH), B HPOTMBHOM CJyYae CyIIECTBYeT LENb Uy —
... — Up, BCE BEPIIUHbLI KOTOPOI nomeuenbl. Ecau opuenTanms
Ioyru ¢ = (v;,v;) COBIAIAET C HAPABJIEHNEM IPOXOK IeHNUS Ie-
1, Gymem o603HAYAT €€ @, B IPOTHBHOM CiIydae — @ . Ecin
l(vj) = +i (@ = (vs,v;)), To nonoxuts A(a) = c(a) — ¢(a).
Ecmn l(v;) = —i (@ = (vj,v;)), T0 MonoxuTs A(a) = ¢(a).
ITycrs € = min(A(a)) (MEHEMYM BBIYHCIISIETCS TIO BCEM JIyraMm,

13



COCTABJIAIONIAM YKa3aHHyIo Tenb). Ilo Kaxkmoit ayre @ TOTOK
YBEIMYUTD HA, €, & 10 KAZKI0 Jyre @ MOTOK yMEHBIINTH HA €.
(IIpu 3TOM BesmauHEA MOTOKA B cetn W (p) yBemnmuaurcs Ha €).
ITepeiiru K wary a).

IIpumep. Ha puc. 5 mnpeiacraBieHbl TPAHCIOPTHAS CEeTh W BCE
srambl paboTbl ajaropuTMa. HachImeHHbIe IYTH TOMEYeHbl 3HAYKOM X .
Hauanbubiii TOTOK He gBIgeTCsS MOMHBIM. B myTu v — v3 — v4 — g

r) YBesuueHne rmoroka 1) MakcuMasbHbIH TOTOK
Puc. 5

BCe AYTUW HE HACHIIEHBI; YBEJIUIEHNE MOTOKA, MPOXOIAIIETO Yepe3 ITOT
IyTh, HA 2 MPUBOAUT K HACBIMIEHWIO AYyTH v3 — v4. Haxommm ermné
oauH 1yrb (V1 — V3 — Vs — VUg), COCTOALIUI U3 HEHACBILUEHHDLIX JYT;
VBEJIMYEeHNEe TIOTOKA dYepe3 KaxXKAylo W3 3THUX JAyr Ha 1 Jemaer ayry
v3 — U5 HaCHIMeHHON. Tenepb MOIyTeH TOTHBIN TOTOK.

14



Ilepexommm x 3-my atamy anroputma ®opna — Pankepcona. Paccras-
JIieM TIOMETKH BEPIINH, KaK MoKa3ano Ha puc. 5 r. llonyguaem memns

V1 — V3 — Vg — V4 — Vg.
Nnmeem:
Ao, v8) =5; Mz, m2) =1; Moo, v4) =3; Mog,08) =5; e=1.

VYumenbinaem norok Ha 1 yepe3 ayry (ve,vs) u yBenuuuBaeM ero Ha 1
4Yepes oCTajlbHbIE Ayru 910l 1enu. [Ipu nosropenuu nporeaypb (puc. 5, i)
YAAETCs TIOMETUTh TOJIBKO JIBE BepIIUHbL (U1 U v3). MakcuManbHbIil oToK
Hafinen: W(yp) = 11.

Paspes B TpaHCOPTHOM ceTu — MHOXKECTBO JyT, TIOCJE yIAJEHUsT
KOTOPBIX B CETH He Oy/IeT MyTH U3 UCTOYHUKA B CTOK. IIpomyckHad crio-
coBHOCTH pa3pes3a — CyMMa TPOIYCKHBIX CITOCOOHOCTEH COCTABIISTIOIINX
ero a1yr. MUHHMaJbHBIN pa3pes — pa3pe3 ¢ MUHUMAJIbHON [IPOILYCKHOM
CII0COOHOCTBIO.

Teopema 1. (JI. ®opx — . Pankepcon, 1956 r.). Beaununa
MAKCUMANLHOZO TOMOKG 6 CEMU  DAGHA TPONYCKHOT  CROCOCHOCTNY
MUHUMAABHOZO DAZPES.

Oauu U3 MUHUMATBHBIX PA3PE30B COCTABJIAIOT JYTH, BEIYIIHE U3 TIO-
MEUEHHBIX BEPINUH B HEMOMEUEHHBIE HA TOCIEIHEM 3Tale paboThl aJiro-
purma Popna — Pankepcona. B paccMOTpeHHOM BBINIE TTPUMEDPE MUHU-
MAaJBHBINA paspes 06pasyloT AyTh v1vsg, U3y, U3Us.
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I'maBa 2

ITapocoyeranus

Cuauasa nipuBeiéM (HOPMYTUPOBKY IBYX 33734, IEpBasd U3 KOTO-
PBIX UMeeT IIpaKTU4ecKuii xapakrep, a BTopas — CKOpee LIYyTOYHbIH.

1. MNycTb MeeTCs HECKOIbKO PabDOTHUMKOB N HECKOSIbKO BUAOB pabor. Vs-
BECTHO, Kakne paboTbl Kaxkablii paboOTHMK MOXET BbINOAHATL. MOXHO nn
Tak pacnpegennTb paboTbl MexAy paboTHUKaMU, YTODbI KaXKabIiA BLIMOAHAN
Kakyto-nmbo paboty (npw 3Tom Ha kaxayto paboTy HasHadaeTcs He Donee
opHoro pabotHuka)?

2. imeeTcss MHOXECTBO OHOLLER, KaXKAbITi N3 KOTOPbIX 3HAKOM C HEKOTO-
pbiMu AeBywkaMmu. [py KakKUX yCAOBMSIX MOXKHO OBHOBPEMEHHO MEHUTb BCEX
toHOLIEN TaK, YTOBbI KaXKAblii U3 HUX XKEHUJICA Ha 3HAKOMOIA eMy aeByLlKe?

C TOYKHW 3peHus MaTEeMATHKU ITH 330a9d HEe OTJIWIAITCS IPYT OT
IPYTa, TOCKOJbKY WX MaTeMATHIECKAsS MOJETb OJHA W TA YKe: BblAeseHMne
COBEPLUEHHOrO MApOCOYeTaHns B AByAonbHOM rpade. Cosepuiennoe napoco-
Yemanue — 3TO MHOXKECTBO IMOTIAPHO HE CMEXKHBIX PEOEp, MOKPHIBAIOIINX
BCE BEPIINHBI (PUKCUPOBAHHON M0aU OBy I0AbHOrO Tpada. B mepsoit 3a1a-
Ue TAKyI0 JIOJI0 COCTABIAIOT pabOTHUKH, a BO BTOPOM — 1oHOIH. Bropast
JIOJI B 9TUX 33/1a9aX COCTOUT COOTBETCTBEHHO 13 PA0OT U Aepyinek. Hako-
HEIl, TPOU3BOJILHOE PeOpOo uv rpada nepBoii 3a/1a41 OMUCHIBACT CUTYAIUIO
«pabOTHUK U MOXKET BBIMOJHATHL paboTy v», a rpada BTOPOIl 33madam —
IOHOIIA U 3HAKOM C JIEBYIIKOH U».

B wcTopHio MATEMATHKH 33/1a9a O CYIIECTBOBAHUH COBEPIIEHHOrO Ta-
pocoUeTaHus B ABYIONBHOM rpade BOILIA [MOI HMEHEeM <«3aJadl O CBa-
ap0axy (bopMyIHPOBKa 337a9K 2 0Ka3a1aCh XOPOIIO 3aMOMHUHAOIEHC s ),
a orser K 3a7ade gan Punmnom Xosmom (cum. §1) B 1935 1.

B 20-50-x romax XX Beka ObLTH HE3ABUCHMO JPYT OT JAPYyTa m0Ka3a-
HBI HECKOJIBKO TEOPEM JTUCKPETHON MATEMATHKH, HOCIIIAX MUHUMAKCHOLT
zapaxmep: Popna — Pankepcona (cm. §3), Kénura — drepsapu (§2), Tu-
asopta (B apyrom nanucanuu — Hunyopca; §3), a rakxke K. Menrepa. B
KaK/JIOH U3 3TUX TEOPEM YTBEPIKIAJIOCH, YTO MAKCUMYM OJIHON BEJTUYUHBI
COBIIaJa€T C MUHUMYMOM ,D;pyFOfI BE€JIMYNHDBI. KaK BbIACHNJIOCH BIIOCJIE/-
CTBUE, YKa3aHHbIE TEOPEMBI, & TaKXKe TeopeMa, X014 IKBUBAJIEHTHBI IPYT
IPYTY: KaXKJIash W3 HAUX MOXKET OBbITHb BBIBEIEHA W3 Ji000H npyroii. Beuio



TaK>Ke YCTAHOBJIEHO, YTO 3TU T€OPEMbI ABJIAIOTCS IIPOABJIEHUEM IIPUHITUIIA
JBOWCTBEHHOCTH B JIMHEITHOM TPOrPAMMUPOBAHUM.

B xombunaropHOM aHasmM3e U TEOPUM CJIOKHOCTH BbIMUC/IEHUH (Kak
U BOOOINE B MATEMATHKE) BarKHeIel aBjsieTcs ujies CBeJeHus OTHOM
3anaqu K apyroii. [TosToMy nHTEpEeCHO TOKA3aTh, KaK BHENTHE PA3TMIHBIE
YTBEPAKICHUSA TEPEXOIAT APYT B APYyTa B Pe3yJbTaTe MOCTPOEHUS HEKO-
TOPBIX JOMOJHUTENbHBIX KOHCTPYKIuit. [loHnMaHne TaKUX TEepPexoaoB H
peodbpa3oBaHuil BayKHO M /I IIPOrPAMMHUCTOB: 3HAd, KAK OIHA 337343,
CBOIUTCST K JIPYTOil, MOYKHO aJITOPUTM DEITeHus IepBoil 3a1a4un npeodpa-
30BaTh B aJITOPUTM DPEIIeHns BTOPO# 3a1a4un. B 1anHoil raBe MBI TPUBO-
UM HanbOJIee MTPOCTOE W3 W3BECTHBIX JTOKA3ATEIHCTB TEOPEMBI XOJIIa, U3
TeopeMbl XO0JL1a BbIBOOUM Teopemy Kénura — drepsapu, a u3 TO#, B CBOIO
ouepesb, Teopemy Jumsopra.

PaccmarpuBatoTcsi TakKe HEKOTOPBIE TPUJIOXKEHWS MWHWUMAKCHBIX
TeopeM, B TOM HYHCJEe YHCJEe TeopeMa O BO3MOXKHOCTH JIOCTDAUBAHUA
JIATUHCKOTO MPsAMOYIOJIbHUKA JI0 JIATMHCKOrO KBajapara (pesyibrar,
nonyuenubiii  Mapmamiom Xomnom B 1945 1) wu  Teopema o
DEBEPHO-TPOMATRUNECKOM HUCAE ABYL0JLHOIO rpada (310 — HauMeHbliee
YUCIO MapocovyeTaHuii, Ha KOTOPOE pAaCHaJAeTcss MHOYKECTBO pébep

rpada).

3aK/I0UnATeNIbHbIE Haparpadbl [JIaBbL HOCBAIIEHbI AJIIOPATMAM Pelle-
HUA 33J29 O ABYIOJIbHBIX rpadax. Ba3oBoit 31ech gBistercs 3ama4da Ha-
XOXKJIEHWsT HAMOOMbIIEro (Mo MOIHOCTH) MAPOCOYETAHUS B IABYIOIHHOM
rpacde. Uzmaraemprii aaroput™ e€ peneHus MO3BOJISIET MOIMYTHO HANTH
HAMMEHBITIEE 8EPUUHHOE NOKPLIMUE N HAMOOJIBIIIEE HE3ABUCUMOE MHOHCE-
CMB0 SEPUIUH.

Bepuémcs Temeps K 3amade 1 u paccMOTpuM crenyoree €€ (B HeKOTo-
poM cMbIcae) 06obIeHue.

3. MycTb vMeeTca HeckoNbKO pPabOTHMKOB N CTONBKO e BUAOB paborT.
/3BecTHa CTOMMOCTL BLIMOMHEHNST KaXKAbIM PabOTHUKOM KaXkgol paboThbi.
Tpebyetca Tak pacnpeaenuts paboTsl Mexay paboTHrkamu, 4Tobbl cymmap-
Hasi CTOUMOCTb BbINOJIHEHNS1 paboT ObiNa HanMeHbLUET.

9T0 — OAUH U3 BAPMAHTOB 3aJa4YM O HasHaveHUdaX. Eé maremaru-
qeckas GOPMYTUPOBKA: HaliTU COBEPLUEHHOE NapocoyeTaHne HaVMeHbLUEro
BECAa BO B3BELUEHHOM ABYAOJIbHOM rpade. Mbl LIPUBOAUM AJOPUTM PelLe-
HUS 3TOH 33291, HA3BAHHBIM BEHTepcKUM — B decTh BeHrpa . Kyna,
MIPUJIYMABIIEro 3TO aJaropuT™M B 1955 1.
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1. Teopema XoJsia

BBeném HeKOTOpDIE ONpeneeHust ¥ 0003HAUCHMSI.

ITapocoueranueMm B rpade HA3BIBAIOT MHOYKECTBO MOMAPHO HECMEXK-
HBIX pédep.

Jsynonshblii rpad G ¢ GUKCUPOBaHHBIM pa3OUEeHAEM MHOXKECTBA, BEP-
mmH Ha goam Vi u Vo Oynem obosnadars G(Vi, Va).

Mycts G(Vi, Va) — asynonbubiii rpad. CoBepinieHHBIM TTapocoYe-
TanueMm u3 V] B Vo HasbiBaercd napocoderanue B GG, IOKpLIBamomee V;
(T.e. aJ1st BeAKOI BepInuHbl u3 Vi Haln@res B IapOCOYeTaHuU HHIUICHTHOE
eii pe6po).

ITycte A C V' — nmommuoxkectso Bepmmn rpada G = (V, E). Oxkpy-
JKEHUEM MHOXKeCTBa A HA3BIBAIOT MHOKECTBO

P(4) = U T()\ 4,

rae I'(v) — MHOXKeCTBO BEPIIUH, CMEXKHBIX C V.

Teopema 2. (®@. Xou, 1935 r.) Cosepuwernoe napocowemanue us
Vi 6 Va 6 deydoavnom epae G(V1,Va) cywecmeyem mozda u moavko
mozda, Koz0a
VACV [D(4)] > |4

Teopema Xosta JaéT perieHne CeIyIONeil 33, atH0.

3ajaua o cBagabbax. Hmeemesa muooicecmeo ronowedi, Kancowtdl us
KOMOPuT 3HAKOM ¢ Hekomopumu desywramu. Ilpu waxur ycaosuax
MONCHO OOHOBPEMEHHO HCEHUMD 6CEX WHOULET MaK, wmobv, KancAuil us
HUT HCEHUACH WA 3HAKOMOT emy desyure?

HeiicTBuTennHo, nocrponm ayaoibhbii rpad G(Vi, V), B koropom Vi
€CTh MHOXKECTBO IOHOIIEH, a Vo — COOTBETCTBEHHO MHOXKECTBO JIEBYIIEK,
a 3HAKOMBbIE IOHOIIY W JIEBYIIKU coequHeHbl péopamu. Torma onHoOBpeMeH-
HO KEHUTb BCEX IOHOIIEH O3HAYaeT HAWTH B JAHHOM rpade COBEPIIEHHOe
mapocoderanue u3 Vi B Vo. OTBer Ha BOMPOC 3aJa4n O CBAALOAX MOMKHO
chOpPMYTUPOBATE TAK: 3a0a%a PA3PeWUMa mMo20a u MoAvko mozda, Kozda
mobuvie k 1onowels us 0aHH020 MHONCECTNEA SHAKOMYL 8 COBOKYNHOCTNU He
Mmenee wem ¢ k desywkamu.

JokazareabcTBo TeopeMbl Xouwia. Heobxodumocmsv od4eBUIHA.
Heiicteurenvno, yenopus |[A| = k n |[T'(A)| < k osHagaror: HEKOTOpDIE
k BepmuH u3 V] CMEXKHBI B COBOKYITHOCTH MeHee 4UeM ¢ k BepimHaMu
uz Vo — modTomy mer mnonapHo HecMexHbix pebep B G(Vi, Va),
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MOKPBIBAIOIINX BEpIIMHLL gazke u3 A C V7, Tem 601ee HET COBEPIIEHHHOIO
napocoueranns u3 Vi B Va.

Jlocmamouwrnocms OyneM TOKa3bIBATh WHAYKIHEH 110 9UCIy IOHOIIEH.
[Tycrs BCero umeercs m touomieil. Baza undykyuu (m = 1) ouesumna:
YK OIHOT'O-TO OHOIITY, 3HAKOMOTO XOTsI OBI C OTHOI JIEBYIIKOM, OKEHUTH
MOZKHO.

Hnoyrkyuonnud wae. Ilycts yTBEpKEHNE TEOPEMBI BHITIOTHAETCH, €CIH
IOHOTIIel i MeHbITe M, W JOKayKeM ero st m ioHomei. Paccmorpum npa
BO3MOXKHBIX CJIy4asi.

I. Jhobwie h 1onoweds (h < m) 6 co080KYNHOCTNU 3HAKOMbL HE MEHEE HeM
¢ h+1 desywramu. Ecau B 370M Cirydae MbI IOKEHUM KAKOro-10 (s106010)
IOHOIILY Ha J11000# 3HAKOMOH eMy JeBYIIKe, TO /Jid JIObIX k OCTaBIInXCa
FOHOITIelH 00IIee YHCI0 3HAKOMBIX MM (HE3aMYXKHUX) JIEBYIINEK WJIH He W3-
MEHHUTCH, WJIM YMEHbIIUTCS HA eJUHUILY — 3HAYUT, He IPEB30HIET 1ucia
k. Ilo mpeAmomoKeHuio MHIYKITNA OCTABITUXCA M — 1 IOHOMIEH TOXKEHUTD
MOZKHO.

I1. Hexomopwie h 1onowet (1 < h < m) snaxomvt 6 co8OKYNHOCTRU
posno ¢ h desywramu. 1o IpeINONOKEHNIO HHAYKIIUE UX MOMKHO ITOXKe-
Huth. llonpobyem ycrpoutsb cyapby ocrasiuxcss m — h ionomeit. Eciu
Kakme-TO k 10HOIeH 13 UX YMCaa 3HAKOMBI B COBOKYITHOCTH MEHEE 9eM C
k MeByIIKaMu, TO BMECTE C YKA3AHHBIME 1 FOHOIIIAMY OHM COCTABAT TPYIIITY
u3 k + h roHOIIE!, 3HAKOMBIX MeHee 4eM ¢ k + h JeBymKaMmu, 9TO Mpo-
THBOPEYHT YCJIOBUIO TeopeMbl. Takum obpa3zom, U K ocTaBImMmcs m — h
IOHOIIIAM MOYKHO MPUMEHHUTH IIPE/INOJIOKEHNe UHIyKIuu. [

2. Benrepckasa Teopema

ITycrs umeercsa apouvnas mMarpuna (T. €. cOCTOAINAs U3 HYJIel u eau-
HUI). EANHNYHBIE 97IeMEHTHI 9TON MATPHIILI, HUKAKWE JBA W3 KOTOPHIX
He Je¥KaT B OJHOU CTPOKe WM OJHOM CTOJOIE, HA30BEM HE3aBHUCHMbI-
mu. CTpoky U CTOAOIBI MATPUITHI, COIEPXKAINE B COBOKYITHOCTH BCe €€
€IMHUIBI, HA30BEM TMOKPHIBAIOIIUMY JIMHUIMU.

Hampumep, ajst MaTpuiis

1] 11 0 0 0
1 [1] o 0o 00
0 L 1 0 00
0o 1 [1] o 0 o0
1 0 o0 [1] 11
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MOXKHO YKa3aTh Y€ThIPE HE3ABUCHMbIEC €IUHUIILI (OHU 3aKJIIOUYEHBI B Psi-
MOYTOJIbHUKK), U HE GOJIbllle, & MUHUMAJILHOE 110 MOIIHOCTH MHOXKECTBO
MMOKPBIBAIOIINX JIMHAHA COCTABISIOT MEPBblE TPHU CTONONA W MOCJEIHSANT
CTPOKA.

Teopema 3. (. Kéuur — 9. Drepsapu, 1931 r.) Hauborvuwiee
YUCAO HEZABUCUMLE €OUNUY, 080UNHOT MAMPUUDL PEEHO HAUMEHDUWEMY
YUCAY NOKEPBLBAIOULUT AUHUT.

JamuM  cpa3y mepeBOi, YCJIOBUS TEOPEMBI HA S3bIK  TEOPUU
rpados. Ilycrs B mpomwnoit marpune A = (a;;) M CTPOK M N
cronbuoB. Takag marpuna sagaér asymoabubii rpad G(Vi,V2), roe
Vi =A{vi,...,vm}, Vo = {us,...,u,} u B rpade ects pebpo v;u; TOrma
U TOJBKO TOLga, Korma a;; = 1. Marpuny A MoxkHO paccMaTpHBaTh
KaK MaTpully cMmexkuoctu asynosbHoro rpada G(Vi,Vs). HesaBucumbie
€IUHUILI MAaTPHUIBI COOTBETCTBYIOT IONAPHO HECMEXKHBIM PEGpaM, T. €.
napocoyeranuio rpaca, a I[OKPBLIBAIINKE JUHUA — BEPIIMHHOMY
MOKPBITHIO Ipada — MHOKECTBY TAKHMX €r0 BEPIIUH, UTO BCSIKOE pedpo
rpada HHIHIEHTHO XOTsI ObI OJHON 13 HUX.

Ha pwuc. 6 npeacrasien rpad, COOTBETCTBYIOIIHI MATPUIIE U3 IIPUME-
pa, TpuBeaEHHOrO BhImIe. PEOpa v U1, Vals, V4Us, VsUy COCTABIIIOT MAKCH-
MaJIbHOE [1apOCOYeTaHue, 8 BEPLIMHBI U1, U, Uz, Us 00Pa3yIOT MUHUMAJIb-
HOE BEPIINHHOE TOKPLITHE.

U U2 us Uy Us

(%1 (%) U3 V4 Vs Vg
Puc. 6

Urak, BeHrepckas TeopeMa TOBOPUT O TOM, UTO
6 06ydoavHoM epade HaUbOADULAA MOUHOCTND TLAPOCOUETNAHUA PAEHE HAU-
MeHDULET, MOUHOCTNY, 8EPULUHHOZ0 NOKDPBITNUSA.

JokazaTeabcTBO BEHTepCKOil TeopeMbl. O003HATNM Yepe3 I Hau-
GOosIbIIIee IUCII0 HE3ABUCUMBIX €IMHMUII, 3 YePe3 S HAMMEHbBIIEee UUCIIO IMO-
KpbiBaroIux jgunnii. [IycTs BCe eMHUIBI MATPUIBI HAXOAATCS B HEKOTO-
PbIX & CTPOKAX U Y CTOJIOIAX, UPUIEM X + y = S. 3aMerum, 49r0 eciu
KaKUe-TO JBE eIUHMUIIBI JeKAT (MU He JIEXKAT) Ha ONHOH JIMHUU, TO ITO
CBOMCTBO COXpaHUTCH W Ipu Ji0O0H MepecTaHOBKE CTPOK WJIU CTOJIOIOB.

20



(B rpadoBoii MozeM 381291 EPECTAHOBKY JIMHUH CBOAATCS K MEPEHYMe-
pOBaHMIO BepiiuH B j1osX rpada). Ilosromy npu ykazanubix npeobpazo-
BAHHUAX MOIHOCTH WHTEPECYIONINX HAC MHOXKECTB HE MEHAIOTCH. SHAUWT,
MOZKHO CHHTATh, YTO BCE €UHUIIBI PACIIOJIOXKEHDL B [IEPBBIX & CTPOKAX U
MTOC/IEIHUX Y CTOJIONAX, & MATPHUIA UMEET CJAEAYIONInil OIOTHBI BUI:

(o)

Pacemorpum aeynonsuetit rpad G (VY,Vy), Koropsri 3amaéres momMar-
puneit A. B monax sroro rpada cooTBeTCTBEHHO * U N — Yy BepiuuH. Ecan
BCE €JIMHUIIBI U3 KAKUX-THO0 k CTPOK MaTpuiibl A MOKPHIBAIOTCS MEHBITUM
YUCJIOM CTOJOIOB, TO 3TH kK CTPOK MOYKHO 3aMEHUTH YKA3AHHBIMU CTOJIO-
IAMHU ¥ TIOJYYUTh MEHbIIee, 9eM § = T + Y, YUCJI0 JUHU, TOKPBIBAIOIINX
€JIMHUIIBI MATPUIIBI, YTO MPUBOIUT HAC K MPOTUBOPEUHUIO C TIPEIIIOJIOKE-
HUEeM O MUHHMAJIBHOCTH 4nciaa S. Takum obpazom, mobbie k BepIIMH U3
monm V{ cMEKHBI B COBOKYITHOCTH HE MEHee 4ueM ¢ k BepmuHamu aoam Vy
— BBINOJTHEHBI yc10Bus TeopeMbl Xosa! Crano 6biTh, B rpade G'(V/, Vy)
CYIIECTBYET COBepIeHHoe napocoueranue us V{ B V3, To ecrb B mogmar-
puiie A ecTh & HE3aBUCUMBIX €IVHUIIL.

Anamornynoe paccyxaenune, npuMenénnoe K nogmarpuie C' 1oKa3bi-
Baetr, 9T0 C' COMEPXKUT Y HE3ABUCHMBIX €J[HHHUII.

O6benuausB He3apucumble eguauibl u3 A u C, noaydum & + Yy He3a-
BUCHUMBIX €IMHUI. JHAUUT, MAKCUMAJIBHOE YUCJIO HE3ABUCUMBIX €HHMUIL T°
He MeHbIne yucaa s = x + y. C aApyroif CTOPOHBI, 1 HE3ABUCHMBIX €JIMHHIIT
HEJIb3s1 OKPBITH MEHEe YeM T JIMHUSAMU (TaK KaK KaXKJas JUHUs TOKPbI-
Baer He Gojiee O/[HOM HE3ABUCUMOIl eJIMHMIIbI), TO €CTh T He GoJblle § —
MHUHUMAJIBHOTO YUCJIa MOKpbIBatomux jguuuit. Urak, r = 5.0

TepMuHoJIoTHYecKoe 3aMedanme. Hanbombimee 9nCI0 HE3aBUCH-
MBIX €IMHHII JBOMYHON MATPHUILI HA3BIBAIOT €€ CJOBAPHBIM PAHIOM.

3. Teopema /IlunBopra

Cuavana BBengM (M HATIOMHUM ) HEKOTOPBIE ONpeesieHnst U 0603Ha~
venusi. [lycrh Ha HEKOTOPOM KOHEYHOM MHOKeCTBEe A BBEIEHO OTHOIITE-
HUE Nopsi/IKa <, T.e. OTHOIIeHNE, 0DIIAI0NIee CBONCTBAMN TPaH3UTHAB-
HOCTH (COCTOSIIEE B TOM, Y4TO €CJIU JJid DJIEMEHTOB a,b U ¢ MHOXKeCTBa
A BoimosagoTcd yesosud ¢ < bu b < ¢, 10 a < ¢) ¥ aHTHCUMMeTPHY-
HocTH (eciu ¢ < bu b < a, 10 a = b; APyrUMuU CJI0BAMH, HE CYLIECTBYeT
JIBYX Pa3JIMYHBIX 9JIEMEHTOR @ U b, 1JI5 KOTOPHIX OJIHOBPEMEHHO BHITIOJTHSI-
10TCst yeioBust a@ < b u b < a). Bcem u3BeCTHbIMEU NpUMepaMU OTHOIIEH U
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MOPSIKA SABISIOTCA OTHOIEHUS <, <, >, >, 3aJaHHble Ha, JIIOOOM TIOIMHO-
JKEeCTBEe YUCIOBOM MPSIMOi, U OTHOMIEHUE AeJUMOCTH Ha MHOMKEeCTBEe HaTy-
paibHBIX uyrcesl. MHOMXKeCTBO BMeCTe ¢ BBEJASHHBLIM Ha HEM OTHOLIEHHUEM
LOP&/IKa HA3blBAIOT yIOPSA0IeHHBIM.

TToaMHOKECTRO YIOPAIOTEHHOTO MHOMKECTBA HA3BIBAIOT IENbIO, €C-
U B HEM JOOBIE JIBA SJIEMEHTA CPABHUMBI IO JAHHOMY OTHONICHUIO, 1
AHTHIEIbIO, €CJIM HUKAKAE JIBA, PA3JIAYHBLIC SJIEMEHTa 3TOTO MOAMHOMKE-
CTBa He CPaBHUMBLI IO JAHHOMY OTHONIeHuIo. Hanpumep, B MHOMKeCTBE
{2,3,6,7,55}, ymopsii0ueHHOM OTHOIIEHNEM JEITMMOCTH, eCTh terw {2, 6},
{3,6} u aurunenu {2,3,7,55}, {6,7,55}. OnHO3JIEMEHTHOE MHO2KECTBO —
OZHOBPEMEHHO W II€Mb, U AHTHIENb. TUCI0 3JIEMEHTOB 1Ienu (AHTUIIETIN )
OymeM Ha3bIBATH €€ JIJTMHOM.

OdeByaHO, ITO JIOOAS [EMH MEPECEKACTCs ¢ 000 aHTUIIECNHIO He 60-
Jlee 4eM 1o ofgHoMy 3ieMenTy. OTcroia cieiyeT, UTo eC/id B yIOpsI0ueH-
HOM MHOXecTBe A MMeercss aHTHMIeNb JIJIMHBL M, TO YUCJIO lemneii, mo-
KpbiBaoImux A (r.e. ux obbeaunenue ecrb A), He MOXKeT ObITh MeHbIIe
m.

TakuM 00PA3OM, HAUMEHBULEE KOAUNECTNEO Uenell, nokpueaouur A,
He menbule nauboavwel daunst anmuyenu. Kak moKaselBaeT Caemyromast
TeopeMa, Ha CaMOM Jelle BCerja MMeeT MeCTO PaBeHCTBO YIOMSIHYTBIX
BEJTHYUH.

Teopema 4. (P. Juasopt, 1950 r.) Munumarvroe wucao nenepe-
cexarouurca yenet, NOKPueaoUULT YnopadoweHnoe MHONCECTBO0, PAEHO
MAKCUMAALHOT JAUHE AHMULEN.

HokazarenbcTBo. O003HAYNM HANMEHBITEE KOJUYECTBO TTOKPBHIBA-
ornmx 1nemneil gepe3 X, a HauOOIBINYIO JJIMHY AHTHUIENHA 4Yepe3 Y. Yike
ycranoBaeHo, aro X > Y. IlokaxkeMm, 9TO mMeeT MECTO W HEPABEHCTBO
X<Y.

IIycte A = {a1,as2,...,a,} — yIOPSAJOUEHHOE MHOXKECTBO C OTHO-
mweauneM <. ITocrpoum apyuponbsbiit rpad G = (Vi U Vo, E), tae Vi =
{Sﬂl,iCQ,...,iL’n}, Vv2 = {ylvaa"'ayn} u ;Y ElF — (ai < ajai # ])
B sTom rpade BepruHbI x; W y; TPEICTABISIOT IJEMEHT G; WCXOIHOTO
MHOXKeCTBa, & HaIm4Ine pebpa x;y; CBUAETENbCTBYeT O TOM, 9UTO i-if n j-ii
9JIeMEHTBI MHOYXKecTBa A HaxomsaTcsa B 3aJaHHOM OTHOIeHWH. Takum 06-
pasoM, nocrpoennsiii rpad naér rpadpudeckoe npejcrapienue (Ha TO OH
u rpad!) ynopamo9enHoro MHOKECTBA.

BosbMmém maubosbinee (10 MOIIHOCTH) TAPOCOYETAHUE B 3TOM rpade.
[IycThb ero momHOCTE paBHA k. DTO MAPOCOUETAHNE MOPOKIAET M = N —k
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Tereif, TOKphIBaONMX MHOXKeCTBO A. [Tokaykem, kak ux noayunth. CHa-
JaJjia MMeeM 7. OJHO3JIEMEHTHBIX Lieleil, COOTBETCTBYOINX 1 3JIeMEHTAM
A. Kaxxaoe pebpo mapocodYeTaHust M03BOJIAeT OObEIUHNUTD JB€E HElH B Ofl-
Hy (Haupumep, pebpo x;y; OObEIUHAET LelH ... — a; G — ... B Ielb
... = a; > a; — ...). B urore u noayuunM m 1emnefl, KOTOpbIe He Iepece-
KAIOTCsT U TIOKPBIBAIOT MHOXKECTBO A. OTCIONA CIEIYET, UYTO HOUMEHLULEE
KOAUNECTNEO NOKPHLLEaowux yeneti X ne 6oavue m.

Teneps paccMOTpPUM KaKOe-THOO0 MUHUMAJIBHOE BEPIIUHHOE MOKPBITHE
rpada

T = {xilaxiza'"7'r117\7yj17yj27"'7y”5}'

TTokazkem, 9TO MHAEKCHI BCEX BEPIINH B YKA3AHHOM MHOXKECTBE PA3IMIHbI,
TO ecThb Vt,l iy # j;. Beném paccyxkaenue oT mpotuBHOTO. [Ipeamomoxkum,
9TO I KAKUX-TO t U | uMeeT MecTo paBeHCTBO iy = j; = h. CymecrByer
pebpo BUIA ThY., THE
Ye ¢ T, Tak KakK B IPOTUBHOM ciydae mHokecrBo 1 \ {zp} Taxxke saB-
JISIETCS BEPITUHHBIM TOKPBITHEM, 9TO MPOTUBOPEYUT MUHUMATBHOCTH 1.
Ananorngno, cymecTByer U pebpo BUMA TqYp JJIsT HEKOTOPOH BEPIIHHBI
xq ¢ T. Hua ykasauubix ¢ u d umeem h < ¢ u d < h, orkyga B cuiy
TPAH3UTUBHOCTH d < €. 3HAYWT, B rpade ecTb pebpo X Y., COSAMHSIIONEE
BEPIMUHBI, He IpuHaaIexkanue MHoxkecTtBy 1. Ho torma T me aBasercs
BEPIITUHHBIM MMOKPBITHEM — TPOTHBOpEYHe!

Takum 006pa30oM, BEPITUHBI MHOXKECTBA, 1 MPEICTABJSIOT B TOYHOCTH
7 + S JIEMEHTOB MHOYKeCTBa, A.

Benrepckag Teopema, HAIIOMHHM, TOBOPUT O TOM, YTO HAHUOOJIBIIA
MOIIHOCTDH IIapPOCOYETaHUA DPaBHA MUHHAMAaJIBHOHI MOITHOCTHW BEPHIIMHHOI'O
[TOKPBITHUS; B HAIINX O0O3HAYEHUSX IMOAydaeM k = 1+ S. 3aMeTHM Telepb,
YTO 3JIEMEHTHhI, HEe IIpEeACTaBJI€HHbIE B MHOXKECTBE 1—’7 IIOIIapHO HEeCPAaBHU-
MBI, T.€. 00Pa3yI0T AHTUIIEIb, & YUCI0 TAKUX IJTEMEHTOB PABHO

n—(r+s)=n—-k=m.

W3 cymecTBOBaHUsS AHTHUIENM MOIIHOCTH 70 BBITEKAET, 9TO MaKCU-
MAABHAA OAURG GHMUYENU Y HE MEeHbUWe M.

Urak, X < m < Y. Benomunas, aro X > Y, OKOHYATETHHO UMEEM:
X=m=Y.0O

Sameuanne. Jloka3aresbCTBO TEOPEMBL JAET AJICOPUTM HAXOXKIEHUS
MHHHMAJILHOTO IEITHOTO MOKPBITHS, OCHOBAHHBINA Ha BLIICICHUNA HANOOIh-
IIEr0 MAPOCOYETAHUsT B COOTBETCTBYIOIMIEM JIBYIOJbHOM Tpade.
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Teopema, nBoiictBenHasa kK Teopeme JImasopra

Ecnu B dopmymuposke Teopembr nnBopra 3aMeHUTH CI0BO “tienn’” HA
“aHTHAIENN’, & aHTUIIENH HA “IeNb’, TO MOJYIUM TaKzKe BEPHOE YTBEp-
KJIEHHE, KOTOPOE JIOKA3BIBAETCSI OYE€HDb ITPOCTO.

TeopeMma 5. MunumasvbHoe “UCAO HENEPECERAOUWUICA GHMUUENET,
NOKPLBAIOUUL  YNOPAJOUEHHOE MHOHCECTNEO A, pPasHO MAKCUMAALHOT
daune yenu.

JokazsaresabcTBo. IlycTh m — MakcuMmanbHas JJnHA nend, a P —
menb aauabl m. Tak kKak Jjobad aHTHIlENb uMeeT ¢ nenbio P He Oosee
OJHOTO OOIIEro 5JIeMEHTa, MCXOAHOE MHOXKECTBO A NMOKPBIBAET HE MEHEE
m antuneneii. O6o3nadnm yepes [(a) HaMGONBUIYIO JIMHY IIEIN, HAYHHA-
IOIIEHCs ¢ 9J1eMeHTa a (TO eCThb JEMEHT ¢ MPEIIIECTBYET BCEM APYIUM
sseMeHTaM AaHHON nenu). Ouernano, eciu a < b, 10 [(a) > I(b). Taknum
o6pazom, smeMenTel ¢ u b, nns xoropeix [(a) = I(b), He cpaBHWMBI, a
MHOXKECTBO

Ai={all(a)=1i}

ABAseTCs: aHTUIEenbio. OCTaaoch 3aMEeTHTD, YTO B HAIUX TPEIIOT0KEHT-
Ax GyHKIM | Ha 3/leMeHTax MHOXKecTBa P nmprHuMaeT Bce 3HadeHus OT 1
10 m, U m — HaubosbInee 3nadeHne QyHKImY [ SHAYNT, ©MeeM M Hermepe-
cekaomuxca agTuneneii Ai, Ao, ..., A,,, TOKPBIBAIOIINX YIOPAI0OICHHOE
MHOXKecTBO A. O

W3 mokazaHHON TeOpeMbl BBITEKAET CJETYIONINIT HHTepEeCHbIH (hakT.

Teopema 6. Fcau ynopadouennoe muoscecmeo A codepoicum we me-
nee (p— 1)(qg — 1) + 1 saemenmos, mo 6 ném cywecmeyem uens autb
HE MEHEE D UAU GHINUUETL JAUHDL He MEHEE (.

Joka3zareabcTBo. Ecan B MHOXKeCTBE A HET LENH AJIMHBL P, TO €CTh
MaKCUMAaJIbHAs JIJIMHA [N HE TTPEBOCXOIUT P — 1, TO, COTIACHO TIPEIBLITY-
meit TeopeMe, HaliaéTca He Oojee p — 1 aHTHIENeH, TOKPHIBAIOIINX MHO-
xectBo A. Ecin Obl Kaxk1asl U3 HUX colepzKaJia He 6osee ¢ — 1 3JIeMeHTOB,
TO B nx 00beauHernn Gbuto Obl He Gomee (p—1)(g—1) smemenToB, n OHM HE
mokpbiBasin 661 MHOKECTBO A. CTaso 6bITh, IJINHA HEKOTOPOW AHTHIETH
He MeHbIIe 9ucia q. U

3ameuanune. Teopema 6 JIerKO BBIBOAUTCS U U3 camoii Teopembr -
BOPTA, HO, KAK YK€ 3aMETUJI YUTATENb, OHA JOKA3BIBAETCI HE CTOJb MPO-
CTO, KaK ABOHCTBEHHAA TEOPEMA.

B nocmeayrommux naparpadax JaHHON TJIaBBI MBI PACCMOTPUM HEKOTO-
PbIe MPUJIOKEHUST MUHUMAKCHBIX TEOPEM.
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4. CoBepIiieHHbIE TTAPOCOYETAHUS
B PeryJgpHBbIX JABYJIOJbHBIX Tpadax

C momotpio TeopeMbl XOJIa MOJYyIUM PE3YIBTATHI, CBA3aHHBIE C Te-
Moit maparpada.

Teopema 7. B wwobom wmenycmom pezyssprom deydoavrom epage
G(V1,Va) cywecmeyem cosepuentoe napocouemanue.

JokazarenbcTBo. [lycTh crenenb Kaxmoil BEpIMUHBI rpada paBHA
q > 0. BosbMém mpousBoabHBIE k BepIIMH HepBOH 104U by, bo, ..., by u
CMEXKHBIE ¢ HUIMH BEPIIUHBI (1, §2, - - - , §] BTOPOil JOJH W PACCMOTPUM II0-
POXKIEHHDIH 3TUME k + | BeprmmHaMu moarpad ncxomgmaoro rpada. B mo-
Jly4eHHOM rpadpe creneHb J000# BEPIIMHBL U3 IEPBOI 101 PABHA ¢, & U3
BTOpOii — He Gosbie ¢. Uncmo pébep ABYAOIBLHOTO rpada PaBHO CyMMe
crerneHeil BepimuH 000 u3 ero noseit. Ilosromy

k l

> b)) =ka = plg;) <lg,

i=1 j=1

orkyna | > k. Takum oOpa3oM, BBITOJHEHBI YCIOBHS TEOPEMbI XOJIIa O
CYIECTBOBAHWUY B ABYJIOJBLHOM I'pade COBEPIIEHHOTO mapocoderanusd. O

CaeacrBue. J10601 nenycmot peeyssproiti 06Y00svHoili epad pacna-
QUEMCA HA COBEPULEHHBLE NAPOCOMEMAHUSL.

dokazaTeabcTBo. Ilonb3ysach Teopemoii, OymeM MOCTEI0BATEIHHO
OJIHO 33 IPYTHM BBIIEIATH B rpade HemepeceKarolnecs: mapoCOUeTaHusI.
O

5. /JIBaxKJbl cTOXacTUYECKNE MAaTPUIIbI

YucaoBag MaTPHUIIA HA3BIBAETCS ABAXKABI CTOXacTHUUYeCKOl, ecm eé
3JIEMEHTBI HEOTPHUIATEIbHBI, U B KAXKI0H CTPOKE W KaXKIOM CTOJIOIE CyM-
Ma 3JIeMEHTOB PAaBHA eIUHUIIE.

CymMMa BCex 9JIEMEHTOB TAKOM MAaTPHUIIBL PABHA, C OTHON CTOPOHBI, UHC-
JIy €€ CTPOK, &, C JAPYTrOil CTOPOHBI, YUCAY CTOJONOB. 3HAYUT, ABAXKJIBI
CTOXaCTHYIECKad MaTpPHIlA ABJIAETCA KBa,ZI;paTHOfI.

IloacTarmoBodYHag MaTpPHUIIA COCTOUT TOJIbKO W3 HYyJAeH W eIWHHIIL,
nIpudéM B KaXKIOil CTPOKE M KaxK/IOM CTOJOIE COJAEP!KUTCS POBHO OJIHA,
€IIUHUITA. HCHO, YTO IMOACTAHOBOYHAA MAaTPHIIA ABJIACTCA ABAXKIbI CTOXA-
CTUY€ECKOM.
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ITogcTaHOBOYHBIM MHOXKECTBOM MATPUIIBI HA3BIBACTCS MHOMKE-
CTBO €€ 3JIEMEHTOB, COAEPzKAalllee 10 OJHOMY JIEMEHTY W3 KaXKIOl CTPOKU
A KazKJIOro CToJIOIa.

Teopema 8. Bcakas dsasicdo cmoracmuneckas mampuya A = (a;;)
UMEEM, NOICTAHOBOVHOE MHOHCECTNEO, COCTMOAULEE U3 HEHYACEDLT INEMEH-
moe.

HokazareabcrBo. [lycrts marpuna A umeer pasmep n X n. MusHu-
MaJIbHOE YHCJIO JINHUN, COMEpKAINX BCe HEHYJIEBBIE JIEMEHTHI MATPUIIBI
A, paBHO M, IOCKOJILKY CyMMa 9JIEMEHTOB BCEl MaTPUIIhl DABHA N, & Ka¥K-
no#t uaun — 1. Paccmorpum marpuity B, KOTOpasi O/IyYaercs U3 MaTpu-
bl A 3aMeHOl HEeHYJIEBbIX 3JIEMEHTOB HA €IMHUIBI. MUHUMATBHOE TUCITO
MOKPBIBAIOIIUX JUHUI MATPUIEI B — Takoe ke, Kak U IJjid MaTpuibl A,
TO ecTh N. Ilo BeHrepckoii Teopeme B marpuiie B ecTh N HE3aBUCHMBIX
eIVHUIL. DTU eIUHUIILI 33JIAI0T TTOJCTAHOBOYHOE MHOKECTBO MATPHUITLI A.
O

OueBUIHO, YTO TOACTAHOBOYHOE MHOYXKECTBO CYIIECTBYET W JJId MaT-
PHIBI U3 HEOTPUIIATETBHBIX 3JIEMEHTOB C OJUHAKOBBIMY CYyMMAaMHU IO CTPO-
KaM U CTOJI0LaM.

Teopema 9. (I'. Bupkrody, 1946 r.) Besakxasa deasicdo, cmozacmu-
YecKas Mampuye npedecmasumae 6 6ude unYkA0l KomMOURAUUYU TNOO-
CMAHOBOUHBLT MANPUY,.

HokaszaTeabcTBo. Ilycts P; — momcraHoBOYHAS MATPHUIA, HOPOXK-
MEHHAS MOACTAHOBOYHBIM MHOXKECTBOM M| M3 HEHYJIEBBIX IJIEMEHTOB IBa~
JKJIBI CTOXACTHIECKON MATpUIb A, a YUCIO ¢; — HAUMEHBIHH 3JIEMEHT B
M. Torma marpuria A — ¢1P) COCTOUT W3 HEOTPHUIATETbHBIX 3JIEMEHTOB
U MMEET ONMHAKOBBIE CyMMBI TI0 CTPOKAM W CTOJDIAM, W B Hell HeHyJe-
BBIX JIEMEHTOB MEHbBIIE, YeM y MCXOMHON Mmarpuiibl. IloBTOpsas maHHOE
npeobpa3oBaHye, 9epe3 KOHETHOe THUCIIO MATOB TMPUXOAUM K PABEHCTBY

A=c1P+coPy+ ...+ cip P, (*)

rae ¢; > 0 u P; — moacTaHoBOYHASA MaTpHUIA JTa KaxKaoro 4. [Iycrs mar-
puria A umeer pasmep n X n. Tak Kak cyMMa BCeX 3JIEMEHTOB Kaxkaol u3
marpui, A, P, Py, ..., P, paBua n, u3z (%) caenyer: ¢1 +cg + ...+ ¢ = L.
Takum ob6pa3oM, HalieHHAs JHHEHHAS KOMOMHAINS ABJISIETCS BBITYKJIIOM.
O

3amevanne 1. /loka3zaresmbCTBO TEOPEMbI HOCUT KOHCTPYKTUBHBIHN Xa-
pakTep. OUuCaHHBIA TPOIECC TONYUeHUsT PA3IOKeHNs (*) HA3BIBAIOT AJl-
ropurmom Bupkrodra. [TocKoabKY KaxK bl mar 3Toro ajiropuTMa, 1aéTt
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TpebyeMoe 3HAUEHNE 110 MEHBINEH Mepe OJHOMY 3JIEMEHTY MaTpHuilbl A, a
MMOCJIEHUM TIar — cpa3y 7N JIEMEHTaM MaTPHIIbI, OJIYy4aeM HEPABEHCTBO
kE<n?—n+1, rge k — 4nCI0 MOICTAHOBOYHBIX MATPHI], I€pPe3 KOTOPBIE
JINHEHHO BBIPAXKAETCA ABAXKIBL cToXacTudeckaa marpuna A. specrna n
Gostee TouHas omeHka: k < n? — 2n + 2.

3amevanwue 2. [IpencraBum KaxKayo0 IBAXKIBL CTOXACTAIECKYIO MAT-
pUILy pa3Mepa 1 X 1 TOUKOii B n2-MepHOM IpocTpancTse. [eomerpuyeckuii
CMBIC/T TeopeMbl Bupkroda caeayioniuii: MHOIOTPAHHUK IBAXKIbI CTOXaA-
CTHYIECKHUX MaTPHUI UMEET CBOMMH BEPHIMHAMHK ITOACTAHOBOYHLIEC MaTpPH-
IIBI.

6. JlaTuHckue MPAMOYTOJbHUKNI

Marpuiia pa3mepa m X n Ha3bIBAETCH JIATUHCKUM IIPAMOYTOJIbHU-
KOM, €CJTV 3JIEMEHTHI KayKJ0# CTPOKM TON MaTPUIlLI 00Pa3yIoT TMepecTa-
HOBKY 4mces OT 1 10 n, ¥ B KAXKJIOM CTOJIONE BCE YMCJIa PA3HbBIE.

OueBHUIHO, YTO B CUJIY ONPEIEIEHNS YUCTIO CTPOK JIATUHCKOTO TTPSMO-
YTOIBHHUKA M HE MPEBOCXOIUT UHUCJIa €ro CToaoIoB n. B ciydae m = n,
KaK JIETKO JOT3AThCH, JIATHHCKUI MPSMOYTOJbHUK HA3BIBAIOT JIATWH-
CKUM KBaJgpaToM.

Hampumep, MaTpuirs

e
= Ot N
T W
W N =~
DN = Ot
=
TN > W
I AN V)
N = O s W
= Ot W N
W B N = Ot

MIPEICTABIIAIOT CODOM JTATUHCKUN MPSIMOYTOJIBHUK pa3MepoM 3 X 5 u Jjia-
TUHCKHUY KBajapar 5 X 5. B 3roM mpuMepe KBaapaT MOMydaeTcss U3 mps-
MOYTOJbHUKA MPHUIMCHIBAHUEM JBYX CTPOK. BozHukaer Bompoc: ecezda au
AGMUHCKUT NPAMOY20AbHUK T X N, 2de m < n, Mmoocho donoanums do
AAMUHCKOZ0 KEAOPATG 1 X N, NPUNUCHBAHUEM HO8bT N —m cmpor? Oxa-
3piBaeTcd, gcezda! Jdokaxkem stor dakr.

IMocrpoum asynoabubiil rpad G(Vi, V), B koropom Vi ecTh MHOXKe-
CTBO CTOJOIOB JIATHHCKOTO MPAMOYTONBHUKA pas3mepa m X n, Vo =
{1,2,...,n}, a Bepummnsr i € Vi w j € V5 coenuuensr peGpoM TOTIA W
TOJIBKO TOT/IA, KOT/A B i-M CTOJIOIE MPSMOYTOJBHUKA HET YHUCIIA j.

Hampuwmep, B ciyuae TpsaMOyTOIBHUKA U3 PACCMOTPEHHOTO TIPUMEDA,
nmMeeM rpad, n300paKEHHBII HA pHC. 7.
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1 2 3 4 5
Puc. 7

ScHo, 9ro crenens 000 BepiuHbl U3 A0au V; pasua n — m. C apyroii
CTOPOHBI, JIOO0E YUCIO j BCTPEYAETCH B 1M CTPOKAX HMCXOJHOIO JIATHUH-
CKOTO TIPSIMOYTOJIBHUKA 1M Pa3, 3HAUNUT, OHO MOSIBJISETCS B 1M CTOJOIAX U
orcyTcTByeT B n — m crosbmax. OTcioa ciaeayer, YTO U CTeleHb Joboi
BEpIIUHBI 13 Vo TaKk>Ke paBHA N — M.

Takum obpazom, asynomnbhbiii rpad G(Vi,V,) aBisgercs wenycrbiM u
perynapabiM. Kak HaM y»Ke M3BECTHO, TaKOH rpad PacmagaeTcs Ha CO-
BepIIEHHbIE apocodeTanus. Kax10e cOBepuIieHHOe TapOCOIeTaHue 3a/1a-
éT OHY W3 HOBBIX CTPOK JIATHHCKOTO KBajapara. O

B paccMoTpeHHOM BBINIE TTpUMEpPE MEPEXOY OT MPSAMOYTOJBHUKA, K
KBaJIpaTy COOTBETCTBYET BBIJIENEHUE B ABYIOJbHOM rpade COBEPIICHHBIX
napocoueranmit: {12,23,31,45,54} n {15, 24,32, 41,53}.

B zakuirouenue, orMeTUM, YTO JATHHCKUI NPAMOYTOJIbHUK M X 1 (1pu
m < n) cymecrByer. JIeficTBUTENBHO, CHAYAIA 3AMOJHUM TPOU3BOIBLHO
MEPBYIO CTPOKY, 3aTE€M JOTOJHUM IPSAMOYTOJBHUK 1 X M 10 KBaapara, u,
HAKOHEII, BRIYEPKHEM JTIOOBIE 1 — M CTPOK.

7. Pébepuag packpacka rpadon

Pébepuo-xpoMaTuidecKoe IMUCITIO rpada — 3TO HAUMEHBITee TUCTIO
[[BETOB, KOTOPBIMU MOXKHO PACKPACUTH ero pébpa Tak, 9To0bl CMEKHBIE
péOpa OBLIM PA3HOTO IBETA. Y KA3AHHYI0 PACKPACKY Oy/IeM HA3bIBATH Mpa-
BuutbHOI. O603Haua0T pébepHo-xpoMaTndeckoe ducyao rpada G gepes
Xe(G) (ocrapusis obosnauenne X(G) mis XpOMaTudecKoro IHCjIa Ipa-
da — HAUMEHBINEr0 YHUCIa BETOB g PacKpackw BepinuH rpada, mpu
KOTODO# CMeXKHbIe BePIIUHBI UMEIOT PA3HBIN LBET).

[Tockonbky pébpa OTHOTO I[BETa TPU MPABUILHON PACKPACKE TIOMapPHO
He CMEXKHbBI, OHM COCTaBISAIOT apocoderanue. Takum obpasom, x.(G) —
9TO HAMMEHbIIee HYNCJIO MapOCoYeTaHuil, Ha KOTOpbIE PACIaIaeTCs MHO-
2KecTBO pédep rpada G.

O6o3naanm 4epes A(G) mHamboabIIyI0 cTeneHb BeprmHbl rpada G.
Bce pébpa, unrunenTHbe PUKCHPOBAHHON BepinHe rpada, MPY IPABUIb-
HOI pacKkpacke JOJMKHBI NMeTh pasHblii 1per. [loaromy x.(G) = A(G).
Heoxunanubiii paxkt obHapyxun coperckuit maremaruk B.I. Buzunr:
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Teopema 10. (B.I. Busunr, 1964 r.) Ecau 6 epae G nem
nemeav, mo

A(G) < xe(G) < A(G) + 1.

BerancinM pébepHO-XpoMaTHIeCKHEe YUCIa HEKOTOPBIX CTAHIAPTHBIX
rpacoB.
Jlerko BuzgeTh, 9TO [iis nuKIndeckoro rpada C), mpu n > 2 uMeem:

e(Cr) = 2, ecaun “IeTI:IO;
3, ecau n HEYETHO.

B cayuae xoneca W, ¢ n > 4 sepruunamu x.(W,) =n — 1.
Bonee cmoKHO MpOBEPSAIOTCS COOTHOIEHHUs s ToaHoro rpada K, ¢
n = 2 BepIIuHAMU:

n—1, ecau n 9€THO;

Xe(Kn) = { n. ecJd N HEeYETHO.

)

Ecmu xe(K,) = A(G) = n — 1, 10 kaxgaa sepruna rpada WHIM-
JeHTHa pebpy (1 mpuToM omHOMY) Kaxkaoro msera. OTCIoIa CIeyer, 9To
KOJIMYIECTBO PEDEP OHOTO IIBETa BIBOE MEHBIIE O0IIEero Iucjia BEPIIuH N,
KOTOPOe, CTAJI0 OBITh, 9ETHO. 3HAUAT, npu HeUETHOM N X (K,) >n —1
U, B cuiIy Teopembl Busumra, x.(K,) = n. [IpuBeaém, Tem He MeHEe,

IIpumep mpaBuJIbHOII pacKpacKu pébep K, mpu He4ETHOM n.
Nzobpasum K, mpaBUabHBIM N-yTOJBHUKOM C IUATOHAISMU. Bbibepem
JIS KaXKJI0U €ro CTOPOHBI cBO# 1BeT. Jliobas muaronans Oyaer mapaJ-
JIEJIbHA, KAKOM-TO CTOPOHE, B IIBET 9TON CTOPOHBI U BHIKPACUM JUATOHAJID.
[TockombKy cMexkHBbIE OTPE3KU (CTOPOHBI M JAUATOHAJN) HE NAPAJIE]bHbI,
[IOJIyYEeHHAs pacKpacka OyJer IpaBUJIbHOM.

B ciyuae 4€THOTO N IPaBUIBHYIO PACKPACKY B n— 1 IIBETOB MOXKHO TIO-
JIy9uTh cyreayronmM obpasom. CHaYaAIa PACKPACKM MPABUIBHBIM 00Da30M
monrpad K, _1. Bepmuny, ve Bomemiyio B qanHbId moarpad, 0003HaUM
v. g Kaxao0i BepImuHbl v moarpada OymeMm uMeTh n — 2 HHITHIEHTHBIX
péGep, IOKPAIIEHHBIX BO BCE IBETA, KPOME [[BETA [IPOTUBOILOJIOXKHON (B
n — 1-yrompHuKe) cTOpoHbIL. VCIOMb3yeM STOT IBET sl TOKPACKH peb-
pa wv. B pesyabrare mobbie mBa cMexxHBIX pebpa rpada OyayT pasHoro
1BeTa.

ObpaTuMcst Teneps K PEryysipHOMY ABYIOIBHOMY TPady K, p.

Bes norepu obimaocTr npeamnonokuM, uro m < n. CocraBuM JIaTHH-
ckuil npsamoyroasuuk A = (a;;) pazmepa m X n u GyAeM CIUTaTh, ITO Gjj
0003HAYAET 1BET pedpa, COSTUHSIIONIETO i-10 BEPIINHLI MEePBOH JOJMN C j-
it BepmmHOM BTOPO# monu. [Ipu 3TOM TOTYy9IUTCS TpaBUIbHAS PACKPACKa
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Ky, B 1 useroB. IIockonbky Xe(Km.n) 2 A(Kp,n) = n, genaeM BBIBO:
Xe(Km,n) =n.

B obmem ciaygae, Xe(Km.n) = max(m,n). IT0T pe3ynabTaT MOXKHO
CYIIECTBEHHO YCHINTD.

Teopema 11. ITycmos G — deydoavumti epad. Tozda x.(G) = A(G).

Hokazarenbcrso. [Tonoxum k = A(G). Iockonbky X.(G) = k, go-
CTATOYHO yKa3aTh CITOcod MpaBuiIhbHON packpackn rpada G B k 1BeToB.

[Mokaxkewm, kak paciuputs rpad G 10 perysisipHOro JABYI0JIbHOIO Ipa-
¢a, B KOTOPOM CTENEHU BCEX BEPIIUH PDABHBL K.

Paccvorpum musbioHKTHOE 0ObLenuHenne k sk3eMmasipos rpada G,
CUUTAas TIPU 3TOM, UTO TIEPBBIE JOJU YKA3AHHBIX TpapoB 00bEIUHSIOTCS B
MEepPBYIO TOJII0 HOBOTO Tpada, & BTOPbIe 0JU — BO BTOpy1o. Bo3bMém mpo-
M3BOJILHYIO BEPIMWHY % MEPBOH J0JIM UCXOTHOTO Tpada, CTeneHb KOTOPOi
menbme k. Beemém Bo BTOpy® momro crposmmerocs rpada k — p(u) mHo-
BbIX BEPILKH, COSAMHUB KaXKAYI0 U3 HUX O BceMu k "KyioHaMu” BEpPILKUHbI
u. Temepb cTerneHb KJIOHOB U cTaHeT paBHON k. HoBble BepITUHBI TakKe
UMEIOT 3Ty CTEIEeHb. 3aTeM AaHAJOTHYIHO TOCTYIUM ¢ BEPITHHAMU BTOPOH
JIOJIH, CTENIeHb KOTOPBIX MeHbIne k. B pe3yabrare momydauTcs peryasspHbIii
nBynoabHbI rpad GY, umeronuii noarpadom ucxonuwiii rpad G.

Pesynwrarnl §4 nokasoisaior, uro rpad G’ pacnagaerca nHa k
COBepIeHHBIX mapocoderannit. [IokpacuB pébpa KazKI0ro mapocO9eTanus
B CROii IIBET, TIOJIYYMM TIPABWILHYIO packpacky rpada G, a 3aomHo u
rpada G. O

BakmoUnTenBEHBIe Taparpadbl JAHHON TIABBI MOCBAIIEHB AJTOPUT-
MaM PEIIeHHsT PA3IUIHBIX 33184, CBA3AHHLIX C MAPOCOYCTAHUSIMHE.

8. Teopema Bépxka

Iycrs M — uapocoueranue B rpacde G (ne 0643aTe/IbHO JABYI0BHOM ).
Pébpa, Bxomgamme B M, Ha30BEM YEPHBIMH, a OCTAJBHBIE PEOpa rpada —
Genbivu. [Ipocras nenb — 4depeaytomasca (orHocuresabHo M), ecin
so0bIe TBa, COCeHMX pedpa B 3TOH Ienu pPa3HOro mnpera. BepruHy, mo-
KDBIBAEMYIO0 HEKOTOPbIM pebpom u3 M, Ha30BEM HaCHIEHHON (OTHO-
curenabHO M ); B IPOTUBHOM CJly4ae BepIIMHA — HeHACBHIIeHHas (uiu
cBobognasg) (orHOcuTenbHO M).

Eciu B rpade numeercs: 4epeiyomasics nelb, COeJUHAONAs 1Be HeHA-
CBINIEHHBIE BEPIIUHBI, TO JIEMKO TOJYYHTH HOBOE MAPOCOUYETAHUE, B KO-
TOPOM Ha OIHO pebpo Gosbine, deM B M: JOCTATOYHO TTOMEHSTDL IIBETa,
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pébep ykazauuoi menu. [losToMy Takyro 1enb HA3BIBAIOT yBEJIAYIABAO-
mieit oraocuresibHO M, win M-ypesmmunBaromieil. O4eBUIHO Tenepsb,
9TO OTHOCHUTENBHO HAMOOJBIIErO MAPOCOYETAHUS YBEIUIUBAIOIIEH Ienn
He cymecrByer. OKa3blBAETCsI, BEPHO U 0OPATHOE.

Teopema 12. (K. B&px, 1957 r.) Ilapocouemanue M 6 zpage G
ABAACNCA HAUBOALWUM MO020a U MOAbKO mozda, kKozda 6 G ne cyue-
cmeyem yeeaunusaowet omuocumenvino M yenu.

JokazarenabcTBo. Heobrodumocmsb yike nokazana. Yoemumces B 0o-
CMAMOYHOCTNU.

Ilycts napocoueranue M He [ONycKaeT yBeJNIUBAIONIEH OTHOCUTEb-
Ho cebs nenu, a M’ — HekoTopoe HauGosbllee napocoderanue. PaccMor-
puM noarpad rpada G, 0dpasoBaHHbIA pEOpaMu U3 CUMMETPUYECKON pas-
moctu M @& M'. B BéM cTemeHb KaxKJI0il BEPIIMHBI HE IIPEBOCXONHT 2, B
CHJIy Hero 3ToT noarpad pacnajaercs Ha IMUKJLL 1 IpocThie menu. [lo-
CKOJIbKY B IHKJe pébpa m3 M m M’ depemylorcs, MUK UMEET 98THYIO
qmay. YepenoBanue MpOUCXOAUT W B Kaxkaoi nenu. llens we sBiserca
yBeauuuBalomeil Hu ornocuTenbao M (110 yCJIOBHIO T€OpPEeMbI), HU OTHOCH-
reabro M’ (manbosbmero napocoueranus). OTCIONA BBITEKAET, YTO JAJIHHA
[EMH SABJISIETC Y€THBIM IucaoM. CTasio ObITh, B CHMMETPUYIECKON PA3HO-
ctu M & M’ noposny pédep uz M u M’, a muoxkecrsa M u M’ pasHO-
MOIIHBL, TO ecTh M, Kak u M’, aBjigercsa HaubGOIbIIAM ITAPOCOYCTAHNIEM.
O

9. HaxoxkxaeHune HanbdOJIbIIIEro
mapocoveTaHusd

Teopema Bép:ka 0OOCHOBBIBAET KOPPEKTHOCTH CJEAYIOIIErO Crocoba
HAXOXKJIEHN HAMOOJBIIEro MapoOCOIeTaHns B rpade.

I. TTocrponts mpomsBobHOE mapocoderanue M.
II. Uckars M-yBeTMIMBAIONIYIO TIETh.

II1. Ecnu rakasg nens P maiinena, to 3amenutsb M uwa M @ P u nepeii-
tu k mary II. B nporusHom ciydae 3akoHuuThH pabory (Tekyiee
napocoderanue M spistercss HAUGOIBIIUM ).

B cnygae aBymosabHoro rpadpa mouck M-yBenmuuBaromux Iemneit
MTPOUCXOIUT TOBOJBHO MPOCTO. VCmoab3yeM Ijisi 3TOM0 MEXaHU3M ITOMe-
TOK.
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Auropurm A
1. Iocrpours Kakoe-HUOy L TapocodeTanue M.

2. Csobomuble oTHOCHTENBHO M BepITUHBI U3 J0U V] MOMETHTH HY-
JIEM, OCTaJIbHBIE BEPIMUHDBI CIUTAIOTCS HEIOMEUEHHBIMHU.

3. st Kaxk 101 TOMEYeHHON Ha MPEABIIYINeM MIare BEPIIUHLL v; € V)
MMOMETHUTH €€ HOMEPOM i BCE HETIOMEeYeHHBIE BEepIMUHBI u3 Vs, KOTO-
pbIe COEIUHSIOTCA C V; OeabiMu pédpaMmu.

Ecan mpu 9TOM OKarKeTcs moMedeHHON ¢cBOOOIHASA BepiuHa, To M-
YBEJTUYIUBAIOIIAS 1elb P Hali/IeHa; OHA BOCCTAHABJIUBAETCS 110 MET-
KaM, HaYWHas ¢ YKA3aHHON BEPITHHBI: METKA BEPITUHBLI €CTh HOMED
ouepenHoil BepinuHbl P. YBeJUUUBAIOILYIO Telh IePEKPACUTH (T.€.
samerntb M ua M @ P) u nepeiitu K mary 2.

Ecnu ke HOBBIX TOMETOK Ha ITOM IIIare He BO3HUKAELT, TEPENTH K 5.
4. Jlna xaxkmoit moMedeHHOM Ha MpebIIyIeM Iare BepImuHbl u; € Vo
TIOMETUTHh €€ HOMEpPOM j HEMOMEYEHHYIO BEPIINHY u3 Vi, KOTOpas

coepuHAETCA ¢ U; 4EpHBIM pEOpoM. Ecim HOBBIX MOMETOK Ha 3TOM
[Iare He BO3HUKAET, IepefiTu K mary b, nHade BEPHYThC K 1ary 3.

5. Tekyee mapocoderanne M siserca Hanbombimum. Komerr paboTor.

IIponnmiocTpupyemM pabOTy M3I0KEHHOTO AJTOPHUTMA HA CIAEAYIONIEM
mpumepe. dns rpada wa puc. 8 Texkyiiee napocoderanne M cocTouT n3

o] [o] [s] [o] [r2f [u1]

Puc. 8

[9%]

pébep, n306paKEHHBIX ABOWHBIMEA JuHEAMN. HamomuanMm, aro pédbpa m3 M
MBI Ha3bIBaEM UYEPHBIMHU, & OCTaJbHbIE pEbpa rpada — Gensivu. CBobo-
HbIE BEPIIUHBI U300PAKEHbI JBOWHBIMU KDY KKAMH.

B none Vi Tonpko onma ¢cBOOOIHAS BEPITUHA — ¢ HOMEPOM 2; OHa, TIOMe-
9aercs HyJéM (IOMEeTKH — 3T0 YHC/Ia B IPAMOYToJbHUKaX ). Besbie pétpa
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(n306paskeHbl TOHKUMHY JIMHUSIMY ) COSIAMHAIOT ITY BEPLIMHY C BEPIITUHAMY
8 n 12, KOTOpBIE MOTYIAIOT TTOMETKY 2.

Yépuoe pebpo 8-3 naér momerky 8 Bepminae 3; uépHoe pebpo 12-5 maér
noMerky 12 Bepimhe 5.

W3 BepimuHbl 3 K HEMTOMEYEHHBIM BEPIITUHAM BEAYT JBa Oebix pebdpa,
U WX JPYrUe KOHIBI — BepuuHel 9 u 11 — momydator nomerky 3. AHasmo-
TUYHO, Y BepIMuHbl 10 BO3HUKAET MOMeTKa 5.

Jastee oMevarOTCsA BEPITUHBI W3 TIepBoit mom: 4, 1 u 6.

Haxkonen, ynaércs momernts CBOOOIHYIO BEPIIUHY 7 M3 BTOPOU J10JIH
— noMepoM 1. ng mo momeTkaMm, HaYWHAS C 3TO BEPITUHBI, HaxoauM M-
YBETUYHBAOIIY0 11enb: 7—1—-10-5-12-2. [lepekpacum e€ pebpa u moJIyIuM
HOBOe (6oJiee MOIIHOE, YeM panee) mapocoderanue (puc. 9). Ilocrpoentoe

Puc. 9

HapoCOoYeTaHne SABJISAETC COBEPUIEHHBIM (OHO MOKDBIBAET BCE BEPIIMHBI
rpada), 3Ha4uT, 1 HAUGOJIBITUM.

Sameuanne 1. Anropurm A siBasiercs, no cyrtwm, ‘npoexnmei”’ anro-
purma @opaa — PanKepCcoHa HAXOXKIEHUST MAKCUMAJIBHOTO TTOTOKA B CETH
(cm. oo 1,83).

[Momgpobuo mnosichum stoT Te3uc. llpeBparum ABya0aBHBIN rpad
G(V1,Va2) B TpaHCHIOPTHYIO CETh CIEAYIONMM 06Pa30M:

® OpHMEHTHpYeM KaKJ0oe pebpo u;v; B HampapieHnn oT Vi x Vo;

® K MHOXeCTBY BepiuH rpada 106aBUM UCTOYHUK G U CTOK b;

® TMPOBEIEM JYTH U3 UCTOYHUKA G KO BCEM BepITUHAM u3 V7i;

® 13 KaXK/I0¥ BEpIIUHBL H0JU Vo MPOBEIEM YTy K CTOKY b;

® [OJIOXKUM TIPOIYCKHBIE CIIOCOOHOCTH BCEX YT PABHBIME €HHHUIIE.

CymecTByeT B3aMMHO OTHO3HAYHOE COOTBETCTBHAE MEXKIY NOIIYCTUMBIMHEA
HEeJIOUUCICHHBIMU [TOTOKAMU B 3TOH CeTH M IapOCOYeTAHUSIMU HUCXOIHO-
ro JAByA0JbHOrO rpada: 10 Kax/oil Jyre ceru, COOTBETCTBYoleil ped-
py G(V1, V), Bxomaiiemy (He BXOmsNIEMY) B HApOCOYETAHUE, UIET €U~
HUYHBIA (COOTBETCTBEHHO HYJEBOI) MOTOK. IIpu 3TOM MaKCHMAaJIbHOMY
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(10 BKJIIOYEHUIO) MApOCOYETAHMIO OyJder OTBEYATh IOJHBIH 1moTOK. M-
VBEJIMYUBAIOIIEH e

Uy — V8 — Uy — ... — Uy (1)
COOTBETCTBYeT IIeNlb TPAHCIIOPTHON ceTu:
@ — Ug —> Vg 4= Uy = ... = Uy — b (2)

IMepexpacka pébep B nenu (1) cyTh yBesndeHue noroka BAOJb Ienu (2).
Hamnpumep, pebpo uq —vg 0110 6eIBIM, 8 CTaJI0 Y€PHBIM, COOTBETCTBEHHO
MOTOK [0 JIyT€ Uq — Ug W3 HYJEBOTO NPEBPATHIICS B €INHUIHBIN; CIeLy-
folee pedpo TeNH U, — Vg U3 IEPHOTO CTAT0 OeNBIM, & TTOTOK IO JyTe
U — Vg CTAJ HYJIEBBIM.

3ameuanne 2. HecioKHO OIEHUTH TPYIOEMKOCTh JJAHHOTO AJTOPUT-
ma. Ilycrs n — uucio Bepuun B gose Vi (6e3 orpanuyenus oBIIHOCTU
MOXKHO CUUTATh, 4TO B V) BepiuuH He Gosee, yem B Va), a m — 4ucio pé-
6ep rpada G(Vi, V2). Torga npu pabore anropurma OygeT BbIIOJHEHO He
Gosiee n uTepalyii (MTEPAIMIO COCTABAAIOT aru 2, 3 u 4), a HA KaxK 1ol
ureparuu nopsagka O(m) meficrsuii. Crano ObiTh, 0bllee YUCIO Onepa-
it ects O(nm). Ecnm V| = |Va| = n, To nmeem onenky TpynoémkocTy,
3aBHCATIYIO TOIBKO OT "mcna sepmma: O(n?).

3amevanne 3. Paspaboranbl BechbMa H3OMIPEHHBIE AJITOPUTMBI Ha-
XOXKJIEHUsI HAMOOJIbIIEro [apoCcoYeranusi B Ipou3BosibHOM rpade (B 06-
meM caydae, He JBYI0TLHOM ), TaKsKe mMerornme Tpyaoémkocts O(n?), rie
N — KOJIUYECTBO BepuiuH rpada.

10. HaxoxkaeHne HanMeHbIIIEro BepPOIMHHOTI'O
MNOKPBITUSA

BHOBL orpaHmYnMCs CayvYaeM ABYAOILHOrO rpada.

OKAa3BIBACTCSA, M3JIOKEHHBIA BBIIIE aJIropuT™ A HaXOKIeHHS HanOOIb-
LIEr0 HAPOCOYETAHUSA 3a0HO 1I03BO/IAET OOHAPYKUTh U HaMMeHbIIee Bep-
[IUHHOE IOKPLITHE.

IMycts A C Vi u B C Vo — MHOMXKeCTBa TTOMEUYEHHBIX BEPIIUH 06erx
noneit rpadga G(V, V) no okonuanuu paborst anaropurma A. O6o3Haumnm
A=V, \ A

Teopema 13. Mnoocecmeo AUB A6aAeMCA MUHUMAADHOM GEPUIUH-
oM noxpumuem epagda G(V1, Va).
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JoxkazarenbctBo. Ilycrs M — manbosibiee mapocoderanne B rpade
G(V1, Va), mocrpoennoe B pesynbrare paborst asropurma A. Pé6pa, Bxo-
mamye B M, Kak u paHee, Mbl Ha3bIBaeM YEDPHBIME; & OCTAJIbHBIE PEGpa
rpada aya Hac Gesbre.

JlorazaTebCTBO TeOpeMbl Pa300bEM HA, TPU ITAITA.

1. Jlokaxkewm, 9TO KOHIIbI JODOro yépHoro pebpa ambo oba mo-
MedYeHbl, Jnb0 06a He IMoOMeYeHBbI.

BosbMém npomssonbHoe uépHoe pedpo uv, tae u € Vi, v € Vs,

Ecnn Bepmmua v momedena, To Ha mare 4 aaroputma A nmomeTky
[IOJIY4YUT U BepLIXHA U.

Paccvorpum Temneph caydai, KOrga BEpIIHHA U HE moMedena. To-
T2 HEImoMedeHHOH OyaeT u BepmnHa u. JelicTBUTeNbHO, U, OyayIn
HAaCBIIEHHOMH BEPIUHO, He moMedaeTcsa Ha 2-M mare. Ho u Ha 4-Mm
IIare BepINVHA U He TOJYyYaeT MOMETKY, TAK KaK OHA WHIWIEHTHA
€IMHCTBEHHOMY YEPHOMY pebpy — uv, a APYTroil ero KOHeI[ He OMe-
YeH.

VTBep:KIeHne JI0KA3aHO.

2. IIposepum, uro C' = AU B — BepmmHHOe nOKpbiTHE rpada.

Bosemém B rpade G(Vi,V:) mpoussoabHOe pebpo € = uv, rae
u € Vi, v € V. Jlokaxem, uro u ¢ A unmu v € B.

Ecsu 310 He Tak, 10 © € A (10 ecrb u — IIOMEYEHHAd BEPILIUHA) U
v ¢ B (v — HeroMeueHHas BepiuHa). Torna B cuily yTBeps:KaeHus 1
pebpo e He MoxkeT ObITH 4épHbIM. Ho 0HO 1 He Hej10e, TOCKOIBKY TPH
ITOMEYEHHON BepiiHe u u 0e10M pebpe uv Ha, 3-M Iare ajaropurMa
A Bepiuna v noay4uia 61 nomerky. [Iporusopedue mostydeHo.

3. 3amerum, uro (Gsiaromapsi yrepxKaenuio 1)
1) KoMMYECTBO YEPHBIX PEOEP ¢ IIOMEYECHHBIMU KOHIAMU PaBHO |B]
— KOJIMYECTBY MOMEYEHHBIX BEPINUH U3 JM0iu Vo (KaxKjas M3 HUX
WHIUIEHTHA OJHOMY YEPHOMY pebpy);
2) KOJMYECTBO YEPHBIX PEGEpP C HEIOMEYEHHLIMU KOHIIAMU DABHO
| A| — KonmmHUecTBy HeOMeUeHHbIX BepPITHH 13 J0mH Vi (mobas Takas
BEPIIINHA HACBHIIIEHHAS, U U3 HEE TAK2KE UCXOUT POBHO OIHO YEPHOE
pebpo).
Taxum obpasom, |M| = |B| + |A| = |[AU B, To ects BepmmaHOe
nokpbiTue AU B paBHOMOIIHO HauGOIbIIEMY IAPOCOYeTannio. B cu-
JIy BEHTEPCKOU TEOPEMBI 3TO 03HAYAET MUHUMAJIHHOCTD BEPITHHHOTO
NOKpbITHA. U
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Kak ormedamoch B §3, J0MOTHEHNE K HAMMEHBIIEMY BEPITHHHOMY IO~
KpBITHIO Tpada ABASETCS ero HAUOOJBITUM HE3aBUCHMBIM MHOMKECTBOM
BepIIMH. 3HA4INT, MHOKecTBO A U B — mambosbinee mesasucumoe. Cra-
J0 Obirb, asropurm A (umeroluil, KaK Mbl BbIACHUJIU, LOJMHOMUAJb-
HYIO TPYIOEMKOCTD) MO3BOJISIET HAPANLY ¢ HAUOOJBIIUM MapOCOUETAHHEM
B JIBYIOJBHOM rpade HallTh TaKk»Ke HANMEHBIIee BEPITHHHOE MTOKPHITHE U
HaubOIbINee HE3ABUCHMOE MHOXKeCTBO. V3BeCTHO, UTO 3a/1a9u ompeene-
HUS HANMEHBIIErO BEPITHHHOTO MOKPBITUA ¥ HAUOOJIBIIEr0 HE3ABUCHMOTO
MHOXKECTBA, /I NPOU360AbH020 epada aBisatorcd NP-nomabiMu, 1pyrumu
CJIOBAMU, JJIsl HUX HET 3(hDEKTUBHBIX aJITOPUTMOB Perienus (1o Kpafinei
Mepe, OHU [OKa He u3BeCTHbI Hayke). OUeHb BaykKHO, 94TO JJisl IBYIOJIbHBIX
rpadOB, BO3HUKAIINAX BO MHOTWX TPAKTUIECKAX 337a9aX, MOJTHHOMU-
aJIbHBIE AJITOPUTMbBI PEIEHns YKA3aHHbIX 381249 CYyIECTBYOT!

IIpumep. Ha puc. 10 usobpaxkén rpad, B KOTOPOM BBIIEIEHO HAW-
BosbIIee MAPOCOIETAHNE U PACCTABIEHBI TIOMETKH, BOSHUKAOIINE ITO OKOH-
qanwn paborer anaropurma A. Umeem A = {1,2,3}; B = {6,7}. 3nauwur,

@-@
QQT’
0@@

-

Puc. 10

BepuiuHbl 4, 5, 6 u 7 00Pa3yOT MUHUMAJILHOE BEPITUHHOE MOKPBITHE, 3
Bepusbl 1, 2, 3, 8, 9, 10 — HaubosbIllee HE3ABUCUMOE MHOKECTBO.

11. Benrepckmnii ajJroputm

Mycts G(Vy,Va) — B3BEIIEHHBIH TOMHBIH ABYIOIBHDIH Tpad Ky, c
marpuret Becos pébep C = (c;;), rae ¢;; > 0 ecTb Bec pebpa, COeTUHsIIO-
IeT0 -10 BEPIMUHY 10su V) ¢ j-it BepmmaOi moau Vs,

B sagade o masHaueHHAX Tpebyercs HANTH COBEPIIEHHOE IAaPOCOYe-
TAHUE MUHUMAJILHOIO Beca (Huxke OyjieM HAa3bIBATH TAKOE [1APOCOYETAHUE
onrumalibHbIM). Hazsanve 3amaun 0ObsCHIETCS CIIEAYIOMEH eé Tpak-
toBko#. Ilycts u; — i-# paboTHUK, v; — j-1 pabora, a ¢;; — CTOMMOCTH
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BBIMOTHEHUS -M pabOTHUKOM j-if paboTsl. Torna coBepIieHHOe mapocode-
TaHWEe HAUMEHBIIIEr0 BECA, OMUCHIBAET TAKOE pacipeeseHre pabor Mex iy
paborHukamu (Ha3nauenue pabOTHUKOB HA PAabOThI), IPU KOTOPOM KaxK-
JIblil paOOTHUK BBIIOJIHSIET POBHO OJIHY paboTy, & CyMMapHasi CTOMMOCTD
BBINOJTHEHUS PAOOT MUHUMAJBHA.

3aMeruM, 9TO €C/ii K BecaM BceX pEDep, MHIMIEHTHBIX HEKOTOPOi
burcupoBannoil Bepinae, NpubaBUTh OIHO U TO K€ 9UCIIO (He 00s3aTesb-
HO IOJIOXKUTEIBHOE), TO YIIOPsAI04YeHHOCTb COBEPIIEHHBIX apOCOYeTaHui
rpada 1o ux BeCy He U3MEHHTCsI, IIOCKOJIBKY KAaXkKJI0e TAKOe MapocOovera-
HU€ COIAEPXKUT POBHO OJHO PeOPO ¢ M3MEHEHHBIM BecOM. HazoBéM Takyio
OTepaIuio npuBeleHuemM. /i MaTpUIhl BECOB IPUBEICHNE O3HATAET
nprbaB/ieHNe KOHCTAHTHI KO BCEM 3JIEMEHTAM HEKOTOPOTO CTOJIONA WJIH
CTPOKH.

C moMoIpio oneparuii MPUBEICHUS JIETKO CBECTH 33Ja4y K rpady, B
KOTOPOM KazK/asd BEpIINHA WHIINICHTHA HEKOTOPOMY pPeOpy HyJIeBOTO Be-
ca (OyleM Ha3bIBaTh Takue PEGpa HYJAEBBIMM), U TP 3TOM BECA BCEX
péGep OCTAIOTCs HEOTPHUIATENBHBIMEU YncaaMu. Ecau B TakoMm rpade cy-
[IECTBYET COBEPIIEHHOE [IAPOCOYETAHUE HYJIEBOIO Beca (B MATPHUIE BECOB
€My COOTBETCTBYIOT T HE3ABHCUMBIX HyJieii), O4eBUIHO, OHO U Oyuer pe-
menueM 3aja4qu. OCHOBHAS UIEsl M3JIAraeMOro HUXKe BEHTe€pPCKOTO aJi-
ropurma (I'. Kyn, 1955 r.) cocrout B TOM, 9T0 B pe3ysibrare noucka M-
yeemuuusatomeil enu 8 G(Vy, Va), rue M — napocoderanve u3 HyJIeBbIX
pédep, ymaércs HAlTU TaKue ONEpAlUK MPUBEIAEHNS, B PE3YAbTATE KOTO-
PBIX KOJIMYECTBO HYJIEBBIX PEOED YBEIUYIMBACTCA. B HEKOTOPBIH MOMEHT
BO3HHKAET Tpad, B KOTOPOM €CTh COBEPIIEHHOE TAPOCOYETAHNE HYTIEBOIO
Beca.

Asaropurm B

1. U3 kaxmoit crpoku marpuiibl C' BIYECTh €6 MUHUMAIBHBIH 9JIeMEHT.
Tak 2Ke MOCTYIUTb CO CTOJOIAMU.

2. Ilyctb N — MHOXKeCTBO HyJeBBIX pébGep Tekymero rpada
G = G(W,V,) (¢ wmarpuneii Becop C). Haiitu B rpade
G = (Vi UVa, N) ¢ momompro anroputma A HamGombmee

mapocoueranne M, Oepsi B KadecTBe HAYAIBLHOTO MMAPOCOTCTAHIU
Tekyiee Haubosibinee napocoderanue (ecau mar 2 amropurma B
BblIIOJIHAETCs He Buepsble). Ecau nafinennoe napocoueranue M —
COBEPIIEHHOE, TO KOHEIl PAOOTHI.

3. Ilycrs A C Vi u B C Vo — MHOMXKECTBa TOMEUEHHBIX BEPITUH 00enx
noneit rpacda G mo oxkonuanuu paforbl anaropurMa A (HanmoMHuM,
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YTO MOMETKHU PACCTABJISAIOTCS C LENbIo HAaWTH M-yBesnauBaonyio
uenb). Berauciaurs d — nanMenbliiuii Bec pebpa, COeIMHSIONIEro 110-
MEYeHHYIO BEpPIINHY u3 V) ¢ HemomedeHHOH Beprmuuoilt u3 Ve. U3
BCEX CTPOK, OTBeYaImux sepmuHam u3 A, ebraects uucao d. Ko
BCEM CTOJIOIAM, OTBEYAIOITNM BepIMTUHAM 13 B, mpubaBuTh 9uciio d.
Ilepeititn k mary 1.

ObocHyeM KOPpPEKTHOCTDH ajiropurMa 5. Bo-mepBbix, puMeHsgeMbie
B HEM OIEPAINU MPUBEICHUS HE MEHSIOT MHOXKECTBA ONTUMAJIbHBIX Ma-
pocoderannii. Bo-BTOpPBIX, aJropuTM 3aKaHINBaeT pabOTy, KOraa O0HAPY-
JKUBAET B JIBYIOJBHOM Tpade C HEOTPUIIATETbHBIMY BecaMu pEGEp coBep-
[IIeHHOe MapocovueTanne HynaeBoro Beca. OcTanock yOeIuThes, 9TO TaKoh
MOMEHT HENpPEeMEHHO HACTYITUT.

ITocne mepBoro mara paboThl AJTOPUTMA, MOTyIaeM rpad, B KOTOPOM
KaxK7as BEPINMHA WHIMIEHTHA XOTd Obl 0THOMY HyaeBoMy pebpy. Ilosto-
My IOCTIE IIara, 2 BCe BEPIIUHBL U3 V7, HE MOKPBITHIE TEKYIIUM [IapOocoe-
TaHWeM, MOMeUeHbl. 3HAUNT, Ha mare 3 MHOKecTBO A Hemycro. C mpyroit
CTOPOHBI, €CJIU HAllJIEHHOe B PE3yJIbTaTe BBIMOJHEHWS IMara 2 mapocode-
TaHWe He sIBJISEeTCS COBEPIIEHHBIM, 3TO O3HAYAET, YTO HE BCE BEPIIUHBI U3
V5 ymanoch moMeTuTh — 3HAYNT, HEIYCTO ¥ MHOYKECTBO
B =V, \ B. Bec mo6oro pefpa, coeauHAIONero sepiuny i u3 A ¢ pepriu-
HO#t j m3 B, HOIOkKHUTEIeH, TAK KAK B IPOTHBHOM CJIydae 110 aaropurmy A
BEPIIUHA j HOMXKHA Oblaa ObI MOTyunTh oMeTKy. Takum obpazom, d > 0.

[TocmoTpuM, YTO TPOUCXOIUT C Becamu pédep Ha mare 3.

Beca pébep n3 G(A, B) He MeHSIOTCA.

Pé6pa uz noarpada G(A, B) coxpaHsioT CBOIl BEC, MOCKOJILKY MEPBO-
HAYATHbHOE BBHIYUTAHUE YUC/Ia d KOMIIEHCUPYETCs TMOCASAYIOMAM €ro mpu-
OaBJeHUEM.

Bec kaxnoro pebpa uz G(A, B) ysenmnunsaerca ua d.

IMockonbky d > 0 — manMenbmii Bec pebpa B rpade G(A, B), nocie
mara 3 B 3ToM noarpade mogBurcs xord Obl OHO HyJIEBOE PEODO.

Haxkoner, pé6ep u3 G(A, B) HUKAKuX H3MEHEHHI HEe KOCHETCS.

SHauuT, MocjIe mara 3 Beca Bcex pEdep OCTAIOTCS HEOTPUIIATETHHBIMHA.
Kak 6b110 0T™MeUeHO B mpenprayIeM naparpade, KOHIBI JTI00ro 98pHOro
pebpa aubo oba momedensl, muO0 HeT. B mepBoM ciydae pedpo BXOOWT B
G(A, B), Bo Bropom — B G(A, B). Takum o6pasomM, Tocie mara 3 péo-
pa TEKYIEero MakCHMAaIbHOrO napocoderanns M ocrarorca nyseBbiMu. C
JPYToit cTopoHs!, pébpa n3 G(A, B), crasime HyaeBbIMU, IPH IOCIELYIO-
II[eM BBIMOJIHEHUN 11ara, 2 paciupsiior MHOXKecTBo B. TlosToMy Ha HEKO-
TOpPOIt uTeparuu OyayT HalneHbr M -yBeTMUMBAIOIIAs TIEIh U HOBOE, OoJiee
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MotHOe, apocoueranne M. Pano wim mo3nuo B TekymeM rpade Oyaer

OyImer CyIIeCTBOBATH COBEPIIEHHOE MapOCOYETaHNe U3 Hy/IEeBbIX pébep.O
[IpouitocTpupyeM paboTy aaropurMa B CleayonmM NTpuMepoM.
ITycts Beca pédep rpada K4 4 3amaroTca Marpuei

DN = DN
[ N N e
R CA =) IS
= Oy 0 W

[Toce BEIMUTAHNS MAHUMAILHBIX 3JEMEHTOB CTPOK M CTOJIOIOB TIOCIEI0-
BaTeIbHO MIOJIYYUM MaTPHUITHI

_ o O O
= W Ot W
O = W
O N O N
_oo O O
— o N O
O = =W
SN O N

IMoctpoum rpad G, 06pazoBaHubIil HyIEeBbIMI PEGPaMU (TEKYIIEro) rpa-
dba G (puc. 11). Bbiaenum B HEM MaKCUMAJIBHOE MO BKJIOYEHUIO TTAPO-

6 © @© ©6
Puc. 11

coueranue (ero pébpa m300pa3uM JBONHLIME JIMHUAMU) U OCYIIECTBUM
IIPOIECC PACCTAHOBKH IOMETOK coryacao anropurmy A. ITomerkn moce-
JoBaresbHO noayvaror sepummnbl 2, 5, 1, 6, 3 (puc. 12). Takum obpa-

(5] [o] [e]
L @ [ @

/

& © @O ©®

Puc. 12
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30M, MHOYKECTBO TOMEUEHHBIX BepmmH u3 Vi u Vo ectb A = {1,2,3} m
B = {5,6} coorsercrrenno. Temeps B MaTpune Becos moarpada G(A, B),
00pa30BaHHON TpeMsa BEPXHMMH CTPOKAMH U ABYMS IOCIEIHUMH CTOJIO0-
namu Marpunsl C; HAXOAUM HauMeHbInmii sjeMent: d = 1. B pesynbrare
BBIYUTAHUST YUCIa d U3 CTPOK, OTBeYatomux A, a 3arem npubasjenus d K
CTONOIAM, OTBEYAOMUM B, BOSHUKAIOT MATPHUIILI

1 -1 2 1 00 2 1
1 1 3 5 02 35
1 -1 0 1 " 000 1
1 1 00 2.2 0 0

Bosepamaemca k mary 2. Tenmeps nmeem rpad G', n3obpaskéHubrii Ha
puc. 13, B KOTOpOM CYIIECTBYET COBEPINEHHOe mapocodeTanue. MTak, om-

TUMAaJIbHOE [TapocoveTanne cocrout u3 pédep 1-6, 2-5, 3-7, 4-8, a ero Bec,
KAaK JIErKO LOACYUTaTh, paBeH 12 (pasymeercs, B ucxouHoM rpade).

B zaksroueHNE — HECKOTBKO 3aMETAHUI.

Bameuanme 1. Tpynoémkocts anropurma B onennsaerca kax O(n?)
onepamuii. zpecTHB MOmUMUKATINET BEHTEPCKOTO ANTOPUTMA, MMEIOIIHE
rpymoémxocts O(n?).

3ameuanue 2. YacTo pacCMATPHBAIOT TAKIKE 33729y HAXOWKICHUST
BO B3BEIIEHHOM JBYIOIBHOM rpade COBEPIIEHHOrO MapOoCOveTaHns Ham-
G6oabIimero Beca. UnTaTero npeaaraeTes MOAYMATH HAJ T€M, KAK Ipe-
00pa3oBaThb MaTPHUILy BECOB MCXOAHOTO rpada, 9To0bl repeiitu K rpady, B
KOTOPOM ONTHMANBLHOE TTAPOCOUeTanne (HAMMEHBINErO BECA) COOTBETCTRY-
eT MAPOCOYETAHNIO HANGONBINETO BECA B UCXOMHOM rpade.

12. 3agadya o0 Ha3HAUYEHUAX HA Y3KOE MECTO

ITycrs na HekoTOpoM KoHBeiiepe (1OTO4HOHN JiuHuU) umeercs 1 pabo-
qux MecT. Macrep JO/KEH PACCTABUTH MO ITUM MECTaM 71 PADOTHUKOB.
HW3BecTHA IPON3BOMNTENBLHOCTD TPYAR Cij 4-TO PAOOTHHUKA Ha j-M MeCTe.
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[IpousBoauTEeNEHOCTL KOHBENEPA ONMpEIesIdeTcs MUHUMAJIbBHON MPOU3BO-
JATEIHHOCTHIO 3AHATHIX HA HEM paboTHHUKOB. Pabodee MecTo, Ha KOTOPOM
peann3yercsd MAUHAMAJIbHAS IPOU3BOJAUTENbHOCTD MPU 33JAHHON paccTa-
HOBKe DabOTHUKOB (APYIMMU CJIOBAMU, LIPU 33JAHHOM HASHA%EHUU), U
€CTh Y3KO0€ MeCTO 3TOr0 HA3HAYEHUS.

Hy»kHO nomoub macrepy ’crenarTh y3KOe MEeCTO KakK MOYKHO IHpe’:
HalTH Takoe pacnpejenerne pabOTHUKOB TI0 pabodnuM MecTaM, TIpu KOTO-
POM CKOpOCTh KOHBejiepa (T.e. MUHUMAJIbHAS TPOU3BOAUTENLHOCTD 3aHd-
ThIX paBOTHUKOB) OyJIeT MAKCUMAJIbHOIA.

Ha a3wike Teopuu rpadoB 3a7aMa COCTOUT B 6bideseHUul 60 836eueH-
HOM 06YdoAbHOM 2padhe MaKo20 COBEPULEHHO20 NAPOCOYEMAHUA, 6 KOMO-
POM HOUMEHDWUT 8ec pedbpa 6ydem HAUbOALWUM.

Ipyrumu ciaoBamu, Tpedyercs HaliThu Takoe HauboJblnee 9ucio f, npu
KOTOPOM B rpade CymecTByeT COBepIeHHOe mapocoderanue M, cocras-
JleHHOe 13 pébep, 4eil Bec He Menblre f (mapocoueranue M u Oymer ucko-
MbIM).

DTO MOXKHO CAEIATH C MTOMOIIBIO TUXOTOMUIECKOTO nmoucka. CyTh ero B
TOM, 9TO HA KAXKJOM Iare MHOXKECTBO, COIEPKAIIEe UCKOMOE 3HAYEHNUE,
COKpPAIAeTCsA BABOE. B ONMUCHIBAEMOM HHUKE AJTOPUTME WHAEKCHI G H b
33/1a10T I'PAHUIBI YKA3AHHOIO MHOXKECTBA.

AaropurMm C

1. OTCOpTI/IpOBaTb pé6pa II0 BO3pPACTaHUIO BeCa, IIOJYHYHUB MaCCHUB
W1, W2y ...,Wp2.

2. Tonoxurs a =1, b=n? —n+ 2.

Eciw a = b — 1, mepeiitu k mary 6.

- W

[onoxurs k = [“'QH’] , [ =wyg.

5. C momorpio anroputMa A WCKATh COBEPIEHHOE TApOCOYETAHNE B
noarpadge G’ rpada G, obpazosannoM pébpaMu, deil Bec He MeHbIIe

Ecin takoe mapocoueranve HaWIEHO, TO O0bSIBUTH €r0 TEKYIIUM U
MOJIOXKUTH @ = k. B mporuBHOM ciiyvae mMomoxRuTh b = k.

[lepeiiTu x mary 3.

6. Tekyimee mapocoueTaHue siBJISETCS OMTUMAJIbHBIM. KoHeI paboThI.
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HerpyaHo OIEHUTH YUCJIO ONeparuii mpy BLIMOJAHEHHU ajaropurMa, C.
HanGosee TpyIoéMKHil mar 5 BBIIOAHAETCA TPUMEPHO logy(n? — n + 1)
pas. ITosromy obmas rpymsoémkocts — O(log, n-n?) onepauuii. B ciayuae
ucnosnb3oBanus BMecto A Gosnee 3pHeKTUBHOrO a1ropuTMa TPYI0EMKOCTh
anroput™a, C COOTBETCTBEHHO MOHU3UTCS.



I'maBa 3

MaTpouabl

Matpouabt 6b1u Beenenst B 1935 1. Iluonepckast pabora X. YurHu Ha-
spiBasiach 'On the abstract properties of linear dependence” ("K abcraktHbiM
ceolicTBam nuHelinoi 3asucumocti’’). X. YuTHu 0OHAPY KU, 9TO MOKHO C
€JMHBIX NO3UIHUIA PACCMATPUBATH NOHATHUA 3aBUCUMOCTU B JIMHEHHON aJj-
rebpe u Teopuu rpadon. CuHTE3 UAeH pa3IuIHLIX OOJACTEd MaTEeMATUKA
SBJSETCS OCHOBOU TIJIOJOTBOPHOTO PA3BUTHUS TEOPUU MATPOUIOB.

MarpouHbe CTYKTYPBI €CTECTBEHHBIM 0OPa30M BOSHUKAIOT B TEOPUHU
KOMOMHATOPHON ONTUMU3AIH, SBISSCH OCHOBOM TPUMEHEHUS TaK HA3bI-
BaeMbIX "kagHbIX” anroputmos (cM. §5). MccnenoBanus B 3Toit obmactu
HAYAJIUCH B KOHIIE 50-X roioB mponwioro Beka. I1o3Hee Teopusi Marpou-
JIOB HAIMLJIA CBOE MPUMEHEHNE U MPU AHAJIN3€ HAJEKHOCTH JIEKTPUIECKUX
CXEM.

Komnern XX Beka o3rnaMeHoBasica OyPHBIM PAa3BUTHEM KPUTTOrpPadUu.
B rak Ha3biBaeMbIX UOCAALHHIT CLEMAT PA30EACHUSA CEKPEMA TAKIKE BO3-
HUKJIH MaTPOUIHBIE CTPYKTYPBI.

B nacrositieit raBe mpencTaBIeHbl HAYAIBHBIE TIOHSTHST TEOPUA MaT-
POHIOB, BKJIOUAS CBSI3b MATPOUJIOB C YKAJIHBIMU AJTOPUTMAMU W TEOPUEH
TpaHCBEpCaJe.

1. Omnpenenernsa n MpuMepPbI

Marpoun — 3o ynopamodennas mapa M = (E, J), tae
E — memycroe KOHETHOE MHOYKECTBO;
J — COBOKYIIHOCTH TIOJIMHOXKECTB MHOXKECTBA F, yIoBaerBopgomnias cie-
JYIOIIUAM YCJIOBUAM (GKCUOMAM HE3AEUCUMOCTIN):

(JOo) @ e J;
(J1) ecru A€ Ju BC A, to B € J;

(J2) ecmu A € J, B € Ju |A| =|B|+ 1, To cymecTByer Taxoii 3meMeHT
e, mpuHAexkamuiit A n He nmpuHAmNexkamuit B, aro B U {e} € J.

DJIEeMEHTHI MHOXKECTBA J HA3BIBAIOT HE3aBUCUMBIMU MHOXK€CTBa-
mu. Takum o6paszom, akcuoma J1 rOBOPUT O TOM, UTO TOIMHOXKECTBO



HE3aBUCUMOI0 MHOXKECTBA TAKYKE SABJISIETCA HE3aBUCUMBIM, a4 aKCHOMa, J2
YTBEPKIAET: €CTIM UMEIOTCS [TBA HE3ABUCHMBIX MHOYKECTBA, MOIIIHOCTH KO-
TOPBIX OTJIUYAIOTCH HA EIWHUILY, TO B 0OJee MOIIHOM MHOXKECTBE eCTh
3JIEMEHT, KOTOPBIA OTCYTCTBYET B MEHEE MOIIHOM, U [IPU HOOABJIEHUU KO-
TOPOrO K TOCTEIHEMY BHOBE MOJIYUYUTCA HE3aBUCUMOE MHOYKECTBO.

Basuc — 310 MakcHMaIbHOE TI0 BKJIIOUEHUIO HE3ABUCUMOE MHOYKECTBO
(ro ectb eciu A — 6azuc, A C B u A # B, 10 MHOXecTBO B He siBisiercs
HE3ABUCUMBIM ).

B cuny xonewHocTm MHOXKeCTBa F B MaTpouie CyIECTByeT XOTd Obl
OouH Da3ucC.

Panr marpomjga — KOIUYIECTBO 3JIEMEHTOB B JIIOOOM ero 6asuce.

JlokazkeM KOPPEKTHOCTh ITOCJIETHErO ONMpeeeHns: YOeIuMcsa B TOM,
49TO B JTIOOBIX JABYX 0a3mcax KOJHYECTBO dJIEMEHTOB onuHakoBo. OT mpo-
TUBHOIO: IyCTh UMEIOTCS JIBa PA3IMIHbIX Oa3uca A u B, u B MHOXKECTBE
A smementos 6onpme, yeMm B B. Cymectsyer nomMuoxectso A C A Ta-
koe, uro |A’'| = |B| + 1. Tlo akcnome J1 mHO)kecTBO A’ — HesaBucnuMoe,
a mo akcmome J2 maiimérca snement e € A’ \ B Takoif, 9T0 MHOKECTBO
BU{e} mezaBucnMo, HO TOTIA MHOKECTBO B He SIBISETCA MAKCHMAJBHBIM
[0 BKJIIOUEHUIO HE3aBUCUMBIM MHOXKECTBOM, TO €CTh Da3MCOM — MTPOTHBO-
peune!

OueBUIHO, YTO MAKCUMAILHOE TI0 MOIITHOCTH HE3ABUCHMOE MHOYKECTBO
SIBJISIETCST U MAKCUMAJILHBIM TI0 BKJIIOUEHHIO, TO €CTh DaszucomM. Takum 00-
pasoM, J1r060e He3aBUCUMOE MHOXKECTBO B MaTpouae M MOITHOCTH, PABHOM
€ro pamry, ecTb 0asmc.

B3siB nmpon3BosibHOE HE3aBUCHMOE MHOXKECTBO B 1M HEKOTOPBIH (PukK-
CUPOBAHHLI 0a3uc A ¢ HMOMOIIBIO CBOMCTBA J2 MOXKHO B MHOXKECTBEe A
BBIOpaTh |A| — | B| ameMenTOB, IpH 106ABIEHIH KOTOPHIX K MHOKECTBY B
MOy IUTCS HE3ABUCUMOE MHOKECTBO MommEocTH |A|, To ects Gasuc. Mbr
JIOKA3AJIN, UTO BCAKOE HE3ABUCUMOE MHONCECTNEO MONCHO JONOAHUML JO
basuca.

Muoxkectso A C E, KOTOpoe He SBNSIETCs] HE3aBHCUMBIM B MATPOU/IE
M = (E,J), Ha3biBaeTcsi 3aBUCUMBIM.

ITuki — 370 MEUHUMAIBHOE 110 BKIIOYEHHIO 3aBUCUMOE MHOXKECTBO (TO
ectb eciiu A — ki, B C Au B # A, To muoxkecTBO B — HezaBucumoe).

ITycre nanm matpoun M = (E,J). MomuocTs mEOX)ecTBa F HAZBIBAIOT
mopsaakoM martpounga M.

IIpumepbl MaTpouaoB

1. TpuBuanbubiii MmaTpous — marpous (£, {@}); B ném eauncraen-
HBbIM HE3aBUCUMBIM MHOYKECTBOM (3HAUMT, W €IUHCTBEHHLIM 6a3u-
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COM) #IBJIAETCS MyCTOE MHOXKECTBO. PaHr TpUBMAJLHOIO MaTpOUIA
paBeH HyJII0, a Ji000e OZHO3IEMEHTHOE IOIMHOXKECTBO MHOYKECTBA,
FE gaBngercd 1HUKJIOM.

2. Huckpernsiii Mmatpoun, — marpoun (F, B(E)), tne S(E) — mMHO-
JKECTBO BCEX 1I0JIMHOKECTB MHOKecTBa, F. B jlucKperHom mMarpoue
BCC MHOYXKECTBA SBJSIOTCS HE3ABMCUMBIME, UMEETCS €TUHCTBCHHBII
ba3nuc — caMo MHOXKecTBO F, a TUKJI0B BOBCe HeT. PaHr IucKpeTHoro
marpouna pasen |E|.

3. k-ommopomubIii MaTpoun — marpous (E, J), B koropoum moGoe k-
SJIEMEHTHOE MOIMHOYKECTBO MHOXKecTBa F aBigercsa 6a3ucom. 371eCh
J1000e MHOXKECTBO, B KOTOPOM He Oojiee k 3eMEHTOB, SIBJISETCS
HE3aBUCUMBIM. [IpOBEpKa BBHITIOJIHEHUST aKCHOM MATPOUIA TPUBH-
ajdbHa. 3aMerum, 9To JuckperHbiii marpoun (E, f(E)) asasercs
| E|-0mHOpOAHBIM, 8 TPHBHANBHBIH MaTpons — (-OmHOpOmHBIM. B k-
omrOopomaOoM MaTpoune (npu k < |E|) mukiom sieastercs aoboe k+1-
3JIEMEHTHOE MHOXKeCTBO. Panr k-0gHOPOIHOIrO Marpowuia paseH k.
Nmeercs crienmanibaoe obo3HaUeHre 75 k-OMHOPOTHOTO MATPOUIA,
3aJAHHOTO HA N-3JEMEeHTHOM MHOKecTBe: Ug .

4. Ilycts FF — KOHeYHasl CHCTEMa BEKTOPOB HEKOTOPOTO JUHEHHOTO
mpocTpaHcTBa HaA mojeMm F) a J cocToWT M3 BCeX JIMHEWHO He3a-
BHUCHUMBIX CUCTE€M BEKTOPOB U3 F, a Takke mycToro MHOXKecTBa. To-
r1a, KaK W3BECTHO U3 JUHEHHOH anreOpsi, ceoiicrBa J1 u J2 OymyT
BoinosiHerbl. CodictBo JO BoinosiHeHo 110 onpeaesennto. [Toaromy
(E,J) — marpous. Ero Ha3pBaioT BEKTOPHBIM! .

5. Ilycts A — 4gucioBast MaTpunia ¢ 3JieMeHTaMu u3 nojst F' paswme-
pa m X n. Bymem cmoTpers Ha CTOJOIBI ITOH MATPHUILI KAK HA
BekTopbl npocrpancrsa F. Torna cronbinl MmaTpunbl A obpas3yioT
BEKTOPHBIN MaTpou; OyeM HA3bIBATH €r0 MATPUIHBIM MaTPOU-
aom, uiu (Toynee) MaTpouoMm ctojibuos marpursl A. O6o3una-
genne: M[A]. AHATOrMYHO BBOAUTCS MATPOU/L, CTPOK MATPUILHI.
Jlerko BuzeTh, YTO paHr MATpuilbl A paBeH PAHTy COOTBETCTBYIO-
IIEr0 MATPUIHOTO MATPOUIA.

6. Ilycro G — rpad, E — muOXKecTBO ero pédep. OObaBuM He3aBUCH-
MBIMHU T€ TIOAMHOKECTBa F/, KOTOpbIe cocToaT 3 pédep HEKOTOPOro
seca. Kak uzBectno u3 reopun rpados, csoiicrsa J0, J1 u J2 6yayT

1Mnorpa maroT Gosee y3Koe oIpeseseHne BeKTOPHOIO MaTPOUIa, IPe/IIIoIaras, 9To
BEKTOPBI U3 CUCTEMBI I OapHO pas3J/in9dHbI.
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MPU 3TOM BBITOJHEHbI. 11o/yYeHHbIH MATPOUJ HA3BIBAIOT MATPO-
uaomM 1uKIIoB rpaba G m obosravaror M(G). ukn marponma
OyayT cOCTaBIATH pEOpa, 0Opa3yIonne MPOCTYIO 3AMKHYTYIO TIEIb B
rpade G (10 ecrb UMKJI, B KOTOPOM KazK/as BEPIIMHA BCITPEYAETCs
POBHO OZIMH pa3).

7. llyets G — rpad, E — muOXKecTBO ero pédep. OOBSBUM 3aBUCH-
MBIMH T€ MOAMHOXKECTBA F, KOTOPBIE SIBISIOTCS PA3MEISIONTAMU
MuOKecTBaMu. OUATh XKe U3 Pe3yAbTATOB TEOPUU IpapoB ciemyer
BBITTOJIHEHUE AaKCHOM MaTPOuA. [LOIydeHHbIM MATPOH HA3BIBAIOT
MaTpouaoM paspe3oB rpada G m obosnagaror M*(G). Hukry
9TOro Marpoua OyJer cooTBeTcTBOBaTh paspes rpada G, a basucy
— JIOTIOJTHEHNE K MHOXKECTBY pédep JH0ro 0CTOBHOTO Jjieca rpada.

N3omopduzm marpounaoB

Marpounst My = (Fy,J1) u My = (F», Jo) nasbsaiorca usomopd-
HBIMU, €CJIU CYIIECTBYET OUeKIMs (B3aMMHO OJHO3HAYHOE OTOOPasKeHHE)
@ : Ey — Es, COXpaHAONAsA HE3ABUCUMOCTD; APYTUMH CJIOBAMY, MHOMKE-
crBo A C Fp gBisercd He3aBUCHMbIM B Marpouge Mp Torga U TOJIBKO
TOrZa, KOraa o0pas 3TOro MHOMKECTBA, IPH 33JaHHOM oTOOpazkeHnn ¢(A)
€CTh HE3aBUCUMOE MHOXKECTBO B MaTpouae Ms.

ITpumep. Marpoun nukios rpadga G, n306parkéHHoro Ha puc. 14,

€1 1@ €3 €4

€5

Puc. 14

1 0 0 1 1
uzoMopdeH MATPOHAY CTOJOIOB MaTpuilbi A = 01 0 0 ’

paccMaTpUBAEMOil HAJ, TPOW3BOIBHBIM UHUCIOBBIM TIOJIEM.

Beeném emé HeCKOIbKO OIMpeaeTeHmii.

Marpoua — rpadpudecknii, ecau OH u30MOpPGEH MATPOUIY IUKJIOB
HEKOTOPOTO rpada.

Marpoua — KorpadudecKuid, ecim OH N30MOPQEH MATPOUIY pa3pe-
30B HEKOTOpPOro rpada.

Hakowertr, ecim MaTpou i SBIsIETCS OJHOBPEMEHHO IPAMDUIECKUM U KO-
rpadgpuIecKuM, TO €r0 HA3bIBAIOT IJIaHAPHBIM. DTO HA3BAHHE O0bLSICHS-
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ercs TeM, YTO TJIAHAPHBIN MATPOU W30MOpP(MEH MATPOUIY IHUKJIOB ILIa-
HapHOro rpada.

2. JIBOiiCTBEHHOCTH

MMycrs M = (E, J) — marpoua. O6o3nadanm depes J* MHOKECTBO BCEX
[IOJIMHOXKECTB JOIOJHEeHnH K Oasucam marpomna M. OxasbiBaercs, 9To
M* = (E,J*) — TakKe MaTPOWJ;, €ro HA3BIBAIOT ABOHCTBEHHBIM K M
Marpousom. JIerko Buaerb, 910 6a3HUChl ABONCTBEHHOIO MATPOMIA — 3TO
JIOTIOJTHEHnsT K Oasucam ucxomuoro mMarponga. OTcioma cpasy BBITEKAET,
gro (M*)* = M — marpoun, nsoiicrBennbiii asoiicreennomy M, ecrb M.

Teopema 14. Jlas aw0boz20 epaga G mampoud e20 paspe3os A6A%mcsH
dsoticmeenHvlm MaAmpPoudy UUKA08.

JokazarenabcTtso. Ilycrs £ — mHOXKecTBO pédep rpada G. MoxHo
CUUTATh, YTO B G HET W30JIMPOBAHHBIX BEPIIVH.

Paccmorpum npoussosibHbl Oasuc B B marpouge mukiaos M(G).
Hywxwuo nokaszarsh, yro E \ B — 6Gazuc B marpouse paspesos M*(G).
Basuc B M(G) ecrb ocroembii smec rpaba G. Basmc B M*(G) —
MAKCAMAJIBLHOE TI0 BKJIIOYEHHID HEPA3AEAIONee MHOXKECTBO B rpade
G. Tlpu ypanenunum u3 rpada pédep, cocrapastomux E \ B, ocraércs
OCTOBHBII JIEC, T.€. YHCJIO KOMIIOHGHT CBA3HOCTH rpada HE M3MEHAeTCS
— noaromy MHOKecTBO E \ B He sBasercs pasgensonmM. Ecau oHO
He MAKCUMAJBHO MO BKJIIOYEHWIO, TO JJisi HEKOTOpOro pebpa e ¢ E \ B
Hepazgensomum Oyner muokectBo B’ = E \ B U {e}. Ho rorma
pononHerne K B’ comep:xkur ocroBHBIE gec W. 3aMeTum Tenepb, 9UTO
|E\ B'| <|B|, otkyna |W| < |B|, B To BpeMsi Kak JOObIe IBA OCTOBHBIX
sieca (OIHOTO U TOro Ke rpada) UMEIT OJAUHAKOBYIO MOIIHOCTD.

O6parno. Ilycte D — 6a3uc B M*(G). HyxkHo yObenuThcst B TOM, 9TO
E\ D — ocronsrii nec. Tlockoapky D — Hepasmensiomnee MHOXKECTEO,
E\ D nokpsiBaer Bce Bepmunbl rpada G. Ecim 8 E\ D ecTb nuK/, BO3b-
MéM pebpo e, Bxoagiiee B Hero. Torna D U {e} — rakxke Hepasaesmoriee
MHOXKECTBO BOIPEKU NpeAnoaoxkenno. 3uaant, £\ D — jec, u npurom —
OCTOBHBINA. U

3. IlpeacraBumbie MaTpoOuabl

Marpoun mpeacraBuM Hag moJieM F', ecnn oH m3oMopdeH HeKOTO-
POMY BEKTOPHOMY MaTPOUIY HAJ STUM TOJIeM. Kc MaTpouI mpeacTaBuM
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Ha/1 JIIOOBIM II0JIEM, €r0 HAa3bIBAIOT peryJisapHbIM. B ciyuae npejcrasu-
moctn marpouna Ham monem GF(2) ero maspBaror GUHAPHBIM, a HAT
nonem GF(3) — repHapHBIM.

Teopema 15. I'vadureckuli mampoud A6AAEMCA OUHGDHIM.

HokazarenbcTBo. HyHO yOeIuThcs B TOM, UTO MATPOUJ IIWKJIOB
npoussosibHOro rpada G npexacrasum Haa nojgem GF(2). Cocrasum mar-
puny A = (a;;) uamuaentaocTn rpada G. CTPOKH 9TOH MATPUILI COOT-
BETCTBYIOT BepimuHaMm rpada, a croabisr — pébpam. Ecim j-e pebpo ecth
neTJis, HHOAACHTHAA i-My pebdpy, TO a;; = 2, nHade

0 — 1, ecnu i-a BepIIMHA WHIMIEHTHA j-My PeOpY;
71 0 B OPOTHBHOM CIydae.

3aMeHuM B ITOI MATPUIlE ABOMKYU HYJISIMUA, OCTABUB JJIs MATPHUIIBI IPEXK-
Hee 0O603HAUEHUE.

Wrak, Mbl iMeeM cocTaBieHHYTO U3 Hysieil u egunut matpuity A. [letse
rpada COOTBETCTBYET HYJIEBOIl CTOJOEI, & CTOJOIBI, OTBEUAIOIINE KPAT-
HBIM PEOpam, — onuHaKoBbIE. JIoKaXxkeM, 9TO MaTPOU T CTOIOIOB 3TOH MAT-
putst Has osiem G F'(2) uzomopden M (G), To eCTh 9TO CTONOIBI IHHEHHO
saBucuMbl HaJ GF'(2) Tormaa u TOJIbKO TOrIA, KOTa COOTBETCTBYIOLIME UM
pébpa rpacda G comepKaT UK.

HerpuBnanbhas jinneiinas KOMOMHAIMS BEKTOPOB HAJ| YKA3AHHBIM 110~
JIEM €CTh MPOCTO CYyMMa, HEKOTOPBIX U3 JAHHBIX BEKTOPOB. JHAYUT, €CJIN
HEKOTOPBIE CTOJOIBI MATPUILI A TUHEHHO 3aBUCHMBI, TO CPEIU HUX MOXK-
HO BBIJEJUTH CTOJIOLBI ¢ HyJIeBOoi cyMMoii. Pacemorpum noarpad G’ rpa-
da G ¢ pébpamu, COOTBETCTBYIOMUMH TUM cTOJI0IaM. QUeBHIHO, CTETICHD
KazKJ0f BepImHbl B 3ToM nojarpade ects uéruoe uucyao. Craao 6bITh, B
G’ ecrb kA (xoTst GBI mMOTOMY, uT0 G’ €cTh 0ObeIUHEHne IATEPOBBIX
rpadoB, a B 3iiaepoBoM rpade ecTb MIePOB UKJT; BIIPOYEM, U HEOCPET-
CTBEHHOE JI0KA3aTEIbCTBO YKA3aHHOTO (haKTa BEChbMa HECJIOKHO).

Obpatno. [TycTh HEKOTOPOE MHOKECTBO PEGEp cofepkuT muki. Eciu
CpeIn HUX €CTh T/, TO OTBEYIAIONINI el Hy/1eBoil cToberr 0beciesTnBaeT
JUHEHHYIO 3aBUCUMOCTh CTOJIOIOB.

Paccmorpum Temeps cToOIBI, OTBEYAOITHe PEOPAM MPOCTOrO IUKJIA
IMHBL Gosibire 1. JIrobast cTpoka MaTpuilbl A COIEPXKUT B STUX CTOAOIAX
poBHO aBe efuuuibl. [TosToMy cyMMa yKa3aHHBIX CTOIOIOB (110 MOIYIIIO
2) paBHA HyJeBOMY CTOJOILY, YTO O3HAYAET JUHEHHYIO 3aBUCHUMOCTH HC-
XOHOIO MHOXKeCTBa ¢Tos010B.0

3aMeTuM, 9TO UMEETCs CYIIECTBEHHOe YCUIeHNe TOKA3AHHOM TeOPEMBI.
OxasbiBaercs,
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0601 2paduneckuli Mampoud AGAAECNCA PELYAADHBIM, O JICE GEPHO U
04 1106020 Kozpaduveckozo mampouda.

Kpome Toro, moCTaTOYHBIM YCJIOBHEM PETYIAPHOCTH MATPOHMIA, ABJIfA-
erca ero npeicrasumocts Hag GF(2) u GF(3), to ectb
MAmMPoud pezysapeH, mozda u MoAbko Mozda, K020a 0H 00HOSPEMEHHO A6-
AAEMCA OUHGDHOIM U MEPHAPHBIM.

4. PanroBas ¢pyHKIUS

Myctse M = (E,J) — wmarpoun. [ng wmuowectBa A C F
onpenenuM cy»eHue marpouga M Ha MHOXkecTBO A Kak MaTpou
M|A = (A, J'), roe muO)KecTBO J' 06PA30BAHO BCEMHU TMOAMHOKECTBAME
MHOKECTBA, A,  ABIAIOIMIUMHUCA  HE3aBACHMBIMH  MHOMKECTBAMH
Marpouma M:

J={X|XCAXeJ}

To, uro M|A — nelicTBUTEIHLHO MATPOUI, OYEBUTHO.

Haszosém panr marpouga M|A panrom muoxkecrBa A (oGosHaueHue
p(A)), a xax et 6asuc 3Toro Mmarponga — 6asoif muoxkectsa A. Takum
obpasom, p(A) — 370 HaubOIBIIAS MOMIHOCTH HE3ABMCHMOTO IIOIMHOKE-
crBa MHO2KecTBa A, 3amerum, yro M|E = M, n n1o3roMy panr MaTpousa
M = (E,J) pasen paury muoxkectBa F, a 6asuc marpouma ectb 6asza
MHOYKECTBa, Ha KOTOPOM OH onpejeén. Ouesnuno takxke, uro p(Q) = 0,
uecmm A € J, o p(A) = |A| (panr HE3aBUCHMOTO MHOXKECTBA PABEH €r0
MOIL[HOCTH) .

OrMerum cieayrommme CBOMCTBA PAHIOBO (hyHKIHU p:

(pl) VACE 0<p(A) < |A];
(p2) ecnim A C B, 1o p(A) < p(B) (monomornocms);
(p3) VA,B C E p(AUB)+p(ANB) < p(A)+p(B) (noaymodyasprocms).

Bremomnnrenue cBoiicts pl u p2 oueBugnO. Joraxkem p3.

IMycrs X — 6aza muoxecrsa AN B. C noMoIsio ¢BolicTBa J2 MHOKE-
cTBO X MOKHO JOIOJHUTEL 110 6a3bl MHOXKECTBa, A; 0003HAYKMM II0JIyYeH-
Hy10 6a3y uepe3 Y. Anajsiornuno, Y gononHsierca a0 6a3bl Z MHOMKECTBA
AU B. Urak, umeeM

X CYCZ u p(ANB) = |X], p(4) = Y], p(AUB) = |Z|.
Heobxoanmo moka3aTh, 910
12|+ 1X] <|Y] + p(B). (+)
49



Bamerum, aro no nocrpoeruio X U (Z\Y) C B. Orciona
p(XU(Z\Y)) < p(B).

Kpowme roro, muaoxkecrso X U (Z \'Y) gapisgercs nojaMHOKECTBOM HE3aBU-
CHMOTO MHOXKECTBA Z, U, B cuty J1, camMo He3aBUCHMO. 3HAUUT,

p(XU(Z\Y)) =|XU(Z\Y)| = |X[+]Z]-[Y].

Taknm obpazom, |X| + |Z| — |Y| < p(B), 9T0 paBHOCHIBHO HEPABEH-
crBy (*).0

[Tokazkem Temeps, ITO MATPOU, MOXKHO 33aTh 9epe3 PAHTOBYIO (DYHK-
IHTO.

Teopema 16. Ilycmv Ha nodmnoscecmeaxr muoocecmea E onpedene-
HA YEAOSHAUHAA PYHKEYUA P, Yydosaemeoparowan yeaosuam pl, p2, p3, a
muooicecmeo J cocmoum us ecex mex nodmuosicecme A muooicecmea E,
ons xomopwx p(A) = |A|. Toeda M = (E,J) cymb mampoud.

HoxkasarenberBo. CpoiictBo JO cienyer mHemocpeacTBeHHO u3 pl.
Hoxraxxem J1. Iycts p(A) = |A| u B C A. Brarogaps moayMOLyIsap-
HOCTH (hyHKIIMK p MMeeM

p(BU(A\ B) + p(BN (A\ B)) < p(B) + p(A\ B).
Ho BU(A\ B) = A, u p(A) = |A], a BN (A\ B) = @, u p(&) = 0.

ITosromy, yuamTbiBas Takzke CBOHCTBO pl u TO, yT0 B C A, nonyuaem
[ Al = p(A) < p(B) + p(A\ B) < |B[ + [A\ B| = |B| + [A] — [B| = |A].

ITockombKy Ha KOHIAX TOM NEMNOYKU COOTHOIIEHUH CTOUT OHO U TO Ke
IS0, BCIOMY B HEH HA CAMOM J€J€ BBINOJHSIOTCS PABEHCTBA, B 9aCTHO-
cru, p(B) = |B|. Takum obpasom, B € J.

CpoitictBo  J2 Oymem 1goKasbiBaThb OT  TPOTHBHOrO.  IlycTh
A B e J |Bl =k |Al =k+1 Ecm B C A, 7o noka3bBaTh
weuyero. Ilosromy MmoxHO cumrarh, uro |A \ B| > 2. Ilpemno-
JIOXKEM, 9TO s goboro smementa e € A \ B HeBepHO, UTO
BU{e} € J Torma p(BU{e}) # k+ 1 u, B cuny cooTHOmEHN
E = p(B) < p(BU{e}) < |[BU{e}| = k+ 1 u nenounciaesnoctu
dbyukmn p, umeem p(B U {e}) = k. BospMméMm B KadecTBe e JBa
pasnuaHbIx dsementa ¢ u d w myctb C = B U {c}, D = B U {d}. Torna
CUD = BU{¢,d} u CND = B. Tlostomy

p(BU{c,d}) + p(B) = p(CU D)+ p(CN D) <p(C) +p(D) =k +k,
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orkyna p(B U {¢c,d}) < k. Tak xax p(B U {¢,d}) > p(B) = k, nonyaaem
p(BU{c, d}) = k. tak, nmpm n06aBIeHAN K MHOKECTBY B IBYX 3JIEMEHTOB
u3 A\ B MBI HOIy9nIM MHOXKECTBO C IIPEXKHUM 3HadeHneM (DYHKIAN .

Ecnu B muoxkecrse A\ B, kpome c u d, ecTb eIié, HanpuMep, 3JeMenr |
nonoxxum C = BU {¢,d}, D = BU{f} u, mOBTOPHB mpembIIyIIne Bb-
KaIaJKu, mosydum, 91o p(B U {c,d, f}) = k.

JoGapnsaa K MHOXKECTBY B mocienoBaTenbHo s1eMeHTsl 13 A \ B, MbI
PAHO MM HO3IHO MPUAEM K MHOKECTBY BU A, U IPH 3TOM OKAzKETCsI, YTO
p(BUA) =k, B 10 Bpems kak p(BU A) > p(A) = k + 1. TIpotusopeune
nojiydeno. U

5. 2Kamgnsbiit agaroputMm

Becbma obrieit aBmgerca caeayiomast 3a7a9a ONTHMA3AINHN.

IIycTh KaxkIOMY JIEMEHTY € HEelyCTOro KOHEYHOTO MHOXKecTBa F mo-
CTABJIEHO B COOTBETCTBHE HEOTPHIATEIBHOE YHCIO w(e), HA3BIBAEMOE Be-
com 3TOoro 3neMenTa. Bec momMHoX)KectBa X C E omnpenensercs Kak
CyMMa BECOB €r0 3JIEMEHTOB:

w(X) = we).

ecX

PaccmarpuBaercs HEKOTOpasi COBOKYITHOCTE J TIOIMHOMKECTB MHOMXKECTBA
E. Tpebyerca naiiti B J MojMHOKECTBO MAKCHMAJILHOI'O BECA.

[TomobHBI BUA MMEIOT WJIH CBOASTCS K HEMY MHOTHE 33a9u: HAPU-
Mep, 337293 KOMMUBOSKEDA, 33/1a98 O PIOK3aKe, 33,1493 0 MUHUMAJIbHOM
CTATUBAIOIIEM JIEPEBE U JIPYTHE.

2KanHbIii aJrOpUTM DEIeHnsT OMUCAHHON 3391 COCTOUT B TIOCJIe-
JIOBATEJILHOM, 3JIEMEHT 33 JIEMEHTOM, (DOPMUPOBAHUU MCKOMOT'O MHOXKE-
CTBA, MPUIEM HA KAXKIOM IIIare U3 BCEX JIEMEHTOB MHOXkecTBa F, nobas-
JIEHUE KOTOPBIX K paHee BbIOPAHHLIM BO3MOXKHO (TO €CTb IIPUBOAUT K K
HEKOTOPOMY MHOYKECTBY M3 J), BRIOUPAETCS SJ€MEHT HAUGOMIBITIETO BECA.

DopMaTbHO AATOPUTM MOXKHO OMUCATH TaK.

1. B kagecrBe €] BBIOPATH IJIEMEHT, Y/IOBIETBOPSIOININI YCIOBUIO

w(er) = {Ig&g} w(e).

Caedyrowutll waz 6bNOAHAML 00 MeT Nop, NOKG OH NPUBodUMm K
PACULUPEHUIO HOPMUPYEMO20 MHODICECTNEA S.
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2. Ecm S = {ej,ea,...,€x_1}, TO B KAIECTBE OUCPEIHOTO 3JTCMEHTA
MHOXKECTBa, S BLIOpATh SJEMEHT € TaKOii, 4TO

w(eg) = max{w(e) | {e1,ea,...,ex_1,e} €J, e ¢ {e1,ea,...,€5-1}}

KoukperHnas peanuzanus KaIHOTO AJITOPUTMa, 3ABUCUT BO MHOTOM OT
TOTO, YTO MPEICTABITET COO0M MHOKECTBO J.

IIpumep 1. PaccmoTpum 3amady O Ha3HAYEHUSX, KOTOPAas COCTOUT
B BBIJIEJIEHUN COBEPIIIEHHOrO MapOCOYeTaHus HAWMEHBIEr0 BECa B JBY-
nonbHOM Tpade. B mammom ciayuae ' — MHOXKeCTBO pédep ABYMOIBHOTO
rpada, a J — MHOXKECTBO Bcex ero mapocoderanuii. 2KaaHbli aJiropurm
HAa KaXKJIOM I1are Boibupaer pebpo HAMMEHDIEro Beca, He CMEeXKHOE C pa-
Hee BhIOpaHHbIME pPEOpamu. BecoBas dyHKINS 331a8TCH MATPUIIE BECOB
pédep rpada. Ilycrs nnga rpada K3 3 MaTpuma BeCOB TAKOBA:

4 5 5
5 8 9
5 9

—
[\

OueBuIHO, UTO XKATHBIH AJTOPUTM TIOCIEI0BATEILHO BHIOEpET pédpa Beca
4,8 u 12, B pe3ymabprare yero hopMupyercd mapocoderanue Beca 24. Jlerko
[IPOBEPHUTD, ITO JII0O0E APYroe COBEPIIEHHOE MAPOCOYETAHNE UMEET MEHb-
it Bec. Takum 00paszoM, orcadHas cmpamezus NPUueess K HauTydwemy
U3 603MONCHOLT PeUIEHUTE .

IIpumep 2. B 3ajave KoMMuBOSkKEPaA TpeOyeTcs HAUTH 3aMKHY-
THII MapIIPyT HAUMEHBIIEH IJIMHBI, IPOXONAIINNA Yepe3 3aJaHHbIe IOpo-
na. 3mech E — MHOXKeCTBO JOPOT MEXKIy TOPOJAaMU, B POJIU BECA JOPOTH
BoICcTyTaeT eé nuuaa. AKagHaga crparerus s 331291 KOMMABOSIKEPa CO-
CTOWUT B TOM, YTO, HAYAB MApIIPYyT B MPOU3BOJIBHOM TOPOJE, B KAIECTBE
OYEPEIHOTO MOPO/IA HA KAXKJIOM IIare BbIOUPAEeM TAKON paHee He MOCeIEH-
HBII TOPOI, K KOTOPOMY BENET caMasi KOPOTKas J0POra.

IIpumep 3. B 3agate 0 MUHMMAJIBHOM CTATHBAIONIEM JE€PEBE TpPe-
Oyerca B 3amaHHOM CBA3HOM B3BemmenHoMm rpade G = (V| E) Bbiaenurhb
CTSITMBAIOITEE TepeB0 MEHUMAJILHOTO Beca. 31ech F — MHOXKeCTBO pébep
rpada, a J COCTOUT U3 BCEX €ro CTArMBAIONMX JepeBbes. B §1 ri. 1 omu-
CaHbI JIBA YKATHBIX AJTOPUTMAa PEIeHUsT TaHHON 3a/1atu.

IIpumep 4. 3amada o prok3ake. lMeercsa prok3ak oobéma V u n
[PEIMETOB, JIJIsl KaXK/I0TO U3 KOTOPBIX U3BECTHBI 00bEM 1 cToMMOCTh. Tpe-

23&;[34‘{1/17 IPpU PEIEeHNU KOTOPBIX KaJHBIM aJITOPUTMOM MOXKET BO3ZHUKHYTH TaKast
IapaJoKCa/bHas CHTyalls, Ha3bIBAIOT aHTUMarpougamu. [1oapo6Ho 06 9TOM HaIU-
cano B craree [15].
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OyeTcs 3aI0/HATH PIOK3aK MTPEIMeTaMU HAnbO IbIel CyMMAPHOM CTONMO-
ctu. 3aech F — MHOXKECTBO IpeaMeToB, J COCTOUT u3 HabOPOB IIpeiMe-
TOB, CyMMAapHbI# 00bEM KOTOpBIX He mpeBocxoaut V. ObIee KOIUIECTBO
JONYCTAMBIX BAPHAHTOB 3aIIOJHEHUs PIOK3aka He Oosbmre 2", ZKaaubrit
AJITOPUTM, COCTOUT, OYEBHUIHO, B TOM, YTO HA KAXKJIOM IIAre MbI TOMEIa-
eM B pIOK3aK Hambosee JOPOryio Bellb U3 TeX, KOTOPBIE enlé MOKHO TYIa
Pa3MeCcTUTh.

W3BecTHO, 9TO KAJHBIH AJTOPUATM [JTd 331891 U3 TPUMEPA 3 BCErya
JAET ONTUMAJIbHOE PeIleHne, a Jijid 3aj7a4 u3 npumMepoB 1, 2 u 4 — He
BCera.

B sToM pasmene Mbl BRISCHUM, KAKUM TPEODOBAHWSM JOJIYKHA YIOBJIE-
TBOPSATH COBOKYITHOCTh MHOXKECTB J, UTOOBI 2KaJHasT CTPATErus MPUBOIN-
Jla K ONTUMAJIBHOMY PEIeHuUIO.

Teopema 17. ITycme M = (E,J) — mampoud, a na mnodsicecmee
E onpedesena dynxyus eeca w : E — RT. Toeda ocadwndi arzopumm
evideasem Hesasucumoe nodmuoxcecmeo E nauboavwezo eeca.

HokazaTeabcTBo. IlycTh B pe3ynbrare paboThl Ka,IHOTO aJITOPUTMA,
cdopmuposano muoKecTBO I = {€1,€a,...,es}. Ilo cvbicaty anropurma
3JIEMEHTHI TOTO MHOYKECTBA MPOWHIEKCUPOBAHBI B TIOPSIKE YOBIBAHUSA WX
Beca:

w(er) = wle) = ... = w(es).

Bosbmém B F  NpOM3BOABHOE ~— HE3ABUCHMOE  TIOJIMHOKECTBO
L ={e],é),...,e;} MaKcuManbHOTO BeCa, CINTAS,ITO

w(e)) = wley) = ... > w(e)).

3aMernM, 9TO MHOMXKECTBO L MAKCHMMAJIBHO IO BKJIOYEHUIO CPEIU MHO-
JKECTB, BXOAAMUX B J (MHAYE €ro MOXKHO PACIIUPUTDL, 4 BEC MPU 3TOM
He YMeHbINUTCs ). MHOKeCTBO I MAaKCHMAJIbHO 10 BKJIIOYEHUIO MO CaMO-
My CMBICJIY KQHOTO ajropurma. lakwmm obpaszom, u L, u I — 6aswuchr
MATPOUJA. SHAYUT, KAK HAM Y7KE W3BECTHO, B HAX IOPOBHY 3JIEMEHTOB:
t=s.

JlokazkeM 1o WHAYKIIMU, ITO JJIsT JTFOOOTO ¢ BBITOJHIETCS HEPABEHCTBO
w(e;) = w(e). Basa undyxyuu obecriedeHa MePBBIM MATOM YKaIHOTO AJl-
rOpUTMA.

Iycrs Teneps mms mo6oro k < n y»ke yCTAHOBIEHO, 9To w(ep) >
w(e},). Hyxuo nokaszare, aro w(e,) = w(e),).

IIpeanonoxum, ato 3o mHe tak: w(e,) < w(el). Chopmupyem muO-
JKECTBO

A={ec E|w(e)>w,)}.

n
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Paccmorpum cyzxenne marpouga M = (E| J) Ha MHOKeCTBO A — MaTPOU,T
M’ = M|A. TockombKy

wler) = wley) = ... = wle,—1) = w(el,_1) > w(el),

MHOKECTBO B = {e1,ea,...,€,_1} sABIASETCA NOAMHOKECTBOM MHOXKECTBA,
A. DT0 MHOKECTEO HE3ABUCHMO (OyIy9M MOIMHOKECTBOM HE3ABUCHMOTO
MHOXKECTBA [ ) 1 MAKCHMAJBLHO 1O BKITFOUeHHO. JleficTBuTensHO, ecm B A
nMeeTcst 6oIIee MMPOKOE HE3ABUCUMOE TIOIMHOXKECTBO {€1, €2, ..., en_1,€},
o w(e) = w(el,) > w(ey), W KagHBI ATTOPUTM JOJKEH OBI GBI HA N-M
mare BKIIOYATE B (DOPMUDPYEMOE MHOMKECTBO BMECTO IJICMEHTA €, ¢
Mmenr e. Urak, B — 6asuc B marpoune M'. Omnako, B M’ comep:xurcsa
u Hezasucumoe mMHOKecTBo C' = {e], e}, ... el } (oro aBmgeTca momMHO-
JKECTBOM HE3aBHCUMOTO MHOXKeCTBa L). TIomyvmiocs, 9T0 B HEKOTOPOM
HE3aBHCUMOM MHOXKECTBe MarTpoumaa M’ 3nemeHTOB GOJbLIE, YeM B €ro
6asuce. [Iporusopeune!
Urak, nns Beex ¢ cipapemymeo HepasercTBo w(e;) > w(e)). Torma

S S

w(l) =Y wle) =Y wle}) =w(L).

i=1 i=1

Buaunt, ] — HE3ABUCUMOE TIOAMHOKECTBO MAKCUMAJIBHOTO Beca. [

JlokazaTeabCTBO TEOPEMBI MOKA3BIBAET, 9TO JJIsI 338491 C MATPOUTHON
CTPYKTYPO#l B OMTUMAJIHLHOM pPerieHnn I 1Mo CpaBHEHUIO ¢ TTPOM3BOTBHBIM
HE3ABUCAMBIM MHOXKECTBOM L GoJiblie (€c/in BhIPpA3UTLCs (o/iee akKKypar-
HO, HE MEHbLIIE) He TOJbLKO BEC BCEr0 MHOMKECTBA, HO TAaK¥kKe BEC -0 10
BECy JIEMEHTa 7 Kaxk 010 . VIHTepecHoit 0COOBEHHOCTHIO OIITUMATIBHOTO
pellleHnd ABJIgeTCA TaKKe TO, YTO OHO IIEJIMKOM OIIpPeJiesIgeTcd YIIopda10-
YE€HUEM BECOB JIEMEHTOB MHOXKECTBA [, HO HE WX KOHKDETHBIMH 3HAUe-
HUAMH.

3mech Ke OTMETHM, YeM JKAJTHBIE AJTOPUTMBbI [TPUBJIEKATEIbHBI JJIs
MPOTPAMMHUCTOB. BO-TIEPBBIX, 3TU AJITOPUTMBI OOBIYHO JIETKW JJIsl MPO-
rpaMMUPOBaHUs (BCIOMHUM, HanpuMep ajroputr™ llpuma). Bo-BTopbIx,
OHM WMEIOT, KaK IPABUIO, NOJUHOMUAJBHBIE OIIEHKH TPYIO0EMKOCTH. JTO
O0BSACHAETCH TEM, 9TO UCKOMOE MHOXKECTBO (DOPMUPYETCsT TEMEHT 34 dJIe-
MEHTOM, B OTJINYHE OT AJrOPUTMOB THUIIA 1ePebOpa ¢ BO3BPATOM, [JIsi KO-
TOPBIX XapaKTepHA IKCIMOHEHITNATbHAS TPYIOEMKOCT.

Wrak, B cityyuae MaTPOUIHON CTPYKTYPBI TOJIMHOXKECTB KATHBIN aJIr0-
PUTM IPHUBOAMUT K OUTUMAJIbHOMY perieHuio. OKa3bIBAeT s, CIPABEJINBO
u 0OpaTHOEe yTBEPKISHNE, BOSHUKAOIIEE TIPH €CTECTBEHHOM TTPEIIIOI0MKE-
HUH O 3aMKHYTOCTH CHCTEMbl MHOYXKECTB OTHOCUTEIbHO BKJIIOUEHUS.
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Teopema 18. Ilycmo J — uenycmaa cucmema nodMHoNCeCms MHO-
aicecmea E maxas, umo swnoansemcs ycaosue J1. Ecau das 410601 eeco-
60t gynrxyuu w : E — RT sicadnoiti arzopumm nazodum nodmmosicecmaeo
E nauboavwezo eeca, mo (E,J) — mampoud.

okazaTesbcTBO. /[0CTATOYHO IPUBECTH IIPUMEDP BECOBOHM (DYHKIINH,
JJ1s1 KOTOPO# KaIHBIN aJITOPUTM, IPUMEHEHHBIH K 3a7ate, B KOTOPO# BbI-
nonHAI0TCA yeaosus JO u J1 w He BBINOJHSAETCS YCIOBHe J2, He TaéT OI-
TUMAJILHOI'O PEIeHus .

Iycrs mogmuokecTBa A m B muoxkecrBa E takoser, uto |A| = k + 1,
|B| = k, n nna mo6oro snementa e € A\ B MmEOkecTBo BU{e} He BxOMAT
B J. OupejiesmM BecoBy0 MYHKIUIO CIAEAYIOMMM 00pa30M:

k+2, ecm ec€ B;
wle)=<¢ k+1, eum ecA\B;
0, ectn e¢ AUB.

2Kagnelii aaropurm cHavaja Bbibeper Bce k 3JIeMEHTOB MHOXKecTBa B,
MOCJIe 4ero He CMOXKeT JOOABUTH K HEMY HU OJHOrO 3JIEMEHTa HEHYyJe-
Boro Beca. Takum obpasom, Oyaer chHOPMHUPOBAHO MOAMHOMKECTBO BECA
(k + 2)k = k? + 2k. C mpyroii cTOPOHBI, MHOXKECTBO A mMeeT 3aBeIoMo
OOMBINTI BEC, MOCKOIBKY BeC KaXKI0T0 1n3 k+ 1 ero 3;1eMeHTOB He MEHbIIE,
yeM k+ 1, u

w(A) = (k+1)* > k* + 2k.

2Kanubril anropuTM HEe TPUBEN K OMTUMAJIBHOMY PEIeHUIo 33 a4n. [

6. Opgna 3a1a9a NJIAHUPOBAHUS
9KCIIEPUMEHTA

Paccmorpum 33713y TpakTHIeCKOro XapakTepa, B KOTOPOH BOZHUKAET
CTPYKTYpa MaTpPOUIA.

IIycTth HEKOTOPBIH OOBLEKT TMOABEPTAETCA BO3IEHCTBUIO HECKOIBKUX
HE3ABUCUMBIX (pakTopoB. B pesysprare eIMHWYHOrO 3KCIEPUMEHTA
MO2KHO HAHWTH HEKOTOPYIO YHCIOBYIO XaPAKTEPUCTUKY OODBEKTa, KOTOpasd
aBngerca (PyHKImeH 3HAYEHWN YKA3aHHLIX (axkTopoB. B caydgae
JUHEAHON Momen 9Ta QYHKIMA UMEET BUT:

f=ciz1 +coxo+ ...+ cpxp,

rae [ — yucioBas XapakKTepucTuka oobekTa, n — obliee Kojin4iecTBo (hax-
TOPOB, T; — 3Ha4eHUsi PAKTOPOB, ¢; — KOIDPUIIMEHTHI, KOTOPbIE HAJIe-
KWUT OIPENE/IUTh B PE3YJIbTaTe MPOBEIEHUS Cepuu IKcrnepuMeHToB. [lo
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TEXHUIECKUM TPUINHAM (DAKTOPBI MOT'YT BCTPEYATHCS TOJBHKO B OMpEIe-
JEHHBIX KOMOMHAIIUAX. BynemM cunTarh, 9TO TaKuxX KOMOWHAIMN M, TIPH-
9EM M = N.

IIpumep. Ilycrs usydaerca BaugHUE COMEPIKAHUSA PA3IUIHBIX MIHE-
paJioB B TOYBE HA TOBBIIIEHNE YPOXKANHOCTH HEKOTOPOH 3€pHOBON KyJIb-
Typbl. [Ipu 3TOM B PACTOPSIIKEHUN IKCIIEPUMEHTATOPOB UMEETCS 1M Pa3-
JINYHBIX yI0OpeHuil, KaXK0e U3 KOTOPBIX IPEICTaBAsAeT cOO0il CMeCh yKa-
3aHHBIX MUHEPAJIOB B ONPEAETEHHBIX MPOMOPIINAX.

B npunnune MOXKHO MPOBECTH M PA3JIUTHBIX IKCIEPUMEHTOB M TTOJIY-
YUTb M yPaBHECHUNA:

anct + aiece 4+ ... 4+ ame, = fi;
asicr + azce + ... 4+ aen, = fo
aAm1C1 + amac2 + ... + AmpCn, = fm

[Ipeamonokum, 9TO KaXK bl IKCIEPUMEHT UMEeT CBOI IeHY, W3BECT-
HYIO 9KCIIEPUMEHTATOPAM, & T€ KEeJIAI0T MPOBECTH HANbOJIee MEIEBYI0 Ce-
PHIO ONBITOB [JIA ONpEeIeeHna MCKOMBIX KoddduimenTos c;. s aToro
uM Hy>KHO B Marpuue A = (a;;) BoIOpaTb N NUHEHHO HE3ABUCUMBIX CTPOK
C HAUMEHBIITUM CYMMAPHBIM BECOM, TJe BeC i-ii CTPOKM €CTh CTOMMOCTH
1-TO IKCIEPUMEHTA. IDTA 337a9a PA3PENInMa, eCJIi PAHT 3TOW MaTPUIIBI
paBeH n; OymeM IpearnoaraTh, YTO 3TO YCIOBUE BBITOTHIETCS.

Paccmorpum marpous crpok marpunbl A. Kaxkapiii 6asuc marpounzia
COCTOHUT W3 M JIMHEHHO HE3ABUCHMBIX BEKTOPOB-CTPOK. HezaBucumoe MHO-
2KECTBO HAMMEHBIIIET'O BECA KAK Pa3 M €CTh TO, YTO HAaM Tpebyercs: OHO
COZIEPKUT CTPOKHU, OMPEIEISIONNe HanboIee IeMEBY0 CHCTEMY IKCIIEPH-
MEHTOB.

B saksouenue 3aMeTrM, 9TO W3BECTEH BAPUAHT YKATHOTO AJITOPUTMA
JLJIsE MATPUIHOTO MAaTPONIA, OCHOBAHHBIN HA Kiaccuiaeckom Merore [aycca
[IPUBEIEHNST MATPHUITHI K TPEYTOIBHOMY BuUay. TpPya0oéMKOCTH 3TOrO aaro-
puTMa — IOPAIKA m?n onepanui.

7. TpancBepcaam

ITycts E — memycroe koHewHOE MHOKeCTBO, P = (S1,S59,...,5m) —
HEKOTOPAs TOCIEI0BATENBHOCTD €r0 HEITYyCTHIX MTOAMHOKECTE (OHH MOTYT
IEPECEKAThCST M JIAXKe COBNAAaTh). TpaHcBepcaibio (Wi CUCTEMOM
Pa3JIMYHBIX TpecTaBUuTeseH) 1 COBOKYITHOCTH MHOXKECTB P Ha3br-
Bator MHOXKecTBO T = {t1,t9,..., L, } Takoe, 9TO i KAXKJIOrO YHUCIA ©
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SJIEMEHT t; MPUHAJICKUT MHOKECTBY S;; IPU ITOM TIPU PABJUIHBIX § U j
SJIEMEHTBI ¢; U ¢; TAK)KEe Pa3/IMdHbL

Jpyrumu cIoBaMu, TPAHCBEPCAJIb COCTOUT U3 1M PA3IUYHBIX MPEICTa-
BHUTEJIEH M MHOXKECTB. 3aMETHM, YTO [PHU YTOM IIPEJCTABUTENIO OJHOIO
MHOKECTBA, HE BO3OpaHsIeTcst OBITh YJIEHOM M JIPYTUX MHOMKECTB.

Tpanceepcanb J000I TOAMOCTEAOBATETBHOCTH TOCJIEIOBATETEHOCTH
P = (51,52,...,S,) HA3BIBAIOT YaCTUYIHOM TpaHCBepcaybio s P.
[Tycroe MHOXKECTBO TakKe OyeM CIHTATD YaCTUIHON TPAHCBEPCATHIO: TO-
I3 41000 NOOMHONCECTNEO HACTNUNHOT MPAHCEEPCAAU ECTND 4ACTNUYHAA
MPAHCEEPCAND.

IIpumep 1. Mmeercst HECKONMBKO PADOTHUKOB, KAYKJBIA M3 KOTOPBIX
MOZKET BBIIOJTHATE OIPEAEISHHOE (CBOE IJIsl KaxKI0ro paBOTHUKA) MHOXKE-
cTBO pabort. Ilpu 3TOM 115 BBITOTHEHN KaXK0H paboThl TpebyeTcs pOBHO
onuH UesoBeK. Tpebyercsd Tak pacupeneanTh UMEIOITyIoca Pab0Iyio CHIY,
4TO0OBI Kak7as paboTa BLINOMHsIach. PopManusyst 3Ty 3a7ady, IMeeM:
E — wmHOXecTBO pabOTHUKOB, MHOMXKECTBO S; COCTOWT W3 TeX PAaDOTHU-
KOB, KOTOPBIE MOTYT BBITIOJIHATH i-10 pabory. Hasnadenust Ha KarKJbril
BUL pabOT CBOMATCS K OTHICKAHHUIO TPAHCBEPCAIHN JJISl TIOCIIEI0BATETHHO-
cru MuOKeCTB P = (51,59, ...,Sm), Toe m — obIee KOMH4ecTBO pabor.

IIpumep 2. B HekoTOpOoM yupexkaeHun mmeercs m komwuccuii. Tpe-
OyeTcst M3 COCTaBa KayKJIOH KOMUCCHU HA3HAYUTH UX MpecenarTeneii Taxk,
9TOOBI HU OJIMH YeJIOBEK HE TPeCcenaTeIbCTBOBA Dojiee ueM B OTHOM KO-
MHUCCHHU. 3JIeCh TPAHCBEPCAIb KOMUCCHI COCTABAT UX MPEICETATEIH.

IMpumep 3. Iycre S; = So = {1,2}, S5 =5, ={2,3},

Ss = {1,2,3,4,5,6}. Jlerko BUAeTh, 9TO HE CYNIECTBYET TPAHCBEPCAIH
nng P = (51,852,535, 54,55), oqHako, HapuMep, 3aeMenTo 1, 2, 3, 6 co-
CTABJIAIOT TPAHCBEPCATL I mocienosarenbuoctu P = (Sy,Ss, S5, S5),
TO €CTh YaCTUIHYIO TPAHCBEpCAb st P.

HeobxonumMoe 1 JOCTATOYHOE YCJIOBHE CYIIECTBOBAHUS TPAHCBEPCAIN
JAET CIIeyIoNIas

Teopema 19. Ilycmsv E — nenycmoe woneunoe mmooicecmso. Ilo-
cAedo6aAMENLHOCTL €20 Henycmbur nodmmoscecms P = (S1,52,...,5m)
UMEEM MPAHCEEPCAAb Mo20a U Mmoabko mozda, kKozda 00sedunenue
A0 k nodmmosicecme us 9mot nocaedosamesvbHOCTIU COOEPHCUTT, HE
menee k anemenmos, 2de k — mpouseosbHoe HAMYPAALHOE “UCAO, HE
NPesocrodAwee m.

HokasareabcTBo. CHavasa HaiuM KPATKYIO 3alUCh YCIOBUS CYIIe-
CTBOBaHUS TPAHCBEPCATN U3 POPMYJINPOBKU TEOPEMBI:
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HeobxonmMocTh JaHHOTO yCaoBusa oueBuana. Ilepeiiném K J0CTaTOIHOCTH.

IIpeaBapuTebHO JOKAZKEM

YrBepxkaeune. Ecau 6 nexomopom muoorcecmee, wanpumep, 6 S1,
HE MEHEE J6YT INEMEHMOE, MO U3 IMO20 MHONHCECMEA MOHCHO YIAAUMD
00UH INeMENTN, HE HAPYWUE NPU sMmom yeaosus (1).

Or nporusHOro: mycrb |Si| = 2 u, Kakoil 3JeMeHT HU YAAIUTH U3
Sy, ycnosue (1) me Gyner Bbiiosineno. Bosbmém jBa sjiemeHTa T U Y
n3 MHOXKecTBa S1. s HEX HAWAyTCa Takme MHOMKECTBA WHIEKCOB

A ={1}UAu B ={1}UB, e A,B C {2,3,...,m}, aro

|0, S\ el < [4] = A1+ 1 a | U SiU(S\{gh)l < B = |Bl+1.
(2)

TTosnoxxum:
X=U5U (Si\{z}), Y = o (S1\ {v}).

CoorHomrennd (2) mepenuniiemM B BH/E:
(XTI <|A[; [Y]< B,
OTKyIa
X1+ Y] <[A] +|B]. 3)

Jnst magbHedero HaM ITOHAJZOOUTCS CAedyIONuit BapuaHT (HOPMYJIIbI
BRJTIOYCHU - UCKITIOUCH S

|C|+|D|=|CUD|+|CnD|, (4)

e C' u D — mpon3BOIbHBIE MHOKECTBA.
C momompio ycmobus (1) oueHWM CHHM3Y MOITHOCTH OOBEIUHEHUS W
nepecedennst MHOKecTB X n Y. Ilockombky

XUy :ie,%JUBSiU (St \ {zHu(S:\ {»}) :z-eﬁ;JUBS" USy,

BBITIIOJIHACTCA HEPABEHCTBO

IXUY|>|AUB|+1. (5)
B cuny Toro, aro
XnYy> U S,
i€ANB
nMeeM
|XNY|>|ANB]. (6)
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Canoxum HepaseHcrsa (5) u (6), 1Bazk bl UCIIOIL30BAB TOXKIECTBO (4):
I X|+ Y] =|XUY|+|XNY|>|AUB|+|ANnB|+1=|A|+|B|+ 1.

[Monyvennoe nporuBopeyne ¢ HepaBeHCTBOM (3) 3aBeplIaeT JI0KA3aTesb-
CTBO yTBEPKICHUSI.

Bynem npumeHSTH TIPOIEAYPY W3 YTBEPKIEHUS 10 TeX TOD, MOKA y
HAC He OCTAHYTCs JIUITb OJHOIJIEMEHTHbIE MHOXKeCTBa. [Ipu 3T1OM B 00B-
eMHEHUN JTIOOBbIX k M3 HUX COJEPIKUTCS k 37IeMEHTOB. 3HAYUT, BCE STH
MHOKECTBa, MOTTAPHO HE MEePeCceKaroTcs, a UX O0beIUHEHHEe W €CTh WCKO-
Mas TpaHCBepcaab. O

3amevanwne. Vckyménubiii unTaresib, HABEPHOE, CPA3y y3HAI B TEO-
peMe O CyIIeCTBOBAHWY TPAaHCBepcaau teopemy Xosna. Jleficteurensro,
noCTPOMM JABYAOMBHLIH Tpad ¢ momamu Vi = {v,ve,...,opm}t u Vo =
S1USyU...U S, B KOTOPOM I KaxKIOr0 9 MHOMKECTBO S; €CThb MHO-
KECTBO BEPIIUH, CMEXKHBIX ¢ BepiuHOi v;. Torma TpaHcBepcasb 3a1a8T
coBepIeHHoe napocoderanne u3 Vi B Vo. B MarpuMoHnaabHONR TPAKTOB-
Ke TeopeMbl X0oJia MHOXKECTBO S; COCTOUT W3 JIEBYINEK, 3HAKOMBIX i-My
FOHOITIE, & TPAHCBEPCAJb €CTh MHOXKECTBO CYACTJIMBLIX HewecT. Mnes wu3-
JIOXKEHHOTO BBIIE JOKA3ATeIhCTBA, MpuHaLIexariero P. Pago, mo3songer
monyauTh Gosee obmumit pesyabrar. 06 sTom moaéT peusb B §9. A ceituac
YCTAHOBUM JIBA CJEACTBUS U3 JTOKA3AHHONW TEOPEMBbI.

Caencrsue 1. Ilycmov E — uenycmoe xoneuwrnoe mmuoorcecmso. Ilo-
cAedo6aMesbHOCIL €20 Henyemus nodmmoscecme P = (S1,52,...,5m)
UMEEM YACTNUYHYIO MPGHCEEPCAAL MOUHOCTU T mozda ¥ moabko moada,
Koeda obsedunenue Aw0bvr k nodmmoosicecms u3 amoi nocaedosamensvHo-
cmu codepoicum ne menee k +t —m anemenmos, 2de k — npouseosvroe
HATYPAALHOE YUCAO, HE NPEBOCTodAUee M, Mm.e.

VA C{1,2,...,m} |'gASi| > Al +t—m.

HokazaTreabcTBo.  UT0OBI MMETh  BO3MOXKHOCTH  IIPHUMEHHUTH
YTBEPKJIEHUE TEOPEMbI, BO3bMEM MHOXKECTBO D), MMEoInee MOIIHOCTH
m —t u He mepecekalolieecs ¢ F, u obpaszyeM HOBOE ceMeiiCTBO MHOXKECTB
P = (81,585,...,5.,), tne S; = S; UD. C noMommpio m — t 371€MeHTOB
MHOKecTBa D iobast yacTrydHast TPAHCBEPCAIb MONTHOCTH & JOMOJHSIeTCS
no (mosmnoit) tpaucBepcasmu. OOGparTHO: ecsu HMMeeTcs TPaHCBEPCAJIb
nasg P/, ro BLIOpOcMB W3 He€ 3JeMeHThl MHOxKecTBa D, IOJIyduMm
YACTUYHYIO TPAHCBEPCAb MOIIHOCTH HE MeHbIne ¢, a, 3HAYHUT, €CTh
¥ YACTUYHAS TPAHCBEPCAIb, MOIMHOCTh KOTOpPO# paeHa t. Takum

00pa3oM, CYIIeCTBOBAHWE YACTUYHON TPAHCBEPCATIM MOITHOCTH t JJist
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P pDaBHOCHJIBHO CyIIECTBOBAHUIO TIOMHONH TpaHceepcamn mia P, a
MOCJIeJHEE UMEET MECTO TOTJIA U TOJBKO TOIa, KOrIa

VAC{L,2,....m} | U S/|=|US;UDl=| U S;|+m—t=>|A
i€A i€EA i€EA

JlokazaTeabcTBO caencTsus 1 3aBepireHo. O

CaencrBue 2. Ilycmv E — mnenycmoe xonewnoe MHOAHCECMEO,
P = (5,5,...,5:) — nociedosamesvHocmb €20 HENYCTLIL
nodmmooicecms.  Mmuoowcecmeo X C E  codeporcum  wacmurHyo
mpancsepcastb mougnocmu t das P mozda u moavko moeda, kozda

VA C{1,2,...,m} |(-gASi)ﬂX| > |Al+t—m.

HokazaresberBo. omoxum S; = S; N X (s Kazkmoro i) u npu-
MeHWM K TocenoBarensuaoctn P = (S7,55,...,S)) npenpinymee cies-
creue. [lomyunm ycaoBue

VA C{L1,2,...,m} |_gAsg| > |Al+t—m.

Ho US] =U(S;NnX) = (US;)NX. DO

8. TpancBepcaJibHBINT MaTpOU

Teopema 20. (Ix. Damounac, . Pankepcon, 1965 r.)
Iycmoy E — nenycmoe xoneunoe muoscecmeo, P = (S1,52,...,5,) —
HEKOMOPAA NOCACI0BAMEALHOCTID €20 HENYCBLL Nodmuoocecms, a J —
MHONCECTNBO 6CET wacmuunny mpanceepcaseti das P. Tozda (E,J) —
Mampoud.

HokaszareascrBo. Cpoiicrea JO u J1, oueBnano, umeior mecto. IIpo-
BEPUM BBITOJIHEHUE AKCHOMBI HE3aBUCUMOCTH J2.

IIpuGernem K HAIVIATHOMY IIPEACTABICHUIO CEMEHCTBA MHOXKECTB P =
(S1,...,Sm) c moMoIpo AByA0AbHOrO rpada G, KOTOPBIA CTPOUTCA CIe-
nyrornmM obpasoM. Beprmuabl mepBoit moau Vi 6yAyT COOTBETCTBOBATH
MHOYKECTBAM S1, ..., Sy, BEPIIMHBI BTOPOU n0H Vo — 3JIeMEeHTaM MHO-
kecrBa F, u (ms Kaxka0ro ¢) pébpa, MHIMIEHTHBIE BEPIIUHE S;, COeIu-
HSIOT €€ CO BCEMU DJIEMEHTAMU MHOXKECTBa ;. BbIJeIeHnIo ciucTeMbl pas-
JIMMHBIX 1IPeJICTaBUTe el COOTBETCTBYeT HEKOTOpoe mapocoderanue (T.e.
MHOKECTBO TIOTNAPHO HECMEXKHBIX pEGep) B 3TOM rpade: eciu 37eMEeHT
t; mpencraBjageT MHOXKECTBO S;, TO B mapocodeTranue Bouaér pebpo S;t;.
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3amMeTuM, KCTATH, YTO B CAy9ae TPAHCBEPCAJM MMEEM COBEPIIIEHHOE M-
pocoderanne u3 Vi B Va.

ITycrs A w B — 49actuanbie Tpancsepcamu u |A| = |B| + 1. Hyx-
HO JIOKa3aTh, YTO Ha#aércst amement e € A\ B rakoii, uro B U {e} —
JacTUYHas TpaHcBepcasb. [lapocoderanus, oTBedarONne YKA3aHHBIM Ya-
CTUYHBIM TPAHCBEPCAIAM, 0O03HAYUNM COOTBETCTBEeHHO depe3 W4 u Wih.
Tokpacum pébpa n3 W4 \ Wp B xpacusrii uset, us Wp \ W4 — B cunmii,
a w3 Wa N Wp — B 3enéunrit. Kpacubsix pébep Oymer Ha ogHO OOMIBIIE,
YeM CHHUX. 3aMeTUM Tak:Ke, UTO 3eJ€HOe pebpo He CMEKHO HU C OJHUM
TOKPAIIEHHBIM PEOPOM.

Paccemorpum noarpad G’ ucxomnoro rpada, o6pa3zoBaHHBIH KpPaCHbBI-
Mu u cuanMu pébpamvu. Tak Kak aBa pebpa OTHOTO I[BETA HE MOTYT OBITH
CMEKHBI, CTeIeHb Kaxkoil seprmubl B G’ pasaa 1 min 2. JIerko BUAeTh,
YTO KOMITOHEHTHI CBA3HOCTH G TipencTaBisioT coboil muKasl m nenm. B
KaXKJIOM [HKJIEe W KaXKA0H memu npera peébep depeayrorcsa. [lostomy B
[UKJIE, & TaKXKe Ierud IETHON [JIMHBI OJUHAKOBOE KOJUYIECTBO KPACHBIX
n cuanx pédep. ITocKombKy KpacHbIX pédep OobIle, YeM CHHUX, HAHAET-
ca nens C' HeYETHON IJIMHBL U] — U2 — ... — Usg, B KOTOPOH IEpBOE U
nocieaee pebpo — Kpacubie. POBHO ojiHa 13 KOHIEBbix Bepiiud nenu C'
JIEXKUT B Vo, MyCTHh 9TO BEPUINHA V1. JTa BEPIINHA HWHIMIEHTHA, TOJBKO
KpacHoMy pebpy u uzobpaxkaer ajmement u3 A \ B. Kaxnasa u3 Bepiiun
V3, Vs, . - ., Ugk—1 W300pazkaeT 3JeMEHT MHOKEeCTBa I v mHIMIEHTHA Kak
KDAaCHOMY, TaK W cwHeMy peGpy. 3magmt, {vs,vs,...,v2x-1} C AN B.
Ilepekpacum Teneps menb C, 3aMEHUB KPACHBIH [[BET CHHUM, & CHHUN
KPaCHBIM.

Bepuémcst ¥ rpady G. B pesynbrare npon3BeIgHHON MEPEKPACKYT MHO-
KECTBO BepIInuH U3 Vo, MOKPBHITHIX CHHUMH U 3€JIEHBIMU PEOPAMH, TTOTOJ-
HUJIOCH BEPITHHON ¥1, TO €CTh YaCTUYHASA TPAHCBEpCadb B yIInHUIACH
3a caér smementa u3 A\ B, O

Matpoua, 0Opa30BaHHBIN YACTUYHBIMEA TPAHCBEPCATSIMU (DUKCUPO-
BAHHOTO cemeiicTBa MHOXKeCTB P, OyJeM Ha3bBaTh TPAHCBEPCAJIbHBIM
u oboznagare M[P].

IIpuBeném mpuMep NPaKTUIECKOW 337a49M, B KOTOPOH BO3HHUKAET
TPaHCBEPCAJbHBI MATPOU.

ITpumep. Unmeercst m pabOTHUKOB; -1 PAOOTHUK MOXKET BBIMOJIHSITH
paboThl u3 MHOKecTBa pabor S;, rae ¢ = 1,2,...,m. Ilycts obmwee mHO-
xxectBo pador E = US; = {e1,es,...,en}, 2 npubbuib OT BBHIMOIHE-
HuA paboThl e; paBHa w(e; ). Tpebyercsa Tak pacupeneuTb paboThl MezK-
oy paboTHUKaMu (OpU 3TOM KaxKIblil BBINOJIHsIET HE Gojiee OIHONW pa-
0OTBI, & I KaxKA0i pabOTHl HyXKeH OIuH pabOTHUK; KaKWe-TO pPabo-
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TBHI MOTYT OKAa3aThCs HEBBLIMOJHEHHBIMHU, & KaKWe-TO PabOTHUKH MOTYT
ocrarbcd 6e3 paborbl), 4T0ObI 00IIAs NPUOBLIL OT BbINOJHEHUs PaboT
ObLIa MakKCUMaJIbHON. MaTeMaTudecKu, 3a4a4a CBOAUTCA K OTBICKAHUIO
YACTUYHON TpaHCBepcain HaubOOJIbIIEro Beca JUlsl [10CJIEe10BaTE/IbHOCTU
muokecTs P = (51,52, ...,5,). JApyrumu ciosaMu, Hy>KHO HAlTH He3a-
BUCHMOE MHOYKECTBO HAMOOJBIIEr0 BECA B TPAHCBEPCAJLHOM MATPOUJIE.
Jlj1st 3TOroO, KaK HaM yzKe M3BECTHO, TOOUTCS >KAAHbBIA aJIrOPUTM.

B 3akirouenue pasjesa, UCI0JIb3yeM IOHATHE TPAHCBEPCAJIBHOIO MaT-
pouaa Jid pelieHud OJHON TEOPETUIECKON 3a1a4u.

Broisicaum, karxum mpebosanusm JoANHCHDL YOOBAETNBOPATL MHOMHCE-
cmeo A C E u cemelicmeo mmuozcecms P, wmobo. nepeoe moxcro Gotao
donoarums 00 MPAHCEEPCAIU 6MOPo20, T.e. ITOOBI ceMmeiicTBo P mMeno
TPAHCBEPCAJIb, CoAepXKalnyo MHOxKecTBOo A. OueBHIHO, HEOOXOTUMBIMU
SABJISIOTCA CAEAYIOIINE YCAOBUSL:

1. P mmeer xoTa ObI OTHY TPAHCBEPCATD.
2. A — gacruynag TpaHcsepcasb mis P.

y,ZLI/IBI/ITeJ'H)HO, HO 93TU YCJIOBUA ABJIAIOTCA U JOCTATOYHBIMU. ,Z[OKa3a-
TeJIBCTBO IIPOBOIUTCS OYEHb IIPOCTO, ECJIH OLMUPATHCS Ha TEOPUIO MATPO-
unoB. JefAcTBATENbHO, MHOXKECTBO A, OyIydn 9aCTHYHONR TPAHCBEPCAIBIO,
ABJIACTCA HE3ABUCHUMbBIM MHOXKECTBOM TPAaHCBEPCAJBHOI'O MaTpOHIA. HIO-
00€e HEe3aBHCHMOE MHOYKECTBO MOYKHO PACIIHPHUTHL 10 Oasuca. Bce Gasmcn
MaTponJa UMEIT OAHY U Ty K€ MOIIMHOCTD. B CUTy YyCJIOBUA 1 MOIIHOCTBH
Hasnca paBua m. 3HauuT, 6a3UC CyTH TPaHCBEPCATb. O

9. HezaBucumble TpaHCBepPCAJIN

Pamee w™br ycramoBuwim HEOOXOAMMOE ¥ JIOCTATOYHOE YCJIOBUE
CYIIECTBOBAHUA TPaHCBEpPCAJIA JJIs ceMeiicTBa MMOAMHOXKECTB
P = (5,95:,...,5,) maoxecra E. Temepp mycrb Ha MHOXKecTBE E
3ajaH HeKOoTophIit Marponya. HeszaBucumoit TpaHcBepcaybio aasa P
HA30BEM TpaHCBEPCANlb, KOTOpasd ABJIAETCA HE3aBUCUMBIM MHOMKECTBOM
B CMBICJIE yKaBaHHOFO MaTpoHnaa. B 9aCTHOCTH, €CJIHu MaTpomna —
JMHUCKPETHBIN, TO miobas TpaHcBepcadb — HezaBucuMas. Creayromas
TeopeMa JaéT KPUTEPHil CyLIeCTBOBAHUS HE3aBUCHMON TPaHCBEPCAJIN.

Teopema 21. (P. Pago, 1942 r.) ITycmos M = (E,J) — mampoud.
Hocaedosamenvrnocms P = (S1,S89,...,Sm) Henycmuz nodmuoscecms
muooicecmea F umeem HE3a6UCUMYI0 MPAHCEEPCAAb MO20a U MOABKO MO-
2da, xozda obsedunenue Awbux k nodmmoosicecme us smotli nocaedosa-
MEABHOCTU COOEPAHCUM, HE3ABUCUMOE MHONCECTNEO, 8 KOTMOPOM He MeHee
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k asemenmos, 2de k — npous3eosbHOE HAMYPAALHOE YUCAO, HE TPEBOCTO-
dawee m.

JlokazaTeabCTBO. YCJIOBHE TEOPEMbl YI00HO c(hOPMYIMPOBATDH, UC-
[OJIb3ysl TIOHATHE PAHTa MHOXKECTBA (HAMOOJbIIEH MOIIHOCTH HE3ABUCHU-
MOI'O TOJMHOXKECTBA):

HeobxomumocTh. Ecnn mMmeercst He3aBHcHMAasi TpaHCBEPCasb, TO
eé mepecedenne ¢ MHOXKECTBOM U;ca S; mmeer |A| 3eMeHTOB, OTKyIa

u S;) = |Al
p(U, i) > |4

HocTaTouHoctb. [IpenpapurenbHo mOKaXkKeM

VYrBepxaenue. Ecau 6 nexomopom muoocecmae (nanpumep, 6 Si)
HE MeHee JGYT INEMEHNO6, MO U3 IMO20 MHONCECTNEL MONCHO YOAAUMD
00UH, DAEMENTN, He HAPYWUS NPU IMOM Ycaoeus (1).

Ot npormsHOro: mycth |S1| > 2 m, Kakoil 3J€MEHT HU yJAJIUTL U3
S1, ycmosue (1) me Gyzer Bwinosneno. BosbMéMm aBa sjieMeHTa T U Y
u3 MHOXKecTBa S7. s HMX HaliiyTcsd Takue MHOXKECTBA WHIEKCOB
A ={1}UAu B ={1}UB, rne A,B C {2,3,...,m}, uto
(Y SiuS\{a}) <[4 = [AFLm p( U SiU(SiI\{yh)) < B = |BI+1.

K i
(2)
TTomowxum:
X=U SU(Si\{z}), Y= U SiU(S1\{y})
€A i€B

CoorHomenns (2) mepenuiieM B BHIE:
p(X) < |A[; p(Y) <|B|,

OTKYIa
p(X) +p(Y) < [A] +|B]. (3)

C nomompio ycaosus (1) oneHuM CHU3Y paHru OObEIUHEHUS U TIE€Pe-
cedenust Muoxkects X u Y. Ilockonbky

XUY = , _ 4
N iekJUB SiU(Si\ {z}) U (Si\ {y}) ig,LAJuB SiU S,
BBIIIOJTHAETCST HEPABEHCTBO

p(XUY)>|AUB| +1. (4)
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B cuny Toro, aro
Xny> uU S,
icANB
nMeeM

p(XNY)>=|ANB. (5)

Ucnonb3ys cBORCTBO MOy MOMYNIAPHOCTA PAHTOBOIN (DyHKIMH, TOCIIE CII0-
xerns (4) n (5) momydnm:

p(X)+p(Y) > p(XUY)+p(XNY) > [AUB|+|ANB|+1 = || +|B|+ 1.
(6)

Hepagencrso (6) nporusopeuur nepaseHcrBy (3). YTBepxKiaenue o-
Ka3aHo.

Bynem npuMeHATH NPONEAYPY M3 YTBEPKACHHA IO TEX IOP, HOKA Y
HAC HE OCTAHETC M OAHO3IeMeHTHBIX MHOXKeCTB {t1}, {ta}, ..., {t;n}. [Ipn
9TOM paHr ux obbemuuenus T = {t1,ta,...,t, pased m. Suauur, T u
eCTh HCKOMAsA HE3ABUCHMAs TPAHCBEPCANb. O

Caencrsue. [Tyecms M = (E,J) — mampoud. Iocaedosamenvrocms
P = (51,52,...,5m) nenycmox nodmmooicecne muodicecmea E umeem
HEZABUCUMYIO YLACTRUNHYIO TPAHCEEPCANL MOwHocmu t moz2da U MosbKo
mozda, kozda obsedunenue awbuxr k nodmmoosicecme us amoti nocaedo-
BAMEADHOCTIU COOEPAHCUN HEZAGUCUMOE NOIMHONCECTNEO MOULHOCTIU HE
menee k+t—m, m.e.

VA C{1,2,...,m} P(,gASi) > |Al+t—m.

Jdoka3zaTeJbCcTBO BIOJTHE AHAJTOTHYIHO TOKA3ATEIbCTBY CAeAcTBud 1 u3
TeopeMbr 19.

10. OO6mme TpaHcBepcaan

Kpurepuit cymecrBoBamns HE3aBHCHUMOM TPAHCBEPCATH ITO3BOJSIET
MOy YINTh HEOOXOAUMOEe M JOCTATOYHOE YCJIOBHA CYIIECTBOBAHUS OOIIEH
TPpaHCBEPCaJIN Yy ABYX PA3JIMYHbIX CHUCTEM IIOAMHO2KECTB OJHOI'O M TOI'O
JKe MHOXKecTBa. meer Mmecto

Teopema 22. Jea cemeticmea P = (S1,52,...,5m) wu
Q = (R1, Ra, ..., Ry) HENYCMBIT NOOMHONCECTNE KOHEUHOZ0 MHONCECTNEE
E obaadarom obuwetll mpanceepcasvto mozda u mosvko mozda, xo2da Ois
0661 nodmmosicecme A u B mmooicecmea {1,2,...,m} swnoansemea
HEPABEHCTNEO
(U, S0 (U, R)| > 4]+ Bl —m.
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JokazareabcTBO. PaccMOTpUM MaTpOU YaCTUIHBIX TPAHCBEPCAIeH
nng P, O6mias Tpancsepcans P u ) ectb HezaBucumas (B yKa3aHHOM
marponje) rpancsepcanb (). Ilo reopeme Pano nesaBucumasi rpancsep-
casb () CymecrByeT B TOM U TOJBKO TOM CJIydae, KOrja OObeIuHEeHue
MoObIX k MHOXKECTB R; COmepKUT He3aBUCHMOE MHOXKECTBO U3 Kk 3JI€MeH-
TOB, KOTOPOE B HAIEM CJIy4ae CyTh YaCTUYHAST TPAHCBEPCAJIb MOITHOCTH
k. llpumensia cieacTsue 2 u3 TeopeMbl 19, nmeem

VAB {12, m} (U S)NX|> Al +k—m,
1€

rme X = U R;, k=|B|. O
i€B
TTokaxkeMm, Kak CBECTH HAXOXKIEHNE OOIEHl TPAHCBEPCAIN K HAXOXKIE-
HUIO0 MAKCHMAJILHOTO MOTOKA B CETH.
Urak, umeem muoxectso E = {ej,es,...,e,} u aBa cemelicrBa ero
nongmaOkecTB P = (S1,52,...,5,) u Q = (R1, Ra, ..., Ry). Hocrponm
OPHEHTUPOBAHHBII Tpad, Comep:KaIuil CAeAYIONNe BEPIINHbBIL:

® 4 — WCTOYHUK, b — CTOK;

® BepINUHBI, W300parKamwlnue MTOAMHOKeCTBa S1, S2,..., Sm, Ri,
R27' ) Rn’w

e [0 [BEe BEPIIMHBI Ha  KaxXKIbll  3JeMEHT  MHOKECTBA
) / " / " 2 "
E: vi,v,,05,09,...,0],,0,

n?
" CJIeayIoNe nyTu:
e aS;u Ribanai=1,2,... ,m;
! .
e S;v}, ecu € € S
1"
® v R;, ecim ej € Ry
;o .
e Vv, anaj=12,...,n.

[TomoKuM TIPOIYCKHBIE CIIOCOOHOCTH BCEX YT PaBHBIMHU eguHuie. Eciam
cyuectByer o0lias TpaHcsepcanb t1,to, ...ty aia P u @, T0 B OCTpO-
eHHOM Tpade ecTh M HEMEePEeCEeKAMIINXCS MyTel W3 UCTOUHWKA B CTOK
BHIA
a— S — vy = v, = Rj = b,

[7le 9JIEMEHT €, sIBJISIETCS IIPeACTaBUTeNeM MHOXxkecTB S; u R;. Dt m
nyTeil GOPMUPYIOT MAKCUMAJIBHBIA MOTOK (€r0 BeJIWYMHA M) B IIOCTPO-
eHHOIl TpaHcrnopTHOI cetu. [locae HaxOXaeHUS MAKCUMAIBHOTO MOTOKA
JIEFKO yKa3aTh OOIILYI0 TPAHCBEPCAIIb.
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IIpumep. Jna maoxects S1 = {1,2}, So = {1,2,3,4}, S3 = {2,4},
Ry = {2,3}, Ry = {1,4}, R3 = {1,2,3} wumeem cerb (¢ equHUIHBIMU
[POIYCKHBIMHU CIIOCOGHOCTAMU BCEX AYT), 300PAKEHHYIO HA pUC. 15.

v} vy

Sl v

N~

’Ué/ R1

Puc. 15

[Tocne HaxOXKIeHWS MAKCHMAJBLHOTO IMOTOKA MOXKHO YBUIETH OOIILYIO
tpaHcBepcanb {1,2,3}, mpuuém 1 ABAAETCA TPEICTABATENEM MHOXKECTB
S1 u Ry, 2 npeacrasusier S3 u R1, a 3 — muoxecrBa So u Rs.



I'maBa 4
CJI02KHOCTH aJTrOpPUTMOB

1. O BBIYUCJIUTEIBHOMN CJIOXKHOCTHU
aJITOPUTMOB

Poct moryrmecTBa BbIYUCIUTENBHON TEXHUKHA WHOTIA, MOPOXKIAET WJI-
JIIO3WIO, 9TO KOMITBIOTEPAM BCE IOABIACTHO: 38 CYET KOIOCCATBHOTO OBICT-
poaencTBrA OHU MOT'YT, UCHOJIb3yd JAazKe CaMblil IPUMUTUBHBIA aJarOpUTM
(nanpuMep, TPsAMOTro mepebopa), PEMIUTD JI00YI0 3a7a9y.

ITycrs n — mapamerp, ONPEAeIONui PasMepHOCTh 3a1adu (HAlpu-
Mep, YUCJIO TOPOJIOB B 3aadue KOMMUBOsKEpa), a f(n) — dyukuus Bpe-
MEHHO¥ CJI02KHOCTH (YUCJIO FJIEMEHTAPHBIX IIArOB) AJrOPUTMA IIPH Dellie-
HHAW 3TON 334349H.

[Mpuseném HECKOIBKO TPUMEPOB (DYHKIINN BPEMEHHOM CJIOKHOCTH aJl-
TOPUTMOB.

B 3amate koMmMuBOsKEpa C N TOPOIAMU PSMOi repebop TpedbyeT pac-
cmorperng (n—1)! pasmwarbx MapmpyTo. MeTon BeTBell u rpasut Tpe-
6yer B cpennem 1,26™ onepauuii (cm. [13]).

B 3amade HaxoaeHnss MHHUMAJIBLHOTO CTSTHBAIONIETO JepeBa B TTOJI-
HOM Tpade ¢ n BepiIMHAMU (HAIOMHKUM, 9TO MATEMAaTHIeCKad MOJE/Ib 3a-
Jladu HAXO0XKIeHust Haubosiee NeIEBOit CeTH JOPOr, CBA3BIBAIONINX HEKOTO-
pble HaCe8HHbIC MyHKTHI) TIPH HOMHOM Tiepebope paccMaTpuBaercsa n' =2
passinunbix aepesbes (reopema Kaum). Anropurm IIpuma rpebyer nopsi-
ka n?/2 omeparmii.

B monorpadgum [4], sermemmei B 1982 r., mpuBoauTcs TabaUIA, KOTO-
past TIOKa3bIBaeT BpeMs pabOThI AJTOPUTMA, B 3aBUCUMOCTHU OT (DYHKIIUU
BPEMEHHO CJIOKHOCTH M PA3MEPHOCTH 33391 B MPEINOJI0KEHNN, ITO 33
1 cexynay Boimonrsiercs: 1 muH maros agroputma. C yuérom pocra Gbict-
POHECTBUSA COBPEMEHHBIX KOMIIBIOTEDOB IIPUMEM, UTO 33 OJIHY CEKYHJY
BBIMIOJTHAETCS 1 MJIPJT OTlepaIyii, U IOCJe HeCJIOKHOTO ITePeCIETa IOy ITUM
TaKyio Tabsuiy:



Bpems paboThl pa3jnvyHBIX AJITOPUTMOB

[ fm)\n ] 10 20 50 60

n 1078 ¢ 2.-10 % ¢ 5.10 % ¢ 6-10"% ¢
n? 1077 ¢ 4-1077c¢ | 25-107"¢c | 36-10"" ¢
n? 10 %¢ 810 %c | 125-10%¢c | 216-107F ¢
2m 107 %¢ 103 ¢ 13 nmeii 36,6 meT
3" 5,9-10 % ¢ 3,5¢ 2.10° 1,3-100
cTOoJIeTuit CTOJIeTUit

Crenyromas Tabaua NOKa3bIBAET BAMSHUE pocTa ObicTpoaeiicTus 9BM
Ha HauOOJIBIIYI0 PA3MEPHOCTD 33341, KOTOPYI MOXKHO PELIUTh 38 (PUK-
CUPOBAHHBIA IPOMEKYTOK BPEMEHH.

Pa3smepHocTh 3aJa49M, pa3pelnnMoii 3a Jac

f(n) || Corpemennas | 9BM, B 100 pa3 | 9BM, B 1000 pas
9BM 6oJtee ObICTpast 6oJiee ObICTpast
n? N, 10N, 31,6\,
n3 N 4,645 10NV,
2n Ny N, + 6,64 Ny +9,97
3" N5 Ny +4,19 N5 + 6,29

Dra Tabnuna (TakxKe, KaK W NPEIbLIIYINAs) BCKPHIBAET NPUHIUNUAAILHOE
OTJIMYME MOJMHOMUAJIBHBIX AJIrOPUTMOB (BpeMsi paboThbl KOTOPBIX €CTh
MHOTOYJIEH OT PA3MEPHOCTH 33a4M) OT YKCIIOHEHIMANbHbIX. Hampumep,
ecilH TPYIOSMKOCTb AJATOPUTMA PAaBHA N2, TO IPH HOBBIIEHHN CKOPOCTH
paborbr 9BM B 1000 pa3 pasmepHOCTb paspeniumMoi 334 yBeIuITuBa-
erca B 32 pasa, a B cliydae TpynoéMirocTr 2" Bcero Ha 10 eauHwmil.
Takum 06pa3oM, UCCIETOBATETb, COOUPAIOINICA TPUMEHUTH TOT MJIN
MHOMN aJIPOPUTM JIJIsl PEIIeHUsT BO3HUKAIOMIEH Tepes HUM 3a/1a491, JTOJKEH

UMETH TIPeJCTaBJIEHNE TTPECTABIEHNE O TPYAOEMKOCTH ITOTO aJITOPUTMA.

2. 3amadga BbIOOpA

ITycTh uMeeTcst HEKOTOPOE KOHEYHOE MHOKECTBO (JOMyCTUMbIX pellie-
mwit) F' m mexoropsiii npeaukar P(f). 3agada BeiGopa B cstaboM cMbIC-
Jle COCTOUT B HaxoxkJennw pemenna f € F taxoro, yro P(f) — ncruna,
Jinb0 B OOHAPY2KEHMH TOI'O, 4TO pelneHus f, 00JIadatolero CBORCTBOM
P(f), wer. B 3ajjaue BbIGOpa B CHJIBHOM CMbICJe TpeOyeTcs HaiiTu
BCIO 00s1acTh nernHHocTH npeankara P(f).
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Paznuuaror MHEAMBALYAJSbHYIO 33749y BBHIOOpPA, B KOTOPOH BBIOH-
PaeTca Hy>KHOE PelIeHHe M3 HEKOTOPOro (PMKCHPOBAHHOIO MHOMKECTBA H
MAacCOBYIO 3aJa4y BbIOOPA, COCTOAILYIO W3 MHIMBUIYAJbHBIX 3124, TO-
POXKJAEMBIX OJMHAKOBBIM OOPa30M.

B sagaue guckperHoii onrumusanuu csoiictso P(f) oznagaer mu-
HUMAJTBHOCTD WA MAKCHMATBHOCTh HEKOTOPOTO (DYHKIIMOHAJIA CTOMMOCTH
pertenus (1esieBoii byHKIUH)

c: F—R.

Hampumep, B cayuae 3agasn MUHUMUBAITAT

P(f) = (VfeF e(f)<elf)).

Kak mpencraBiagercs vHINBUIYATbHAS 3312498 ONITUMU3AINNN HA BXO/IE
9BM? Byzaem cunrtarh, uro F' u ¢ 331aHbI HESBHO C IIOMOIIBIO aJIFOPHTMOB
.AF n AC.

Anroput™m Ap 110 KOMOUHATOPHOMY O00BLEKTY f U HEKOTOPOMY MHOMKE-
CTBY mapaMerpoB S onpenensier, apisiercs au f sgemenrtom F. Ajaropurm
A, 10 orycTUMOMY perieHnio f U MHOXKECTBY mapamMeTpoB () BHITHCIIET
c(f).

WNnauBuayanpiaa 3ajada ONTUMH3ANMA 33Ja8TCA  [PEJICTABICHUEM
MHOKECTB S # () ¢ TOMOIIBI0 HEKOTOPOrO CTAHIAPTHOTO CIIOCODa,
KOIUPOBAHWS €  WCIOJIB30BAHWEM  HEKOTOPOrO  (DUKCHPOBAHHOIO
andaBura.

IIpumepni.

1. Bamaga KOMMHBOSIIKEPA ¢ N TOpoAaMu. MHOXKeCTBO S COCTOUT TOJIh-
KO U3 TapaMeTpa n; a () COIep>KuT 3JIeMEHThl MATPUITLI PACCTOSHIH
(¢i,j) Mexny ropomamu. Anropurm Ap mo o0bekTy f ompemenser,

ABasgercd au [ NUKJIMYEeCKON IepecTaHoBKoi uucen 1,2,...,n. An-
ropur™ A, 10 mapupyry f u marpune (¢; j) HAXOAUT JJIMHY MapII-
pyTa.

2. MunumaJibHOe cTarupaiomee naepeso. Muoxkecrso S u (Q comep:kar
apaMeTphbl, OMUCHLIBAIOIINE COOTBETCTBEHHO MHOXKECTBO pEdep W nX
Beca.

3. 3amaua 0 MaKCHMAIbHOMN Kiauke . IlapaMeTphl 3 MHOXKeCTBa S OIH-
cuiBatoT rpad G, a MHOXKECTBO ) mycTo. Ap ONpenesser, ARasaercs
JIU MHOYKECTBO BepimH f KAWKOH; A, HAXOAUT MOUTHOCTD f.

1]E(.J'II/IKa — MHOXKECTBO IIOIIapPHO CMEXXHbBIX BEPIIHWH.
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4. 3ajada NEJOYUCIEHHOTO JUHEIHOr0 IPOrpaMMUPOBAHNS.
c'r — min, ecim Az < b,x € Z7.

3necsk S cocrout u3 marpuubl A u cronbua b, a (Q COIEPKUT CTOJI-
6er c. JIjis1 JaHHOTO IEJOYUCIEHHOTO BEKTPa & aaroput™ Ap mpo-
Bepsier BhInoHeHue yeaosuit Ax = bu x > 0. Anropurm A, BbIamc-
JIAET CTOUMOCTD ¢’ JIOIYCTUMOTO PEIICHHUS.

Yame Bcero anropurmbl Ap 1 A, TIOJIHHOMUAIBHEL.

BapnaHTm 3a4a491 OIITMMU3annumn

I. Onrumuzanmonnsiii. Hajitu ontumansaoe perienne (1. €. jgomy-
cTuMoe perenne f € F, MaKCUMHU3UPYIONIEe MJIM MUHUMUBUPYIOIIee Iie-
JIEBYIO (DYHKIIHUIO).

I1. Beruucaunrenbubtii. Hafitu cTOMMOCTD ONITHMAIBLHOTO PEITICHI.

IT1. Bapuant pacnosHaBaaud. llo uncny L € Z onpenenutsb, cy-
mecTByer qm pemenne f € F takoe, ato ¢(f) < L (ecam pemaercs 3amaga
muHEME3aNMN ), 1100 ¢(f) > L (B caydae 3a1a9um MAKCUMA3AINH).

B npeanonoxenune manoit Tpymoémkocru A, II1 we cnoxnee I1, 1T we
cnoxkHee 1.

Ecmn log, ¢(f) = O(P(n)), rae n — «pasMep» 3ajadu, To 3amaua 11
ceoquTes K 3amade 111 3a nonnHoOMuaabHOE BpeMs ¢ LIOMOIIBIO 6HH;}pHoro
noucka. JeiicrBuresbho, eciu ussecrro, uro 0 < ¢ f) < b, rue ¢(f) € Z,
TO TOJTyYas OTBETHI HA BOIPOCHL THMa: «BepHo jum, uro ¢ f ) < d?», MOXKHO
C KaXKIBIM IIArOM CYKaTh BABOE MPOMEXKYTOK, KOTOPOMY TPUHAIIEKUT
YUCIIO c(f), n 3a logy b maros HalTH 3TO YHUCIIO.

B mekoTophIxX caydaax m 3amady I MoxKHO cBecTu K 3amade I1.

ITpumep. TokaxkeMm, Kak 3aJa9y HAXOXKIECHUA MAKCUMATBHOW KJIUKU
B rpade CBeCTH K BBIYUCIUTETLHOMY BAPUAHTY STON 3a1adu.

IMpouenypa max_clique (puc. 16) — pekypcuBHasi: [OCJE HAXOXK/IE-
HUS BEPIIUHBL ¥V, BXOJAINEH B HEKOTOPYIO MAKCUMAJIbHYIO KIUKY, OHA 00~
paraercst K camoii cebe, ocTaBysAsa B rpade JUNTh BEPIINHDBI, CMEXKHBIE €
BEPINHON v.

Ilycrs T(n) w C(n) — Bpemst paboThl OporeAyp max_clique u
size_of clique coorercrBenno. IlepBass u3 mux, paborast ¢ rpadowm,
B KOTOpOM n BepminH, n + 1 pa3 obpamaercda Ko BTOPOil, a 3arem
BBI3BIBAET caMy ceDsi, TepefieBas B KAYeCTBE APTYyMEHTA MPOIEIyPbI
rpad ¢ mMeHbIuM ducyoMm Bepiiut. [Toaromy

T(n) < (n+1)C(n)+0n)+T(n—1) < (n+1)C(n)+
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/* HaxoxmeHre MarCHUMaJbHOM KIWkKE B rpabpe G */

/* size_of_clique(G) - pasMep MakcuMmambHO# kmuru rpada G; */
/* G(v) - moxmrpad G, NOPOXOSHHHN V X CMEXHHMM C HEH BepuwmHamm; */
max_clique(graph G){
if (G==F) return(@);
else { HaliTw Taxyw BepumHy Vv, TTO
size_of_clique(G(v))=size_of_clique(G);
return({v}U max_clique(G(v)\ v));

Puc. 16

(n+2)(n+1)

+nC(n—1)4+20n)+T(n—-2)<... < 5

2
C(n) +0(n%),
orkyna T(n) = O(n? - C(n)). Taxum 06pazoM, ecm ObI 33 TOTHHOMUATH-
HOe BpeMsi MOKHO ObLITO HANTH pa3Mep MaKCUMAJbHON KJIWMKW, TO ITO XKe
ObLIO OBI CIIpaBeJINBO U OTHOCHUTEIbHO HAXOXKICHUA caMOil MaKCHMAaJIb-
HOW KJIUKH.

3. Kuaccet Pu NP

B mpensigymem maparpade Mbl TOBOPHIN O PACIO3HABATEILHOM Ba-
pUaHTe 33Ja9¥ TUCKPEeTHOH ontuMu3anuu. QIHAKO MHOTHE WHTEPECHBIE
33/1a9M JUCKPETHON MAaTeMaTHUKH! yKe M0 CBOeU MOCTAHOBKE ABJISIOTCH
3aJavdaMi pPaclo3HaBaHUA: B HUX OTHOCHUTEIHHO HEKOTOPOTO OOBHEKTA,
HY2KHO OIPEIeUTh, 00JIa1aeT I OH HEKOTOPOM CBOHCTBOM. TakOBBIMH
SBJISTIOTCSI, HATIPUMED, CJEIYIONINe 33/ 1a4N:

o CBABHOCTHD: asaserca v gaHHbIi Tpad CBA3HBIM;

e TAMUJIBTOHOBOCTD: asasercs nu manubii rpad raMuIbTOHO-

BBIM;

e [TPOCTOE YUCJIO: saBasiercd v 33 IaHHOE YUCIIO TTPOCTHIM;
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e BBIIIOJIHUMOCTDB:  cymecrByer am  nabop  3HaUeHUi
[EepEeMEeHHbIX, Ha KoropoMm 3ananHas KH® (kowbookruphas
HopMasbHaga dopma) npunumaer 3uadenne NCTITHA.

B Teopun cioKHOCTH BBIYMCICHHH PACCMATPUBAIOT UMEHHO 33391 Pac-
[MO3HABAHUS.

P — mHoxkecTBO 337849 paciO3HABAHHS, JJIST KayKJ0H U3 KOTOPBIX CY-
IMECTBYeT HOJUHOMHUAIBHBIH aaroputM pemieHus. pyruvu cioBamu, P
— KJIACC 337ad, perraeMbiX 3O@PEeKTUBHBIMA AJTOPUTMAMH.

K knaccy P orHocarcs Takue uzsectHble 3aaaun, kak CBA3HOCTD,
MUHUMAJIBHOE CTAT'MBAIOIIEE JEPEBO, MAKCUMAJIBHOE
MMAPOCOYETAHIE.

3anada pacnozHapaaus A Bxoqnt B Kiacc NP | ecin cymecTByoT Ta-
kue muorowieHsl p1(n) u pa(n) u amropurm A (aJropurM npoBepKu
YAOCTOBEPEHU ), YTO HHAUBUIYAIbHAS 334a49a A, 3a1aBaeMasi CTPOKOIt
CHMBOJIOB X, HMEeT OTBET «Ja» TOLJA U TOJBKO TOTJA, KOTJA CYIMECTBYIOT
rakas crpoka q(x) (ymocroBepenue), mmaa koropoii ects O(p1(|x]) (|2
— KOJIMYEeCTBO CHMBOJIOB B CTDOKE X ), 4To ajaropurm A, uMes Ha Bxoje
crpoky T#q(x) (31ech # — HEKOTOPBIH JONOJIHUTEIBHBIH CHMBOJI), IIPH-
XOIHT K OTBETY «Ja» mocae He 6osee pa(|x|) maros.

Taxkvm 06pa3oM, IPUHAIIEKHOCTH 33149 pacio3HaBanust kaaccy NP
O3HAYAET BO3MOXKHOCTD 110 HEKOTOPOMY Kpamxomy yoocmosepenuto 3a no-
JIMHOMUAJIBHOE BpPeMsl TPOBEPHUTH CIIPABEIIUBOCTL YTBEPAUTEILHOTO OT-
Bera (ecau OH JEHCTBUTEILHO TAKOB) K 9TOH 3a1ade.

IIpumepsi.

KJIUKA. B pacno3uHaBaTelbHOM BAPUAHTE 9TA 33298 CTABUTCS TaK:
cymiecTByeT s B gaHHOM rpade G KIHKa MONTHOCTHIO He MeHbIine L7
B crpoke x 31ech mpejacrasiena wH@OpMalusg O rpade, a B KadecTse
yaocroBeperus ¢() eCTeCTBEHHBIM 00Pa30M BBICTYIIAET CIUCOK BEPIIWH,
COCTABJISAIOIINX KIUKY. Aaroput™m A npoBepsieT uxX MOmapHyo CMEXKHOCTb.

SATJAYA KOMMUBOSAZKEPA. B Bapuanre pacno3naBanus Tpedy-
eTCsI OTIPENIENINTh, CYIIECTBYET JU B JaHHOM rpade G raMuIbTOHOB UK
Beca He Oosibiie L. YaocTOBepeHneM OYIeT CIYKUATh MOCIEI0BATETHFHOCTE
BepimH rpad)a B HEKOTOPOM TaMUJILTOHOBOM IIUKJIE HYKHOrO Beca. AJi-
roput™ A HAXOIUT BEC STOTO IUKJA U CPABHUBAET €r0 ¢ 9uciaoMm L.

BBITIOJTHUMOCTb. Ouerumamo, ynocToBepeHueM OyaeT HAbOp 3HA-
YEHWI WCTUHHOCTH JIOTMYECKUX TepeMeHHbix. Ajpropurm A Bhrauciaser
smauenue ucrunnoctn KH® na atom mHabope.

COBEPIIEHHOE ITAPOCOYETAHHE. B pacno3naBarebHOM Ba-
puanTe 3TO 3a7aun TPeOYeTCs ONPEIeTUTh, CYIECTBYET JH B 3aIaHHOM
JIBy101bHOM rpade coBepllieHHOoe napocoderanue. B kadecTse yJaocToBe-
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PEHUsI €CTECTBEHHO MPETbIBUTH CIUCOK PEOEp, MOMAPHYI0 HECMEKHOCTH
KOTOPBIX MPOBEPUT aJTOpuT™ A.

Bo Bcex npuBen€HHBIX 337a49aX ya10CTOBEpeHneM (DAKTUIECKU CITY KU
orset. Ho Tak ObiBaer He Beernal! Ecau B 3a7ade cnipainBaeTcst HE O BbI-
TOTHEHNM, &, HA0OOPOT, O HEBBITIOJHEHHH HEKOTOPOIrO CBOUCTBA, TO 9TO
MOXKeT OBITh B POJIM YJAOCTOBEPEHHUs K OTBETYy «aa»?! Paccmorpum mpu-
Mep.

OTCYTCTBHUE COBEPIIEHHOI'O ITAPOCOYETAHIA. Ecau B
nsynonbaoM Tpade G = (Vi, Va) HET COBEPIIEHHOTO TTAPOCOYETAHNS, TO,
o TeopeMe XOoJuta, CyIecTByeT Takoe MHOKecTBO Bepiima A C Vi, okpy-
skerne Kotoporo I'(A) mMeer MEHBITYI0 MONIHOCTB, CAMO MHOKECTBO A.
3HaunT, B KAYeCTBE YIAOCTOBEPEHUS PA3YMHO MPEIbABATH ITO MHOMKE-
creo A. 2

Hokaxewm, uto P C NP.

JlelicTBUTENIBHO, €CJii HEKOTOPbIH anroput™ B permenust 3a1aun A pa-
60TaeT NOTMHOMHAANBHOE BPEMSI, TO 3aIMCH PAGOTHI 3TOTO ANTOPUTMA HMe-
€T MOJMHOMHAIBHYIO JTMHY W MOYKET BBICTYIIATH B POJH YAOCTOBEPEHNS,
10 KOTOPOMY aJIropuTM nposepkn A Oymer ybexKaarbCs B IPaBUJIbHOCTH
paboTsl agropurma 5.

Bce pasymmvie nuckpernsie 3amaun BxonsaT B N P.

2TIpuseném anuumyto mutaTy m3 kuuru [8]. «[Ipm aBope Kopons ApTypa >Kmmw
150 peimapeit u 150 mam. KopoJsib xXoTes mepekeHuTh ux, HO Oega ObLIa B TOM, 9TO
HEKOTOpBIE W3 HUX HACTOJILKO CHJIbHO HEHABUIEJH JDPYT APyra, 9TO O KEHUThOe Hewde-
ro 6b110 u roBoputs! Koposs ApTyp HEOZHOKPATHO MBITAJICSA MOZEIHTH X HA HIAPHI,
HO BCAKHUI pa3 HapbIBaJCa HA cKaumasg. OH mpusBasa dapoges MepinHA U HOBejes
€My OPraHM30BaTh MaPbl TaK, YTOOLI BCE COIVIACHUJIUCH MOXKEHUTHC:A. Mepiun obiagan
CBEPX'bECTECTBEHHBIMHU CIMOCOOHOCTSIMY W CPa3y K€ yBUJEJ, 9TO Hu oxHOo m3 150! Bo3-
MOXKHBIX JIEJIEHHH Ha MAPHl HE SIBJSIETCS MPHUEMJEMBIM, U CKA3aJ 00 3TOM KOPOJIO.
Opnako Mepsus GBI He TOJIBKO BEJIMKHM 9apOjieeM, HO H He COBCEM HCKPEeHHe jmd-
HOCTBIO, MIO3TOMY IOJIHOCTBHIO €My KOpOJib He aoBepsii. «Haiiam mHe pasjgesnenune Ha
nmapbl, WK s IPUKAXKY MMOCAAUTh TeDsi HaBedHO B memiepy!s — cka3an Apryp. K cua-
cThI0 Ay MepianHa, OH CMOT HCIOJIb30BATH CBOM CBEPXbHECTECTBEHHBIE CIOCOOHOCTH,
4T100BI HafiTH CIIOCOD MPOAEMOHCTPHPOBATD, IOYEMY TAKOE Pa3e/IeHHe Ha IaPbI HEOCY-
mectBuMo. OH mompocus 56 gaM BCTAaTb C OJHON CTOPOHBI OT KOpoJig u 95 poirapei
¢ Ipyro# CTOPOHBI U cupocui: «KECTh m cpeau Bac XOTh OJHA JgaMa, KOTOPAasl XOTea
OBl BBINTH 3aMy>K 3a KOro-HHOyah W3 3TUX pbimapei?s M Korja BCe OHM OTBETHJIN:
«Her», Mepaun ckazanx: «O, Kopoas! Kak Thl cMOXKeITb TPpUKA3aTh MHE HAWTH MY¥XKa
A1 Kaxkao# u3 56 mam cpemu ocrasmmxcst 55 peirapeit?s Tak KOposb, 968 H3BICKAH-
HOe 00pa30BaHNe He MO3BOJISIIO MPUOEraTh K MPUHYKIEHU0, YBUIEI, 9TO HA STOT pa3
MepJiuH rOBOPHMJI IPAB/Y, X MHUJIOCTUBO IPOCTHUJI €T0.»
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4. TlonuHomMmunaJjibHas CBOJMMOCTD

Iycts A — mexkoTopast (MaccoBast) 3a7a4a pacnosnasanus. Yepes A(x)
Bynem 0603HAYATH MHAMBHIAYAJIBHYIO 33789y A C BXOJHBIMH JIQHHBIMH,
IIPEJCTABJIEHHBIME CTPOKOH CUMBOJIOB .

Bamaua A, cBoamTes K 3amade Ay (obosnauenue: A1 x Ag), ecniu

JAe P Vz Ai(x) = Az(A(x)).

ITonpobuee: A1 cBoauTcsa K Ao, €Ciu 110 IPOU3BOJILHON CTPOKE T 3, [IOJIH-
HOMHUANBHOE (OTHOCUTEIBHO |X|) BPEMsS MOXKHO MOCTPOUTD TAKYK) CTPOKY
y, aro 3amaua A (x) uMeer Takoil ke orset, 94To u 3aga4a Az (y). [pumeps
CBEJICHUSA ONHUX 337a9 K JIPYTHM TTPUBEIEHBI B CICIyIomeM naparpade.
Jlerko BuzeTh, 9T0 OTHONIEHHE ([IOJMHOMHUAJIBHON) CBOIUMOCTH X $B-
Jigercss TpaH3uTUBHBIM. eificrBurensho, ecan A; o< As m As o< Az, TO
CYIIEeCTBYIOT TakKue I10JiHOMUabHbe anroputMbl A’ 1 A” | uro

Va,y Ai(z) = Ax(A'(x)), Az(y) = A3(A"(y)).

Orcrona
Vo Ai(z) = A3(A"(A'(x)).

Ocranoch 3aMeTUTh, 9TO KOMIO3HIUA ITOJUHOMUAIBHBIX aIropurMos A’
n A” Bxomut B Knacc P.

IIycts Ay o As.

Ecmu Ay € P, To, oueBunno, u A; € P. Ilo 3aKOHy KOHTpaIO3UIINN:
ecim Ay ¢ P,roun Az ¢ P.

Ecim Ao € NP, 0 A1 € NP.

Banaua A € NP nassiBaercss NP-mostHO, eciiu mpou3BoIbHAS 332~
g B € NP cBonnrea x A.

5. IIpumepsr NP-moanbix 3amad4

Eciin A — NP-nonnas 3agada, A x C u C € NP, to 3agaya C' Tak-
xe gBasgercsa NP-moHoil. 910 yTBepKaeHne mo3Bosger goKa3bpBaTh NP-
MOJTHOTY KaKOW-Tu00 331auM CBeleHreM K Hell Kakoit-nmubo NP-mogwoil
3a/1a4m.

[Teproii 3amaueii, mist KOTOpOi ObLIa Hokazana eé NP-mosHOTa CcTaa
sagaga BBITIOJIHIMOCTD.

Teopema 23. (C. Kyk, JI. JIeBuHn, 1971 r.) 3adaua
BBIIIOJIHUMOCTHB sasasemca NP-noanot.
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CyTb J0Ka3aTeIbCTBa TEOPEMbI COCTOUT B CJEAYIONeM. AJIropuTM perie-
HUs TPOU3BOJIBHOIN 3ajadn u3 Kiaacca NP peanusyercss HEKOTOPO#H mpo-
rpammoii mMarmuubl Twropuara. damee cocrapngerca KH®, uatepnpern-
pyromasa pabory MammuHbl T bIOpUHTA.

Yacrasiv ciryaaem 3agadn BBITIOJIHUMOCTD ssasiercs 3ama4a 3-
KH®, B koTOpO# Kazkas AUIBIOHKIIAS COCTOUT U3 TPEX JINTEPAJIOB.

Teopema 24. 3adava 3-KH® asaaemca NP-noanoi.

dokazarembcTBo. Tlokazkem, kak k 3amatde 3-KH® crogurcs 3amgata
BBIITO/THUMOCTbD. Ilycts KH® umeer Bun F = &Cj, rne C; = Vi,
t; = x;” — gwurepas (T. e. nepemenHas uau e orpuianue). [locrponm
3-KH® F’, BRINOJHEMYIO TOIZa M TOJBKO TOTAA, KOLMa BBIIOJIHUMA, F.
Paccmorpum pazandubie caydad B 3aBUCUMOCTH OT KOJHYECTBA JHUTEPa-
J0B B au3bionknun C;.

1. C; = t. Ilonoxum

D;=({tVvyVvz)(EVaVvp)(zvaVvp)(zVvaVvp)(zvaVpj)

GVvavp)Gvavp)(gvaVvp)(gvavp).

Ecmu D; = 1, 10 z = 0 (uHade ofHa U3 YeTHIPEX MU LIOHKIWIA,
couepxanux z, npumer 3uadenve JIOZKb) u y = 0 (no ananoruy-
Hoit npuuune), a t = 1. Ilosromy BbimoaHEMOCTH C; PABHOCHIILHA,
BbIosHUMOCTH D;.

2. C; = t1 V ty. ITomoxum
Di=({tVtaV2)EZVavp)(Evavp)(zvaVvp)(zvaVvp).
Buosb BuimomauMocTh C; paBHOCUIBHA BBITOJHUMOCTH 1;.

3. C; =t1 Vity Vits. Buech nudero nenarh ve nyxuo: D; = C.

k
4. C; =V tj, rme k > 3. Tonoxkum
j=1

Di=t1VtaVy) @ VEsVy2) T VEaVys) ... Wp_3Vik_1 Vig).

Ecomty =ta=... =%, =0u D; =1, To y; = 1, orkyna nocseno-
BaTEJBHO Moy4YaeM Yo = 1,....yx—3 = 1 u D; = 0 — mporusopeune.
Buauut, npu C; = 0 umeem u D; = 0.
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Ecmu C; = 1, o nns nekoroporo j soimosnsercs ¢ = 1. Hpu j < 2
TIOMIOXKHUM Y1 = Yo = ... = Yp—3 = 0. B cayuae 7 > 2 dopmyna
D; 6yner BBITOAHUMA, €CIH Yy, = 0mmpu m 2> j — 1 w1 yp,, = 1 1pm
m < j — 1. Takum o6pa3om, u B 3TOM CJydae BblIOJHUMOCTH Cj
PABHOCHUJIBHA BBITTOTHUMOCTH D;.

Ouesuano, uro 3-KH® F’' = &D; obnanaer Hy>xubiM cpoiicrsom. Ocra-
JIOCh 3aMETUTD, 4TO Hepexon oT F k F/ 3anMaer nuHEHHOE BpeMs OTHO-
curebHO bl ucxonuoit KH® (nymna yBenudusaercs He 6osiee 4eM B
27 paz). O

Teopema 25. 3adavwa KJIUKA seanemes NP-noanot.

Hoka3zareabcrBo. [Tokaxewm, kak k 3amade KJIMKA cBogurcs 3a-
Jada 3-KH®. Kaxnoit ausbiorknmu Tpéx mnrtepasios C = t; V t; V 1y,
COIIOCTABUM 7 TIOCIEI0BATEIBHOCTEH JJIMHLL 1 (T1e 1 — 0bIee 9UCo Jo-
rudeckux nepementbix B KH®), B KOTOpbIX HA i-M, j-M u k-M MecTax cTo-
AT TaKue 3HaYeHHd MCTUHHOCTH IIePEMEHHBIX Tj, Tj U T, IPH KOTOPBIX
C =1, a Ha ocTa’bHbIX MecTax crouT cuMBos d. Kaxkgas Takas mocie-
IOBATEILHOCTL Oymer BeprmHoil rpada G. /IBe BepmuHBL 3TOTO rpada
coemHUM PeOpPOM, eCjii COOTBETCTBYIOIIME MM ITOC/IEI0BATETLHOCTH MO-
IYT COBIACTH (IIpU MOAXOAANMX 3aMenax cumbosioB d Ha 0 wiu 1). Ecau B
3-KH® m amsbionkinii, T0 B rpade 7m Bepuiud. Bemmomauvocts 3-KH®
PABHOCHJIbHA, CYNIECTBOBAHUIO B G KJIMKH MOITHOCTH .0

Teopema 26. 3adawa HEBABUHCUMOE MHO>KECTBO sseasemcs
NP-noanot.

Hoxka3zaresnberBo. Jannas 3a1ada (pacro3HaBATEJNbHBI BaPUAHT
KOTOPO#l COCTOMT B OTBET€ Ha BONPOC, CyllecrByerT Jsn B rpade m
HONAPHO HECMEXHbIX BepuiuH) cBogurcs K 3azade KJIMKA, nockosnbky
HE3aBUCHMOe MHOMKeCTBO B Tpade G Gymer kmmkoit B G (IomomHenun K
rpadgy G). O

B pacmosmaBarensnom BapumantTe 3amagan BEPIIIMHHOE TTOKPHBI-
THUE tpebyercst BLIACHUTH, CYIECTBYET JIX B JaHHOM rpade BepITHHHOE
MOKPBITHE, B KOTOPOM He 60see L BepInH.

Teopema 27. 3Zadawa BEPIITHHHOE ITOKPBITUE saeasemcsa NP-
NOAHOU.

HokazarenbeTBo. U B 3TOM Cotydae 331a4a JIETKO CBOIUTCA K MPETBI-
mymedi. JTocTaroaro BCnoMHUTD, 9T0 MHOKecTBO C' Bepriua rpada sBer-
¢sl BePITMHHBIM TIOKPBITHEM TOTJIA U TOJBKO TOTIA, Koraa momnoanerne C
(K 3TOMY MHOXKECTBY) $IBJIAETCH HE3ABUCUMbBIM. (]
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Bamaga 3-PACKPACKA oTBewaeT Ha BOMpOC, CYIIECTBYET JIH Pac-
KpacKa BepluH JaHHoro rpada G B Tpu 1BeTa, IPU KOTOPOH CMEXKHbIE
BEPIIHMHBL UMEIOT PA3HbIA IBET (JIPYIUMU CJIOBAMH, HYKHO BBISICHUTD, BEP-
HO Jim, 9TO Xpomarudeckoe aucao rpada x(G) < 3).

Teopema 28. 3adava 3-PACKPACKA ssasemcsa NP-noanod.

HokaszareabcTBo. [Tokaxkewm, kak k 3agaue 3-PACKPACKA comut-
ca 3amayda 3-KH®. Jlna storo mo 3-KH® nocrponm rpad ¢ Tm +2n+ 3
Bepuinaamu. Bepiwmaer 0, 1, 2 0bpa3yor TpeyronpHuk. ns Kaxkmoro ¢
UMEETCS TAK3Ke TPEYTOJLHUK U3 BEPIHH I, T; U 2. Kask a0l NU3bIOHKINN
Ci; =41 V y2 V y3 u3 Tpéx Jurepanos orsedaer noarpad G; (puc. 17).
0 1 Y1 Y2

2 1 Y3
Puc. 17

IIycts Bepmmubt 0, 1, 2 mokpaiensl coorBeTcTBeHHO B 1Bera 0, 1 m 2.
Torna npu npaBUIbHON PACKPACKe BepInH rpada B TPHU I[BETA, BEPINUHBI,
OTBEUAIOIINE TEPEMEHHBIM U UX OTPUIIAHUSAM OyIyT MOKPAIIEHBI B IIBETA
0 u 1, mpu9éM BepIIMHBI ; U T; OYIAYT PA3HOTO IBETA.

HenocpencrBenno mposepsieTcs, UTO MpaBUIbHAs pacKpacka Moarpa-
da G; cymecrByer Toraa M TOALKO Toraa, korga C; = 1.

Teopema 29. 3adava TAMUJIBTOHOBOCTD ABAAETICA
NP-noanot.

JokazareabscrBo. [lokaxem, kak k& 3amade [AMUJIBTO-
HOBOCTBb cBomurca 3agaga 3-KH®. IIycrp wumeercs KH®
F(xi,x0,...,2,) = C1&C2%&...&C,,, toe C; — IU3BIOHKIMA TPEX
surepanos. lloctpomM Takoil rpad, B KOTOPOM TIaMUJILTOHOB ITHKJI
(TTI) Gymer cymiecTBOBATHL TOTIA M TOJBKO TOTAa, Korja dopmyna F
BBITIOJIHAMA.
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ITycTs rpad A — moarpad G, IpHYEM 13 €ro BEpIIUH JIUIIH BEPIITHBI
u, u', v, v' MOIyT OBITH CMEXKHbBI KAKUM-IM00 BepIIMHAaM, He BXOIAIIUM B
A (puc. 18, cnesa).
w X1 Tz Xz Ty g u u’

Y1 Y2 Ys Ya @

21 %) Z3 Z4

Puc. 18

Torga ecu B G €CTh TaMUIBTOHOB IUKJI €, TO OH MPOXOAUT depe3 A oHuM
"3 IBYX CIIoco00B. HeficTBUTENBHO, OjId BEPIIUHLI CTEIeHN 2 00a WHIN-
JIEHTHBIX eii pedpa 00s13aTeTbHO BXOAAT B TAMUJIBTOHOB IIUKJI, B CUJIY Y€roO
BEPTUKAJILHBIE OTPE3KM, UCXOIAININE U3 BEPIIUH Y1, Y2, Y3 U Ys, BXOIAT B
MUK €. A KOHIBI 3TUX OTPE3KOB MOTYT COEIWHSITHCS B IUKJIE C TOJTHKO
AByMsI crmocobaMu. B ofHOM BapuaHTe MBI IMEEM MapPIIPYT

n !
U—>T1 =Y 721 —>2 Y > Ty T3 7 ... >Yqg —>Tyg U,

a B IpyroMm
V2 Yl ST T Yo —> 2y > 23— ... Yy —> 24— U

Taxum 00pa3oM, MOXKHO CUATATh, 4TO A cocTonuT u3 nyx pédep uu’ n vv’,
npuuém 'l comepkut poBHO 0nHO U3 3TuX pEdep. Iloarpad A Mbr Gymem
n300pakarh TaK, KAK MOKa3aHO HA puc. 18 cmpasa.

I'pad B (puc. 19, cnepa) — noarpad G, mpuuéM U3 ero BepITUH JINTTH
BEPIIUHBI W1 U W4 MOTYT OBITH CMEXHBI KAKUM-TAO0 BEPITHHAM, HE BXO-

aamuM B B.
(B)

< > > >

w1 w2 w3 Wy
Puc. 19
Torna ecnu B G ectb I'll, To OH He MOXKET OJHOBPEMEHHO MPOXOAUTH IIO
BCeM TPEM pEbpaM wiwWs, WolWs U W3Wyq, HO MOKET COIEPKATD JIOOBIE IPY-
rue ux koMmbuuanuu. [loarpad B Oymem m306paxKkaTh Tak, KaK MOKA3AHO
Ha puc. 19 cnpasa.
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I'pad G crpourcsa Tax (puc. 20).
Kaxmoit qusbionknun C; cooTBercTByeT CBosi Komwmsi rpada B. Onu
COEMHEHBI TIOCIEIOBATEILHO.

Kaxk noit mepeMeHHOH ; COOTBETCTBYIOT IBa KPATHBIX pedpa u;v;, OI-
HO U3 KOTOPBIX Oy/1eM HA3BIBATH BEPXHUM, a APyroe HukHuM. Kpome Toro,
NMEI0TCA pe6pa ViUi41, & TAKZKE W1,1U1 U UpWm 4.

Pe6po w; jw; j41 coenungerca A-cBA3bIO C BEPXHUM PeOPOM Uk V), €CIIN
j-ii murepan B C; €CTb Xk, U C HUXKHAM PebpoOM UV, €CIU j-i auTepas B
C; ecTb T}.

IIycrs B G ects 'l ¢. On umeer Bu:

W11 —> UL —> V1 2 U2 V2> ... > Uy 7 Up —> Wn4a— ... 2 W1

Ecnu B ¢ BxomuT BepxHee pedpo u,;v;, OyIeM cauTarh, 910 ; = 1; ecau B
C BXOIUT HUXKHEE pedpo u;v;, Oyaem cuutarh, urto x; = 0.

Ilyka ¢ mpoxoguT 1o pebpy w; ;Wi j41 TOTAA H TOJBKO TOTJA,
KOTJla OH HE TPOXOAWT IO COOTBETCTBYIOIMIEMY DPEOPY UkUk, T. €. KOTIA
coorsercTByfomuii mutepan t; = 0. Ilockompky mo Bcem TpéM pebpam
W;1Wi2, W;2W; 3, W;3W;4 HHKJI IIPOXOAUTH HE MOXKET, TU3BIOHKIINA
C; upunmmaer sHadenne MNCTUHA mpu coorBeTcrByromeM Habope
3HAYEHU! ITepeMeHHbIX.

Ha pwuc. 20 usobpaxén rpad, coorsercrBytomnuii 3-KH®D

F = ((El V Ty \/.’Eg)(fl V o \/fg)(fl VoV IE3).
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B #éM KUPHBIMU JTUHUAMU BBIAETEH TAMUJILTOHOB ITUKJI, COOTBETCTBYIO-
mui TaKOMy HabOpy 3HAYEHUI TMepeMeHHbIX: 1 = 1, o = 0, x3 = 0.

Samaua I[TOJJYTAMUJIBTOHOBOCTD, kak sTo ciemyer u3 €€ Ha-
3BaHUsI, OTBEYAET HA BOMPOC, SIBJISIETCS JIU TaHHBIH rpad MOIyTraMuIbTO-
HOBBIM, T. €. €CTb JIM B HEM MaMWJILTOHOBA 1EMb — MapmpyT (He ob6sa3a-
TEJILHO 3aMKHYTHIH ), MPOXOAIIMIA Yepe3 BCe BEPIIUHBL rpada [0 OJIHOMY
pasy.

Teopema 30. 3adava IHOJAYTAMUJIBTOHOBOCTD sasasemcsa
NP-noanot.

Hoka3zareabctBo. [Tokaxewm, kak k 3a1a4e [IOJIYTAMUWJIBTOHO-
BOCTbD cromurcst 3anaua TAMUJIBTOHOBOCTD. Tlo ganuomy rpady
G nocrpoum rpad G, obaagaiomuil cBoiicTBOM:

e G — ravubTOHOB <= (' — MONYraMUJIBTOHOB.

Hna sroro mobasum K rpady G Bepmmubr u, u', w. Beibepem B rpade
G npOM3BOJIBHYIO BEPIIMHY Vp; MyCTh BEPIIHHBI, CMEXKHBIE C Uy €CTh U1,
va,. .. JobaBum Takxke K rpady pédpa uu’, vow u v;u (nns xkaxmaoro i). B
pesynbrare nonyunted rpad G (wnmoctpanusa wa puc. 21).

U1 U1
Vo w Vo
u u/
v
I'pad G T'padp G’
Puc. 21 pac

B rpade G’ ectb Bucaune pepmuHbl v’ 1 w. IosTomy ecmm B G ecThb
raMUJIBTOHOBA Ielb, TO eé KOHIEBbIe pébpa uu’ 1 wvg. Iocre ynanenus
9TUX pEGep mosyduM (/i HEKOTOPOro i) memb U — v; — ... — vg. Ho,
[0 TIOCTPOEHUIO, BEPIIUHBI V; U Vg CMEXKHBI, B CHJIy 9€ro yYKa3aHHAsd IElb
JIErKO IIpeobpas3yercs B raMu/IbTOHOB LMKJ rpada G 3ameHoil pebpa uv;
pebpom vov;. Tak ke JIErKO IO TAMUJIBTOHOBY UKy rpada G crpoutcs
raMuILTOHOBA Ienb rpada G'.

TMockombky mepexon ot Gk G’ Tpebyer nUHEHHOTO (OTHOCHTETHHO
gyucaa BepuuH rpada) BPEMEHM, J0KA3aHa HMCKOMAas IOJIMHOMUAIbHASL
CBOAMMOCTB OJHON 3ajsauu K apyroit. Sagaua TAMUJIBTOHOBOCTD
NP-nonna. 3HaunT, TaKUM K€ CBOICTBOM 00Jamaer #  3aJada
[MOJIYTAMUWJIBTOHOBOCTb. O
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Teopema 31. 3A/[AYA KOMMUBOSA>KEPA NP-noana.

JokazareabctBo. Ilo rpady G ¢ MHOXKECTBOM  BEpIIWH
V = {vi,...,vp} cocraBum Mmarpuuy paccrosuuit D = (d;;) mexzry
BepimHAME Tpada, B KOTOPO# d; j = 1, eclu BEPUINHBI U; U V; CMEXKHBI,
u d;; = 2, ecln BEPIIUHBI U; U U; He SBISIOTCI CMeXKHbIMH. lorma
Borpoc  «CyIIecTByeT JH MapiipyT KOMMHBOSKEpa miuHbl  |V|?7»
PABHOCHJIEH BOMPOCY O TaMUIBTOHOBOCTH rpacda G.0O

3ameuanne. IIpuBenéHHOe TOJIBKO YTO JIOKA3ATENHCTBO IOKA3bIBA-
et, auro NP-nmonuoii 6yner naxke merpudeckas 3K (B KoTopoii paccrosHus
MeXKIy BEPITHHAMY YIAOBIETBOPSAIOT aKCHOMAM METPUKH — CBOUCTBY CHUM-
METPUYHOCTH ¥ HEPABEHCTBY TPEYTOJIbHUKA).

B srom maparpade u3 NP-nomxaors: 3agatvu BBITIOJTHUMOCTD mbr
oiBestn NP-1otHOTY emé HeCKOJIbKMX BaXXHBIX 33719 JAMCKPETHON OIl-
rumusarmn. Croncok NP-moaubix 3amad BechMa BeInK. B Kaaccrmdeckoit
monorpadun M. Tspu u /1. /Txoucona [4] npusogurcs okoro 300 Takmx
33,134, OTHOCAIIUXCA K Teopun rpad OB, MOCTPOEHUIO CETEH, XPAHEHUIO U
MTONCKY JAHHBIX, TEOPUHU PACIHUCAHUIN, MATEMATHIECKOMY MTPOTPAMMHUPO-
BAHUIO, asredbpe, TEOPUHU IHUCEI, MATEMATHIECKOHN JIOTUKE, TEOPUH ABTOMa-
TOB U JTaKe K UTPaM U TOJIOBOJIOMKaM. B HacTosIee BpeMs HAaCIUTHIBAIOT
yxe 6osee 3000 NP-nmonubrx 3amaq. Cym. Buxumnenio:
http://en.wikipedia.org/wiki/List_of_NP-complete_problems.

6. Yacrtusbie caygam NP-nmoaabix 3amad

6.1. Jloka3zarenabcTBO NP-1101HOTHI Cy>KeHUEM

UeM Gosee obmIeil ABISeTCA 334342, TeM TpyIHee eé pemmTs®. Ecam
HekoTopas 3amada A Bxogur B kytace N P, a HEKOTOPBIH YaCTHBIN Crydail
310l 3ama4u obnagaer ceoiicrsoM NP-mosHOTHI, TO 3a1a4a A Tak:ke NP-
[TOJTHA.

Haunéwm ¢ mpocToro mpumepa.

Sagauu TAMUJIBTOHOBOCTD u ITOJIVTAMUJIBTOHOBOCTD
mys oprpados aBisitorcs NP-mojabivu. JleiicTBUTENBHO, HEOPUEHTUPO-
BaHHBIN Tpad MOXKHO PAaCCMATPUBATH KAK UACTHLIN ciydail oprpada B
KOTOPOM BMECTE C KaXKJOW JAyroil Ut HPUCYTCTBYET W Jyra vu.

Bamaua U3OMOPOU3M ITOJATPADY coctout B cremyormeM. JIaHbl
nea rpada G m G'. Tpebyercs BRIACHATE, ecTh Jau B rpade G moarpad,
uzomopdusrit rpady G’.

33/1ech MBI OCTaBIISIEM B CTOPOHE TaK HA3BIBEMBIH NaPadokc UCCAed08amends.
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MozxHO yKazaTh cpa3y jase NP-mosabIe 3ama9m, 0600IIeHneM KOTOPHIX
SIBJISIETCST TAHHAS 33/1a94a.

Ecnu B kauecrse G’ B3sTh nonuwiit rpad K,,, To Hanuuue B G noarpa-
da, usomopdroro K,,, roBOpUT 0 TOM, 9TO B (G €CTh KJIMKA, MOILIHOCTH 1.
Suaunt, KJIMKA — gacrustit caydail paccMarpuBaeMoil 3amadu.

A eciu B kauectBe G’ B3aTL nuKMyeckuii rpad C,, rae n — Koaude-
cTrO BepmuH rpada G, To npuxoanM K 3agade TAMUJIBTOHOBOCTD.

Pacemorpnm 3agaay IOCTPOEHUE HAJTEYKHOW CETU. Nwveer-
carpad G ¢ n Bepmmnamu; D = (d; j) — MaTpHIia pacCTOSHAE MEXK Iy €ro
Bepumuamu; R = (7 ;) — marpuna u3berrounocts; L — HEKOTOpoe mo-
JIOXKUTETbHOE Yucio. Tpebyerca y3HATD, CYIIECTBYET JIU TaKo# moarpad
G’ rpada G, Bec koroporo He Gombiie L, u as J100bIX IBYX BEpIIHH C
HOMepaMH ¢ U j Haiigérca B 3ToM noirpade He MeHee T; ; COeIUHAIONIHNX
UX Ierneil, He UMernux OOIMUX BEPIITUH, KPOMe HAYAJIBHOU M KOHEUHOMU.
(Pazymeercs, marpulibl D u R JI0JIXKHBI ObITH CUMMETDHYHBIMHE).

ITokazkem, uro 3amaga TAMMUJIBTOHOBOCTD sasnserca dacTHBIM
crydaeM 3Toit 3agaun. JleficTBUTEIbHO, TYCTh

e d;; > 1 ona Bcex ¢ ¥ J;

o 1, =2mpui # j;
o L =n.

Torma mobble /iBe BepIInHBI rpada BXOAAT B HEKOTOPbIH UK/, Tak Kak
CyMMAapHBIH Bec pédep paBeH YUCITy BEPINUH, Bce PEOPA MCKOMOTO MOArpa-
da JOIKHBI OBITH €TUHUIHOIO BECA U UX JTOJXKHO OBITH poBHO n. OTCiona
caenyer, 4ro B noarpade (G, coCTaBIeHHOM U3 pEdep eNMHUIHOrO BEeCa,
JTOJIZKEH OBITH TAMUIBTOHOB [THAKJI.

6.2. Tpyawssie u Jérkume dyacTubie caydau NP-mosHbIX
337124

Hraxk, ecnn nama 3amada BxoauT B kaace NP u sBisiercss 06001menn-
eMm Hekoropoit NP-nosiHoit 3a1a4u, TO OoHa TakXKe sipiasgerca NP-mosHo#.
Orcrona, KOHEYHO, He CJAeayeT, 9To Jrboit dacTHbil ciaydait NP-momxHoit
33841 TaKXKe CJIOXKHAS 3a1a4a.

Hanpumep, u3 NP-nomnorsr 3agauu  3-PACKPACKA crenyer
NP-nonuora 3agaun PACKPACKA, B koropoit qia 3amannoro rpada G
U 33JaHHOIO YUCJIA M TPEOYETCs BbIACHUTH, CYLIECTBYET JIU NPGEUALHES
packpacka Bepinun rpada B m 1BeTOB (IIpH Takoil PACKPaCcKe CMeKHbIE
BEPIIKHbBI JOJXKHBL ObITH pa3Horo nsera). OnHako, ecjiu B JaHHON 3aaade
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MTOJIOXKUTH M = 2, TO €CTh OTPAHUYUTHCH IBYMS IIBETAMU, TO MPUXOIUM
K IOJMHOMHUAJIBHON 3alade, KOTOpas CBOOUTCS K OTBETY Ha BOIPOC,
SABJSIeTCA U rpad ABYIOIBHBIM.

B mpeaprgymem maparpade mbr yoenuiucs B NP-niosnnore 3amaun 3-
KH®, apasiommeiicss gactabiM ciydaem 3agaau BbITIOJTHUMOCTD. A
9TO MOXKHO CKazaThb o 3amade 2-KH®? OkaspiBaercsi, OHA ABJISIETCS TIO-
muHOMuabHOM! 4 JIoKazkeM 3TO.

B ocHoBe g0Ka3aTENBCTBA JEKAT JOTUYECKHE PABHOCUIBHOCTH

pvVqg=p—q=q—p

IMMycres F' = &C;, tne ans Kaxkaoro @ gusbiokmnust C; coCTOUT
U3 JBYX JIATEPANOB, a JIOTMYECKMMH [ePEeMCHHBIMH — SBJISAIOTCS
X1,Ta,...,2x. Iocrpomm oprpad G = (V,A), B KOTOpOM
V = {x1,22,...,25,T1, T2, ..., T}, & KOKIOH TUIBIOHKIAA P V ¢ u3 F

COOTBETCTBYIOT JABE JIyI'u gp U pq.

IIpumep. 2-KH® Fy = (T V T3)(T1 V x3)(x2 V T3)(z2 V 23) W
Fy = (21 Va2)(T1 V 22)(T2 V 23)(T2 V T3) mopoxaator rpabsel G 1 Ga,
n300paKEHHBIE HA PHC. 22.

z3 z3
Ty L2 g L2
z X1 T »o L
z3 T3
I'pad G Puc. 92 I'pad G2

Teopema 32. 2-KH® F svinosnuma mozda u mosvko mozda, ko2da
6 zpape G HU 04A KAKO20 T BEPULUHGL T; U T; HE ABAAOMCA 63GUMHO
JOCTNUNCUMBLMU.

JL7Is WILTIOCTPAIIT yTBEPKIEHUST TEOPEMBI 3aMETHM, UTO B TPUBEIEHHOM
Boimie npumepe 2-KH® F} BoimosgHuMa, TOCKOIBKY B rpade G BoobIe
HET JBYX B3aUMHO MOCTHXKUMBIX BepmmH, a 2-KH® F, #He BbIMOTHUMA,
TaK KaK BEPIIWHBL To U To B3AUMHO JTOCTHIKHUMBI.

43amaum 2-PACKPACKA u 2-KH® nonurovuansaer, a 3agaan 3-PACKPACKA u
3-KH® NP-nonusie. He roBoput i 3T0 0 TOil OrpOMHOM IPOMACTH, KOTOPAsi OTAEJISIeT
ABOMKY OT TpOHKH?!
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Hoka3zaresabcrBo. Heobxodumocmo. Ilycrs F' BbImogHMMA, T. €. HA
HEKOTOPOM Habope 3HaueHni Jormdeckux nepemeHubx F = 1. Ilpenmo-
JIOYKUM, 9TO JIJIsT HEKOTOPOTO 4 BEPIIUHBI X; W T; B3AUMHO JOCTHKUMBI.
O6o03Hauum depes t1 Ty U3 ITUX JBYX BEPIIUH, KOTOPasi IPUHUMAET 3HAYE-
aue 1. Paccmorpum yth ¢y — to — t3 — ... — t1, BEYIIHN OT JINTEpAJIa
t1 K ero oTpunanmio t1. Jlyra t1te m306paskaeT TH3BLIOHKIUIO t1 V iy (um,
9TO TO Ke CaMOe, IMILTAKATHIIO 1 — t2). VI3 Toro, uto t; Vi = 1ut) = 1,
mosydaeM, 9To to = 1. TogHO Tak ke MoJiydaeM UCTHHHOCTH BCEX JINTepa-
JIOB, BXOAAINMX B YKA3aHHLIHA MyTh, B TOM 4HCJE U {1, YTO IPUBOIUT HAC
K TTPOTUBOPEUHIO.

Jlocmamounocms. HamoMaMM, 9TO KOMIIOHEHTa CHJIBHON CBS3HOCTH
oprpada — 9T0 MAKCUMAIBHBIN M0 BKJIIOYEHUIO TOATpad), B KOTOPOM JTFO-
Oble ZiBe BEPIUHBI B3AMMHO JOCTHAKUMBI. (MOXKHO onmcarh KOMIOHEHTY
CHUJILHOM CBS3HOCTH U TO-ApyroMy. HecioKHO TpOBEpUTh, YTO OTHOIIIEHNE
B3aMHOM JIOCTHKUMOCTH Ha MHOXKECTBE BEPIINH oprpada SABIAeTCS OTHO-
IeHneM 3KBUBATeHTHOCTH. COOTBETCTBYIOIINE KIIACCHI IKBUBAJEHTHOCTHU
U THOPOXKIAIOT KOMIIOHEHTHI CUJILHOM CBA3HOCTH. )

KoMmoHeHTBI CHTBHON CBS3HOCTU MOXKHO TPOHYMEPOBATH TaKUM 00-
pa3oM, 9TOOBI U3 KOMIIOHEHTHI ¢ OGIBIIIM HOMEPOM HEIb34 OBLIO MOMaCTh
B KOMITOHEHTY C MEHBIIIMM HOMEpPOM. AJITOPUTM PEIIeHus TaKo# 3a1adqu,
ormcanubiii B [13], nmeer Tpymoéukocts O(|V] + |A|).

ITycTb B cOOTBETCTBUM € YKA3AHHON Hepapxueil MMeeM KOMIIOHEHTHI
cubHO cBsiznoctu D1, Do, ..., Dy. Byaem paccTaBisiTh IOMETKY BEPITHH
rpadga (IIepBOHAYANBHO BCE OHU CYUTAIOTCS HEIIOMEUEHHBIMHU) B HOPSJIKE
yObIBaHUS HOMEPOB KOMIIOHEHT CHJIBHON CBA3HOCTH IO CJEAYIONIUM Mpa-
BUITY:

e ecyin B KOMIIOHEeHTe D; mmMeercs Takasi BEpIIUHA v, UYTO BEPIITUHA U
y2Ke MMeeT OMEeTKY 1, TO Bce BepIuHbl U3 D; TOIy4aoT IOMETKY
0; B IPOTUBHOM CJIyHdae BCE BEPINIUHBI U3 [); MOMedatoTcs 1.

[Tokazkem, uro sorumdeckas yukiusg F Oymer mpuaumars 3nadennve 1
Ha HAOOpEe 3HAYEHMI MEPEeMEHHBIX, IOJIYIeHHOM B Pe3yIbTaTe PACCTAHOB-
KI TTOMETOK.

Paccyxknas or mporuBHOro, mpemmosokum, 9to 2-KH® comepxkur
MU3BIOHKIIUIO JUTEPAJIOB t1 V {2, a BepIUHBI {1 U to UMeT nomeTky 0.
IlycTs

t1 € D, %1 € Dy, tg€ Dy, EQ € Dy.

Cornacuo omcanHOMY aaroputmy, a < b u ¢ < d. Kpome Toro, namuqane
nyru tity roBopuT 0 ToM, uTo b < c. VI3 TpEX MOyYEeHHBIX HEPABEHCTB
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BBIBOIUM HepaBeHCTBO a < d. Bmecre ¢ Tem, B Hamem rpade mOIKHA
OLITh U ayra, tot1, oTKyaa d < a. IIporuBopedne momydeno! O

ITpumep. dna rpada G, nocrpoernoro mo 2-KH® F|, BoO3MOXKHO
TaKOe PACIpEIeNeHne BEPITH 0 KOMIIOHEHTAM CHUJIBHON CBA3HOCTH:

D1 = {371}, DQ = {EQ}, D3 = {Tg}, D4 = {3}‘3}, D5 = {.132}, D6 = {fl}

[Ipumensis anropurM U3 JOKA3ATEIBCTBA TEOPEMBI, [IOCJIEI0BATENBHO 10~
JTydaeM:

T1=1,20=1,23=1,23=0,72 =0, z1 =0.

Jlerko mpoBeputh, uro Ha Habope x1 = 0,22 = 1,23 = 1 jormueckas
dbyurnus F) npuanvaer 3uadenve 1.

OueBHUIHO, YTO TPYAOEMKOCTH OMUCAHHOTO AJTOPUTMA, ABJISIETCSA JIU-
meitnoit pyukimeit or gauael 2-KH®. Crano 6biTh, aeficTBUTEILHO 3313~
4a 2-KH® Bxoaut B Kmacc P.

7. Crpykrypa kjgacca NP

Hns xmacca NP-monnbIx 3amad 9acTo WCMOIB3YIOT 0BO3HAYMEHMe
NPC. Kak uspectno, NPC — MHOXeCcTBO HaubOJI€e «TPYIHBIX> 3304
kmacca NP: xk mioboii m3 3THX 33039 33 NOAUHOMULALHOE BPEMs
cBoautTcsa gobaa 3amada u3 NP. B to ke Bpemsa, P — MHOXKeCTBO
Hambosee <«JErKuxX» 337a4: Mg HHUX CYIIECTBYIOT MMOJUHOMHAIBHBIE
AJICOPUTMBL  pellleHus. BrosiHe paBionoA0bHON KaXKeTCsi TUIoTe3a
P # NP (8 srom ciayuae NPC ectb coberBennoe moaMuoxkectso N P ne
nepecexatonieecss ¢ P)°. B eé moib3y roBopuT TOT (DaKT, 9TO HECMOTPS
Ha [PEINPUHUMABIINECS TUTAHTCKUE YCUJINS MHOTUX TOKOJIEHUH
MaTeMATHKOB He ObLIO HANIEHO HU OHOrO MOJUHOMHUATHLHOTO aJTOPUTMA
HU OAHOM M3 MHOro4yucjaeHublx NP-1osHbix 3a1a4.

B 1975 r. 6110 J0Ka3aHo, 4TO B upeanonokerun P # N P MHOXKeCTBO

NPI = NP\ (PUNPC)

50¢06y10 IOy pHOCTD 9Ta THIIOTE3a, HOJIY YHJIA IOCJIE TOTO, KAK OHA, GBLIa BKIIIOUYe-
HA B TaK HA3BIBAEMBIH CIIHCOK CeMU 3a0a% MBLCAYEAETNUS, 38 PEIIeHNe KAXKI0H U3 KO-
Topbix Maremarndeckuit uacrturyr Kims B Maccadycerce ycTaHOBUII IPEMHUIO B 1 MJH
nostapos. OgHa U3 9TUX 334349 ObLIa PeIIeHa POCCHHCKAM MaTeMaTHKOM I puropmem
Tlepenbmanom. Ha cadite http://www.win.tue.nl/gwoegi/P-versus-NP.htm coGpaHsl
CCBLJIKM Ha [JECATKH HAYYIHBIX pa60T, AaBTOPBI KOTOPBIX CYUATAIOT, 9TO OHHU JOKa3aJn
(mnu onposepryu) rumoredy P # NP. OaHako HH OAMH U3 9TUX aBTOPOB He ybOeaun
Hay9HOE COODIIECTBO B CBOEH IpaBoTe.
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3a/1a4, MPOMEKYTOUHBIX M0 cjokuocTtu (Mexay P u NPC), memycro.
B srom cayuae crpykrypy Kaacca NP MOXKHO m300pa3suTh AUArpaMMoit
Ha puc. 23.

NPI

Puc. 23

B kmaccuueckoit Mororpadun [4] mpuBeneHs Tpu 337241 — HanboIIEe
BEePOATHBIE KAHANIATHI HA Momaganue B Kaacc N PI.

e JIMHEMTHOE NTPOTPAMMUPOBAHUE. B pacnosHaBarebHOM
BapHaHTEe 3Ta 33jada CTaBUTCS Tak. llycte A — remouncieHHas
MATPHUIA PAa3Mepa N X n, ¢ 1 b — IEJOYMCIeHHBIE BEKTOPHI C 7 KO-
opamHaramu, L — Hekoropoe nesnoe uncyo. CyImecTByeT Jm Takon
N-MEPHBIA BEKTOP & C PAIMOHAILHBIMU KOOPIUHATAMHU, JIJIsT KOTO-
poro Az <bucdx > L?

e TTPOCTHIE YUCJIA. fBnsercsa o 3aJaHHOE YUCTIO 1 TPOCTHIM?
IIpu omenke 3pPEKTUBHOCTH AITOPUTMA, PEIIeHUS JAHHON 331341
WHTEPECYIOTCS 3aBUCUMOCTHIO TPYJAOEMKOCTH OT JIJTUHBI 3AIIACH IHC-
ga n, T. e. pakTHIecku oT lgn.

e N30MOPO®U3M I'PA®OB. deasiorca au aBa 3aJaHHbIX rpada
nzoMopdubIMU? DTO YacTHBIM caydait 3amaudn T30MOPOU3M
IMOATPA®Y. Ho, kak Mbl 3HaeM, 4acTHBIA ciaydait NP-mosnoi
3312491 He 0DA3aTeNBHO TPYAHAS 33394,

Momnorpadus [4] BeimTa Ha s3bIKe opurnHaNa Gosee 30 JeT Ha3AT
— B 1979 1. Bcé 310 BpeMd TeOpHusi CJOKHOCTH AJTOPUTMOB WHTEHCUBHO
DPa3BUBATIACH.

Vxe B 1979 r. coBerckmit maremaruk JI. . Xaungau mokazas, 4ro m3-
BeCTHbIN paHee (1 pa3paboOTaHHbLIA APYTUME COBETCKUMH MATeMaTHKAMU
A. C. Hemuposckum u 1. B. FOaqunbiv) airopury 2J/IMIICOUI0B 34, 11011~
HOMUATBbHOe BpeMst permaer 3aaaay JIMHENHOE ITIPOTPAMMUPOBA-
HUE.
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6 asrycra 2002 r. mwagmiickue maremaruku M. Arpasan, H. Kaitan
u H. Cakcena omybaukosanu crarbio non uazsauuem PRIMES is in P,
B KOTOPO#l OBLT MpeyIOKEeH MTOIUHOMUAAIbHBIA JeTePMIHAPOBAHHBIN TECT
upocrorsl yuces. B 2006 r. oru nosyuuniu npemuto Iéness, koropas npu-
cyxpaerca opranusamusamu ACM SIGACT (Special Interest Group on
Algorithms and Computation Theory) u EATCS (European Association
for Theoretical Computer Science) 3a BbLAa©OIIMECH TPYAbL IO JIOTUKE 1
reoperndeckoil uudopmaruke. Anropurm AKC (mosyuusinmii cBoé Ha-
3BaHUE 110 1E€PBbIM OyKBaM (haMuiuii ero aBropoB), OnpeIessouil, -
JASeTCA JIN YUCJIO 7 TTPOCTHIM, UMEET TPYIOEMKOCTH O(lg12 n). B 2005 r.
ObLIA IOy YeHa MOIU(UKAIMS ITOTO AJITOPUTMA, UMEBIIAS TPYIOEMKOCTh
O(1g° n).

Jlums orHOCHTEBHO cTaryca 3aaadun UTSOMOPOU3M I'PADOB wmer
HUKAKOH SICHOCTHU: TTO-TIPeKHEMY He HalIeHO MOJNHOMUATLHOTO AJITOPUT-
Ma pellieHnst TaHHOH 3aa49i, HO ¥ He JOKA3aHO, UTO 9T 33a9a, ABIIeTCs
NP-nosHOit.

8. IIpubimnkEHHBIE AJITOPUTMBI

Hyxna B npubiKkEHHBIX aJIrOPUTMAX BO3HUKAET [PU UCCIEIOBAHUN
3a7at, UMEOIITUX TPYJTOEMKUE MoyHbie AITOPUTMBI pertennst. Mex 1y Tem,
MPU PEIIEeHUN TMPAKTHYECKUX 33739 MOrYT OKA3aThCs MPUEMJIEMBIMH U
PEIEHUs, He SBJAIONECT ONTUMAJBHBIMI, HO B OMPEIEJTEHHOM CMBICITE
Ou3KYEe K HUM.

IMycrs A — 3aza4a ouruMuzanuu ¢ uesiesoil dyukumeii (wiun Gynryued
cmoumocmu,) ¢. Paccmarpusaercsa anaropurs A, KOTOPBI 11 UHIUBUILY-
anbHOl 3anaun I naér pemenue f(I). Yepes f(I) 0603HAUMM ONTHMAID-
Hoe perenue 3amaun . Ajropurm A Ha3BIBAETCS E-MPUGINMKEHHBIM
aJIrOpUTMOM [IJTs 3aJa9u A, eciu

A2

Jlpyrumu cjoBaMu, aJrOPUTM SBASETCS E-MPUOJMKEHHBIM, €CJIU OH
JMaéT TaKoe PeIeHre 3a1a49u, YTO €CJIU 3aMEHUTh ITUM PEIIeHHe TOYHOE
PEIeHne, MbI TTOJIyYUM OTHOCHTEIBHYIO TIOMPENTHOCTD B CTOMMOCTH PEIIe-
HUfA, HE MPEBOCXOIIyto €. Takum 00pasoM, NMpubIMKEHHBIN aIrOpPUTM
XOTh W HE MAET ONTUMAJIHLHOTO PENIeHUs, HO TAPAHTUPYET OIMPeIeIEHHOe
KAYEeCB0 PElIeHIs.

87



Kaxk MmbI 3HAa€M, 331892 KoMMuBosizkéEpa (3K) orHOcHTCst K Kotaccy NP-
MTOJTHBIX 337134, 10 2Ke OTHOCUTCH U K €€ 9aCTHOMY CJIYYal0 — METPUIECKON
3K (cm. 3ameganue ua crp. 81). Oka3biBaercs, CyIIECTBYET MOJUHOMUAI b-
HBIH PUOMMKEHHBIN aJTOPUTM PEIICHUs JTAHHON 3371a49u — aJTOPUTM
Kpucrodupgeca [12].

Hazosém mammbrit amroputm K. Ha Bxome amroputma K MBI uMeem
nonabii rpad G ¢ marpuneii paccroguuii (d;, j), KOTOPBIE YJIOBJIETBOPAIOT
HEPaBEHCTBY TPEYTOJIbHUKA.

Agropurm K
1. Haiitu B rpacde G MUHEMAJILHOE CTATUBAOIIEE T1epeBo 1.

2. Beiaenurs B 1' BCce BepIIMHBI HEYETHON CTeNmeHW W HANTHU coBep-
[IEHHOE MapocodeTanne P HamMeHbIero Beca B mOJHOM moarpade
rpacda G, HOPOKAEHHOM ITUMU BEPIIHHAMU.

3. B rpade, cocraBmennom u3 pédep mepesa T u mapocoderanusa P,
HalT! 3i7epoB HUKI T.

4. YcrpaHsas TOBTOPHOE BXOXKJIEHWE BEPIMUH, MOJYIUTH U3 3aepoBa
IIUKJIA T «BJIOXKEHHBIA» B HErO FaMUJIBTOHOB IHKJ T .

larm 1, 2, 3, 4 7aHHOrO ANTOPUTMA MOXKHO BBITOJTHUTHL 33 BPEM
O(n?),0(n*),0(n) u O(n) cOOTBETCTBEHHO, T/ie N — YHCIO BEPITHH TPa-
da. [oaromy anropur™ K ABAAETCS MTOJTUHOMUAATHHBIM.

Teopema 33. Aazopumm K asasemca l—n;;ouﬁ/mwcé'Hm)LM 0Ast mem-

2
PUNECKOT 360a4U KOMMUBOANCEDA.

HokaszaresbcTBo. [IycTh 7 — ONTUMAJBLHOE PEIIEHHe 339 KOM-
MUBOSIZKEDA, T. €. FAMUJIBTOHOB UK/ HauMeHbInel 1unbl B rpade G. Bec
npoussoabHOro moarpada G’ 6ynem obosravars ¢(G').

Bo-miepBbix, 3aMeTnM, 9TO

o(7) = «(T), (1)

TOCKOJIBKY yaajeHue Jdoro pebpa u3 7 JaéT HaM HEKOTOPOe CTSITHBAI0-
miee aepeso rpada G, a T — craruBaioiiee JepeBO MUHUMAJIBHOTO BECA.
Bo-Bropeix, 7 C T U P. Tlosromy

(1) < e(T) + ¢(P). (2)

Mycrs v1,va,. .., Vo — BeplMHBbL HE4STHOH crenenu aepesa T’ (ra-
KHUX BEPIIUH, 0 CJEJACTBUIO U3 JIEMMbI O PYKOMOXKATHUAX, BCETIA TETHOE
YUCJI0), B3AThIE B TOM MOPAJIKE, B KAKOM OHU MOSIBJISIIOTCS B MAPIIPYTE 7.
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Vam

V2m—1

Puc. 24
Paccmorpum nBa napocoderanus P; = {v1v9,0304, ..., V2m—1,V2m} H
Py = {vov3, 0405, ..., V2, v1} (Ha puc. 24 pébpa, sxonsmmue B Py, Py u

T m300pakeHbl COOTBETCTBEHHO KWPHBIMM, MYHKTUPHBIMU U TOHKHMHU
suaugMu). B cusly HepaBeHCTBa TPEYrOJIbHUKA

() 2 Y pvivier) = e(Pr) + c(P). (3)

IMockombKy P — COBEpITEHHOE TApOCOYETAHNE HANMEHBITETO BECa, B COOT-
BercTByOmeM rpade, mmeem ¢(Py)+c(Ps) = 2¢(P). C yaéToM HEpABEHCTE
(1)—(3), momyuaem

e(r) <e(T) +c(P) < c(7) + @

Mosromy ¢(T) — () < %T) OueBnano taxxe, uro ¢(7') < (7). Orcrona

rosiyyaemM Tpebyemoe:

1

3aMeTuM, 9To OleHKa € = 5

¢ puc. 25.

SBJSAETCSI TOYHOH, O IEM TOBOPUT MPUMED
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U1 V2 Un

U1 un+1

U1 Vo Un

3t Us Up, Un+1
Puc. 25

3mech paccTOsiHMSA MEXIy BepimuHaMu Tpada PaBHBL PACCTOSTHUSM
MEXKy  COOTBETCTBYIONIMMHK  TOYKAMU  IJIOCKOCTH. B jomanoi
ULV ULV2 . . . UpVUpUp41 YIVIBI MEXK/Yy COCETHUMH 3BeHbaMU 10 60°,

ViU = UgVy = ... = UpVp = 1, UV = VpUpy1 = 1,1

MunuMaIbHOE — CTATHBAIONEEe JIePeBO  TpeJcTaBiser coboil  Ienb
Uy — V1 —> Uz —> ... —> Uy —> Up —> Upt1, B KOTOPOH BCETO JIBE BEPINUHBI
HEYETHON CTENeHn U] U Upy1. LIodTOMy anropurm Kpucrobuneca mocrpo-

UT TAMUJIBTOHOB IIUKJ U] — U] — U2 —> ... — Uy — Up — Uptl — UL
amuabl 3n + 0,3, B 1o 2Ke BpeMmsi JMHA TaMUJBTOHOBA IIHUKJIA
Uy — V1 — V2 — ... — Up — Upyl — Up — ... — U2 — Ul

npubnusutebHO paBHa 2n + 1. 3a cuér BeIOOpa N OTHOCUTEIBHYIO
omubKy, BO3HHUKAOIIYID TpPH  3aMeHe  ONTUMAJBHOIO  PEIIeHus
MpUOTHKEHHBIM, MOXKHO CIEIATh CKOJIb YTOJHO OJIM3KON K %

B obuiem ciyuae (r. e. eciiu He TpefoBaTh BBIIOJIHEHUS] HEPABEHCTBA
TPEYTOJLHUKA) 381848 HAXOXKICHUS E-TPUOIUKEHHOTO DEIICHUS SIBIIAET-
cst NP-miostHo# (KakuM 66l GOJIBITNM HE OBLIO UHCIIO €).

st ToKa3aTesibCTBA 9TOTO YTBEPIKICHNS OKAKeM, U4TO K JAHHOH 3a-
nage ceogurca NP-monnaa 3amaga TAMIJIBTOHOBOCTD. Ilo sanan-
HoMy rpady G ¢ mEOKecTBOM BepmmH V = {v1, ..., Uy} COCTABAM MATPH-
1y paccrostauit D = (d; ;) Mexay Bepimmnamu rpada, B Kotopoit d; j = 1,
€CJIM BEPILIUHLL U; U Uj CMEXKHBL, U d; j = 1+ €n, ecu BepIIUHbL v; U V; He
saBystiorcst cMexxubIMu. Torma Bonpoc «CyIiecTByeT i MapiipyT KOMMHE-
BOsizKEpa JMHbL MeHblie 1(14-€)7» paBHOCKIIEH BOIIPOCY O FaMUJIBTOHOBO-
cru rpada G. HeiicrBuresbHO, eciid rpad raMUIbTOHOB, TO HaiAéTCca ra-
MUJIBTOHOB [IMKJI JIJIMHBL 1. Fenu ke rpad He sBIsieTcs raMuJIbTOHOBDIM,
TO JUIMHA MapIIPyTa KOMMHUBOSIKEpA He MeHblie n— 1+ 14+en = n(l+¢).
O
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